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Preface 


We wish to present to the reader a fresh and exciting new area of mathematics: 
geometric set theory. The purpose of this research direction is to compare transitive 
models of set theory with respect to their extensional agreement and definability. It 
turns out that many fracture lines in descriptive set theory, analysis, and model theory 
can be efficiently isolated and treated from this point of view. A particular success is 
the comparison of various £7 consequences of the Axiom of Choice in unparalleled 
detail and depth. 

The subject matter of the book was rather slow in coming. The initial work, restat- 
ing Hjorth’s turbulence in geometric terms and isolating the notion ofa virtual quotient 
space of an analytic equivalence relation, existed in rudimentary versions since about 
2013 in unpublished manuscripts of the second author. The joint effort [[74]] contained 
some independence results in choiceless set theory similar to those of the present book, 
but in a decidedly suboptimal framework. It was not until the January 2018 discovery 
of balanced Suslin forcing that the flexibility and power of the geometric method fully 
asserted itself. The period after that discovery was filled with intense wonder—passing 
from one configuration of models of set theory to another and testing how they sepa- 
rate various well-known concepts in descriptive set theory, analysis, and model theory. 
At the time of writing, geometric set theory seems to be an area wide open for innu- 
merable applications. 

The authors benefited from discussion with a number of mathematicians, includ- 
ing, but not limited to, David Chodounsky, James Freitag, Michael Hrusak, Anush 
Tserunyan, Douglas Ulrich, and Lou van den Dries. The second author wishes to ex- 
tend particular thanks to the Bernoulli Center at EPFL Lausanne, where a significant 
part of the results was obtained during the special semester on descriptive set theory 
and Polish groups in 2018. 

During the work on the book, the first author was supported by grants NSF DMS 
1201494 and DMS-1764320. The second author was supported by NSF grant DMS 
1161078. 


CHAPTER 1 


Introduction 


1.1. Outline of the subject 


Geometric set theory is the research direction which studies transitive models of 
set theory with respect to their extensional agreement. It turns out that numerous ex- 
isting concepts in descriptive set theory and analysis have intuitive and informative 
geometric restatements, and the geometric point of view makes it possible to readily 
isolate many new concepts and generalize old ones. Surprising parallels appear be- 
tween areas that to date did not have a discernible interface. 

The oldest part of the subject deals with Borel equivalence relations on Polish 
spaces. Here, given an equivalence E on a space X and a configuration {M;: i € I} 
of transitive models of set theory, one asks whether it is possible for an E-equivalence 
class to have representatives in some models of the configuration and fail to be rep- 
resented in others. The answer to this question greatly varies with the nature of the 
equivalence relation and the configuration in question, and the resulting differences 
can be used with great effect to prove non-reducibility and ergodicity theorems for var- 
ious Borel equivalence relations. One notable success in this area is a reformulation 
of Hjorth’s turbulence in geometric terms, which is much more practicable than the 
original definition and allows endless generalizations and variations entirely divorced 
from the original context of Polish group actions. 

Geometric set theory really started to blossom after it was applied in a seemingly 
entirely different direction: the independence results in choiceless Zermelo—Fraenkel 
(ZF) set theory. This is an area which saw a surge of results in early 1970’s after which 
the interest in it waned. Both our purpose and methodology are quite different from 
the early practitioners though. We study almost exclusively ZF independence results 
between &} consequences of the Axiom of Choice which are intimately connected to 
various contemporary concerns of descriptive set theory and analysis. A very detailed 
structure appears, with some fracture lines running in parallel to existing combina- 
torial, algebraic, or analytic concepts and other fracture lines showing up in places 
quite unexpected. The main geometric motif is the following. Given a =} sentence 
¢=4A CX (A), aconsequence of the Axiom of Choice in which X is a Polish space 
and yp is a formula quantifying only over elements of Polish spaces, and given a config- 
uration {Mj : i € I} of transitive models of set theory with choice, is there a set A C X 
such that in all (or many) models M in the configuration, AN M € Mand AnNM 
is a witness to ¢ in the model M? The answer to this question is surprisingly varied 
and successful in separating consequences of the Axiom of Choice of this syntactical 
complexity. 
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The models of ZF we use for the independence results are nearly exclusively of 
the same form: they are extensions of the symmetric Solovay model by a simply de- 
finable o-closed forcing. As a result, they are all models of DC, the Axiom of Depen- 
dent Choices. DC is instrumental for developing the basic concepts of mathematical 
analysis, thus highly desirable; at the same time, it is an axiom which is difficult to 
obtain in the symmetric models of 1970’s. If suitable large cardinals are present, essen- 
tially identical effects can be obtained in generic extensions of the model L(IR) which 
have a very strong claim to canonicity. In addition, given 27 sentences ¢o, ¢1, there 
is usually a quite canonical choice for a forcing which should generate a model of 
ZF+DC+7¢9+¢ . The whole analysis of the forcing in question takes place in ZFC, 
using central concepts of the fields related to the Z{ sentences in question. 

We conclude this brief outline of the area with the observation that the mass of 
natural questions that either seem to be treatable using the geometric method, or are 
generated by the inner workings of the geometric method, is entirely overwhelming. 
This book cannot be more than a relatively briefintroduction to the subject. In many di- 
rections, our efforts faded due to sheer exhaustion and not because of insurmountable 
obstacles. We hope to motivate the reader to explore the enormous, inviting expanses 
of geometric set theory. 


1.2. Equivalence relation results 


The first group of results deals with the simplest geometric concern. If E is an 
analytic equivalence relation on a Polish space, and V[H9 |, V[H,] are mutually generic 
extensions of V, is it possible to find an E-class which is represented in both V[H)] and 
V[H,] but not in V? Kanovei [54, Chapter 17], continuing the seminal work of Hjorth, 
defined an analytic equivalence E to be pinned just in case the answer is negative. 

In Chapter 2, we develop the notion of the virtual quotient space for a given an- 
alytic equivalence relation on a Polish space. A virtual E-class is one which is repre- 
sented in some mutually generic extensions of V; from a different angle, it is a class 
which may be represented only in some generic extension, but it does not depend on 
the choice of the generic filter. A formal definition uses the notion of an E-pin and an 
equivalence on the class of E-pins, which naturally extends the analytic equivalence re- 
lation EF into the transfinite domain—Definitions and The virtual E-quotient 
space is then the class of all E-pins up to their equivalence. Every Borel structure on 
the E-quotient space has a natural virtual version on the virtual E-quotient space. Vir- 
tual structures appear in many places in this book. The main theorem governing their 
behavior: 


THEOREM 1.2.1. (Proposition Let E be a Borel equivalence relation ona Polish 
space X. Let M be a Borel structure on the E-quotient space X/E. The natural map from 
the E-quotient space to the virtual E-quotient space is a II,-elementary embedding from 
M to its virtual version. 


To size up the virtual E-quotient space, in Definition 2.5.1] we isolate cardinal invariants 
x(E) and A(E) of an equivalence relation E: A(E) is the cardinality of the virtual space, 
while x(£) is its forcing-theoretic complexity. The cardinals x(E), A(E) respect the Borel 
reducibility order of equivalence relations, and as such serve as valuable tools for non- 
reducibility results. Their key feature: for Borel equivalence relations E, these cardinals 
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are well-defined and obey an explicit upper bound. In particular, the virtual E-quotient 
space is a set, as opposed to a proper class as occurs for some analytic equivalence 
relations. 


THEOREM 1.2.2. (Theorem Let E be a Borel equivalence relation on a Polish 
space X. Then x(E), A(E) < 7,,,- 


As a result, the well-known Friedman-Stanley theorem [B6] on nonreducibility of a 
jump &* of a Borel equivalence relation E to E is immediately translated to the Can- 
tor theorem on the cardinality of the powerset: A(E*) = 2) > 2(E)-Example 2.5.5} 
Other similar conceptual and brief nonreducibility results appear as well. The cardinal 
invariants x(E) and A(£) can attain many exotic and informative values, and inequal- 
ities between them can be manipulated by forcing. Most of Section 2.5] is devoted to 
examples of such manipulation. However, the main underlying concept is absolute, 
which justifies the parlance used throughout the book: 


THEOREM 1.2.3. (Corollary Let E be a Borel equivalence relation on a Polish 
space X. The statement “E is pinned” is absolute among all generic extensions. 


We stress that the above result holds within the context of ZFC. If one drops the Axiom 
of Choice but holds on to Dependent Choices, the class of Borel unpinned equivalence 
relations will shrink; in the symmetric Solovay model, it shrinks to the minimal pos- 
sible extent: only the canonical unpinned relation F, and the equivalence relations 
above it in the reducibility order are unpinned, see below. If one drops even the Ax- 
iom of Dependent Choices, the class of Borel unpinned equivalence relations becomes 
more erratic. We conjecture that it may expand to its largest possible extent: to the 
class of equivalence relations which are not reducible to F, equivalence relations. 

As is usual in the realm of equivalence relations, we aim to prove various dichoto- 
mies. 


THEOREM 1.2.4. (Theorem Suppose that there is a measurable cardinal. Let 
E be an analytic equivalence relation on a Polish space X. Exactly one of the following 
occurs: 
(1) K(E), AB) < 0; 
(2) E,,, is almost Borel reducible to E. 
THEOREM 1.2.5. (Corollary In the symmetric Solovay model: let E be a Borel 
equivalence relation on a Polish space X. Exactly one of the following occurs: 
(1) E is pinned; 
(2) F, is Borel reducible to EF. 


In Chapter} we deal with a more sophisticated geometric concern. Let E be an an- 
alytic equivalence relation on a Polish space X. Is it possible to find two generic exten- 
sions V[H)] and V[H,] of V such that V[Hj|Q V[H,] = V in which there is an E-class 
represented in both extensions V[H)| and V[H,], but not in V? Note that we do not 
ask the extensions to be mutually generic. In an initial approach, we develop a fruitful 
method for constructing separately Cohen-generic extensions V[H)| and V[H,] such 
that V[Ho| A V[H,] = V. We define (Definition a practical and easily checked 
notion of independence of continuous open maps between Polish spaces using a notion 
of a walk reminiscent of Hjorth’s method of turbulence [54, Section 13.1] and prove the 
following. 
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THEOREM 1.2.6. (Theorem Let X be a Polish space and fy: X — Yo and 
fi: X > Y, be continuous open maps to Polish spaces. The following are equivalent: 
(1) the maps fo, f, are independent; 
(2) the Cohen forcing Py of nonempty open subsets of X forces V[ fo(Xgen)] 
Vifi%gen)] =V. 


As one of the corollaries, we obtain a characterization of Hjorth’s turbulence in geo- 
metric terms. This characterization is much more practical than the original statement 
for anyone familiar with the forcing relation. 


THEOREM 1.2.7. (Theorem B.2.2) Let T be a Polish group acting on a Polish space X 
with all orbits meager and dense. The following are equivalent: 
(1) the action is generically turbulent; 
(2) V[x] NV[y - x] = V whenever y € T and x € X are mutually generic points. 


To support a broad extension of ergodicity results due to Hjorth and Kechris [59, The- 
orem 12.5], we develop the classes of placid and virtually placid equivalence relations 
(the latter including all equivalence relations classifiable by countable structures) and 
prove: 


THEOREM 1.2.8. (Theorem Let E be the orbit equivalence relation on a Polish 
space X resulting from a turbulent Polish group action. Let F be an analytic, virtually 
placid equivalence relation on a Polish space Y and leth: X — Y bea Borel homomor- 
phism of E to F. Then there is an F-class whose h-preimage is comeager in X. 


It turns out that there is a version of turbulence for measure which leads to many of 
the same ergodicity results. It uses the notion of concentration of measure quite close 
to the abstract whirly actions on measure algebras isolated in [B8]. 


THEOREM 1.2.9. (Theorem Let T be a Polish group continuously acting on a 
Polish space X with an invariant Borel probability measure and an invariant ultrametric. 
Suppose that the action has concentration of measure. Then V[x] N V[y - x] whenever 
x € X isa random point and y € IT is a generic point mutually generic with x. 


As usual with the forcing reconceptualizations of various notions in descriptive set 
theory, we have to show that the resulting notions are suitably absolute and evaluate 
their complexity-Theorem B.5.6 

Chapter 4 addresses infinite configurations of transitive models of ZFC. The most 
important case is in which there is an infinite inclusion-descending sequence (M,,: n 
€ w) of models. Under suitable, commonly satisfied coherence assumptions (Defini- 
tion or 4.3.1), the intersection (],, M, is a model of ZF or even ZFC. We spend 
some time developing a flexible technology of constructing nontrivial coherent se- 
quences as in Theorem ..3.5, The breakthough achieved in this chapter is the theorem 
showing that similar configurations detect the distinction between equivalence rela- 
tions induced as orbit equivalences of continuous actions of Polish groups, and those 
which are not reducible to orbit equivalence relations: 


THEOREM 1.2.10. (Theorem Let (M,, : n € w) be a choice-coherent sequence 
of models of ZFC. Let E be an orbit equivalence relation of a continuous Polish group ac- 
tion with a code in the intersection model (| nMn. Ifa virtual E-class has a representative 
in every model M,, then it has a representative in the intersection model ‘ar M,,. 
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Recall that the canonical equivalence relation not reducible to an orbit equivalence 
relation is F,. It is not difficult to construct a choice-coherent sequence of models 
(M,, : n € w) and an E,-class which is represented in each model on the sequence but 
not in the intersection model (),, M,—Example 


1.3. Independence: by topic 


Our concerns in the part of the book that deals with independence results in 
ZF+DC can be grouped into several large areas. 


Cardinalities of quotient spaces. Mirroring the traditional concerns of descriptive 
set theory, we work on cardinalities of quotient spaces of Borel equivalence relations. 
Given Polish spaces X, Y and Borel equivalence relations E, F on each, descriptive set 
theorists study the question when there can be a Borel function h: X — Y which 
reduces E to F. This line of work has been very successful in the last two decades. 

In the ZF+DC context, the E- and F-quotient spaces can have distinct cardinal- 
ities, and the existence of a Borel reduction implies the inequality |E| < |F|, where 
we abuse the notation to write |E| for the cardinality of the E-quotient space. On the 
other hand, the nonexistence of a Borel reduction is often connected with the possibil- 
ity that ZF+DC cannot prove the cardinal inequality |E| < |F|. Anumber of our results 
deal with the question whether a given £7 statement is consistent with ZF+DC plus a 
statement of the type |E| ¢ |F| for some benchmark Borel equivalence relations E, F 
identified in Section 

The most commonly considered quotient space cardinal inequality is |E)| > |2°| 
and we spend a great deal of energy proving that various =? statements are consistent 
with it. 


THEOREM 1.3.1. The following statements are separately consistent with ZF plus DC 
plus |Eo| > |2°|: 

(1) ([22], Corollary There is a nonprincipal ultrafilter on w,; 

(2) (Corollary there is a discontinuous homomorphism of R to R/Z; 

(3) (Corollary given a Borel equivalence relation E on a Polish space, the 
E-quotient space can be linearly ordered; 

(4) given a pinned Borel equivalence relation E, |E| < |Eo|; 

(5) (Corollary [I1.3.12) given a countable Borel equivalence relation E, E is the orbit 
equivalence relation of a (discontinuous) action of Z. 


We give a similar treatment to certain other well-known quotient cardinal inequalities. 
For example, 


THEOREM 1.3.2. The following statements are separately consistent with ZF plus DC 
plus |E,| £ |F| for any orbit equivalence relation F of a continuous Polish group action: 


(1) (Corollary There is a nonprincipal ultrafilter on ; 

(2) (Corollary there is a discontinuous homomorphism of R to R/Z; 

(3) (Corollary 9.4.22) given a Borel graphT ona Polish space, T contains a maximal 
acyclic subgraph; 

(4) (Corollary given a Borel equivalence relation E on a Polish space, the 
E-quotient space can be linearly ordered; 
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(5) (Corollary 9.4.15) given a pinned orbit equivalence relation E of a continuous 
Polish group action, E has a transversal. 


THEOREM 1.3.3. The following statements are separately consistent with ZF plus DC 
plus |E| £ |F| for any orbit equivalence relation E of a turbulent Polish group action and 
an analytic equivalence relation F classifiable by countable structures: 


(1) (Corollary Given a Polish vector space X over a countable field, X has a 
basis; 

(2) (Corollary 9.3.6) given a Borel graph G ona Polish space, G contains a maximal 
acyclic subgraph; 

(3) (Corollary for any specific pinned equivalence relation G classifiable by 
countable structures, G has a transversal. 


There are many interesting open questions left in the area of quotient space cardi- 
nalities. Can the cardinalities of countable Borel equivalence relations can be manip- 
ulated in the context of ZF+DC? For example, are there countable Borel equivalence 
relations E, F such that both inequalities |E| < |F| and |F| < |E| are consistent with 
ZF+DC? In ZF+DC, does the existence of a nonprincipal ultrafilter on w introduce new 
provable inequalities between quotient space cardinalities? 


Locally countable structures. One particularly popular subject of descriptive set 
theory in the last quarter-century has been the study of countable Borel equivalence 
relations and the various structures on their equivalence classes. Using the methods 
of this book, one can identify many new fracture lines in this subject; various selection 
principles can be meaningfully stratified by the ZF+DC provability of implications be- 
tween them. The following is a sampling of the results we obtain. 


THEOREM 1.3.4. (Corollary Let G be an analytic graph on a Polish space, 
with uncountable Borel chromatic number. Given a locally finite bipartite Borel graph H 
satisfying the Marks-Unger condition, it is consistent that ZF+DC holds, H has a perfect 
matching and the chromatic number of G is uncountable. 


THEOREM 1.3.5. Let G be an analytic hypergraph with all hyperedges finite, on a 
Polish space X, with uncountable Borel chromatic number. The following are consistent 
with ZF+DC plus the statement that the chromatic number of the hypergraph G is un- 
countable. 


(1) (Corollary given a countable Borel equivalence relation E on a Polish 
space with all classes infinite, E is the orbit equivalence relation of a (discontin- 
uous) action of Z; 

(2) (Corollary given a locally finite acyclic Borel graph T on a Polish space, 
the chromatic number of T is < 3; 

(3) (Corollary given a pinned Borel equivalence relation E on a Polish 
space, |E| < |Eo|. 


An important fracture line among Borel locally countable graphs appears at the level 
of the diagonal Hamming graph H/,, which is the product of cliques on 2, 3,4...: 


THEOREM 1.3.6. The following are consistent with ZF+DC plus the statement that 
the chromatic number of H.,, is uncountable. 
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(1) (Corollary there is a nonprincipal ultrafilter on w; 

(2) (Corollary given a locally finite bipartite Borel graph I satisfying the 
Hall’s marriage condition, T has a perfect matching; 

(3) (Corollary given a Borel equivalence relation E on a Polish space X, the 
E-quotient space is linearly ordered; 

(4) (Corollary {I1.5.8) given a pinned Borel equivalence relation E on a Polish space, 
|E| < |2°|. 


Note that in the case of the last consistency result for the case E = Eg, the countable 
uniformization has to fail, as the uncountable chromatic number of H.,, implies among 
other things that E, has no transversal. 
Another fracture line occurs at the level of the Hamming graph H,, on w® which is the 
product of infinitely many cliques on w: 


THEOREM 1.3.7. (Corollary {11.7.9) It is consistent with ZF+DC that the chromatic 
number of the diagonal Hamming graph H.,, is countable while the chromatic number 
of the Hamming graph H,, on the Baire space is uncountable. 


Model theory. Given a pre-geometry on a Polish structure (for example, the pre- 
geometry of linear span on a Polish vector space), the axiom of choice yields a maximal 
independent set (a basis for the vector space). This broad stroke erases many fine com- 
binatorial distinctions between the various pre-geometries. In the choiceless context, 
interesting distinctions become visible. 

In our context, it is more convenient to work with Borel matroids, a combinato- 
rial concept dual to pre-geometries. Matroids from broad classes give rise to balanced 
forcings (Theorems and 6.3.9), providing theorems of the following kind: 


THEOREM 1.3.8. (Corollary{12.2.13) It is consistent with ZF+DC that there is a tran- 
scendence basis for the reals over Q and there is no diffuse probability measure on w. 


One traditional fracture line between matroids leads between the modular ones (like 
the matroid of linearly independent sets) and the non-modular ones (like the matroid 
of algeraically independent sets). We develop an abstract notion of modularity in Def- 


inition and, improving on earlier work of [[10,/13]], we prove: 


THEOREM 1.3.9. (Corollary {12.3.14) Let X be a Borel vector space over a countable 
field ®. Let Y be an uncountable Polish field with a countable subfield ¥. It is consistent 
with ZF+DC that there is a Hamel basis for X over ® but no transcendence basis for Y 
over W. 


Matroid theorists also distinguish between linear matroids (like the matroid of linearly 
independent sets) and graphic matroids (the matroids of finite acyclic subsets of a given 
graph). This distinction gives rise to the following theorem: 


THEOREM 1.3.10. Let G be a Borel graph on a Polish space X. It is consistent with 
ZF+DC that G contains a maximal acyclic subgraph and there is no Hamel basis for any 
uncountable Polish vector space over any countable field. 


The proof takes an unexpected turn: we prove that in ZF+DC, existence of a Hamel ba- 
sis implies that E, has a complete countable section, in particular |E,| < |F,|-Corollary 
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At the same time, existence of a maximal acyclic subgraph of any Borel graph 
G is consistent with ZF+DC-+ |E,| < |E| for any orbit equivalence relation E-Corollary 
p.4.22 

In another direction connecting model theory with choiceless ZF+DC arguments, 
we study theories which can have models on the various quotient spaces. In a typical 
development, given a Borel equivalence relation E on a Polish space X and a Fraissé 
class ¥ of relational structures with strong amalgamation, we can add a ¥-structure (a 
structure all of whose finite induced substructures are in ¥) on the E-quotient space 
in a highly controlled way. This results in many theorems of the following kind: 


THEOREM 1.3.11. (Corollary{13.3.2) Let E bea Borel equivalence relation ona Polish 
space X. It is consistent with ZF+DC that there is a tournament on the E-quotient space 
while there is no linear ordering on the Eg-quotient space. 


Combinatorics. A challenging part of set theory deals with chromatic numbers of var- 
ious natural Borel graphs and hypergraphs. Among the locally countable graphs and 
hypergraphs, in Section [11.1] we define numerous variants of graph characteristics like 
the Borel chromatic number and learn to prove associated consistency results. Non- 
locally countable graphs require an entirely different approach. For a sample result, 
for each number n > 0 consider the graph G,, on R” connecting points of rational Eu- 
clidean distance. The work of Schmer! [92] shows that these graphs (and many similar 
algebraic hypergraphs on Euclidean spaces) have countable chromatic number. We 
can prove the following: 


THEOREM 1.3.12. (Corollary {12.3.16) Itis consistent with ZF+DC that the chromatic 
number of G, is countable while the chromatic number of G, is uncountable. 


THEOREM 1.3.13. (Corollary It is consistent with ZF+DC that the chromatic 
number of G, is countable while the chromatic number of G3 is uncountable. 


To continue this line of results past dimension 3 requires designing new balanced 
posets; we conjecture that this is possible. If the set of distances changes, so does the 
logical strength of the assertion that there is a coloring for the associated graph. 


THEOREM 1.3.14. (Corollary Let r be a sequence of positive real numbers 
converging to 0. Let G be the graph on R? connecting two points if their Euclidean distance 
appears on the sequence fr. It is consistent with ZF+DC that the chromatic number of G 
is countable, yet there is no Ey-transversal. 


Hypergraphs of arity higher than 2 present enormous challenges. To illustrate the pos- 
sibilities, call a coloring c: R* > w an equilateral triangle-free decomposition if there 
is no equilateral triangle whose vertices are painted the same color; similar terminology 
can be adopted for other types of polygons. 


THEOREM 1.3.15. (Corollary [12.3.15) It is consistent with ZF+DC that the equilat- 
eral triangle-free decomposition on R? exists, yet there is no isosceles triangle-free decom- 
position on R?. 


THEOREM 1.3.16. (Corollary [11.4.15) It is consistent with ZF+DC that a square- 
free decomposition on R? exists, yet the chromatic number of the Hamming graph H is 
uncountable. 
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Open problems abound. For example, given nonsimilar triangles Tp, T;, is it possible 
to find a model of ZF+DC in which there is a coloring of R* with no monochromatic 
triangles similar to Ty, while in every coloring there is amonochromatic triangle similar 
to T,? 


Ultrafilters. The methods of the book can separate various types of ultrafilters on w 
and other combinatorial objects in the context of ZF+DC. 


THEOREM 1.3.17. (Corollary Proposition and Corollary [12.2.10) In 


ZF+DC, there are no provable implications between the existence of a Hamel basis and 
existence of a nonprincipal ultrafilter on natural numbers. 


Improving [42], we have 


THEOREM 1.3.18. (Corollary {14.4.7) In ZF+DC, the existence of a nonprincipal ul- 
trafilter on natural numbers does not imply the existence of one which is disjoint from the 
summable ideal. 


We isolate several ways of adding an ultrafilter to the symmetric Solovay model in a con- 
trolled way, providing ultrafilters with various interesting partition properties: Ram- 
sey ultrafilters and stable ordered union ultrafilters are just two examples. However, 
the comparison of the various models obtained as well as a classification of ultrafil- 
ters appearing in each model seems to be beyond our skill. Many other combinations 
of implications remain unresolved. For example, we do not know how to construct a 
model of ZF+DC in which there is a nonprincipal ultrafilter on «, |E,| < |Eo| holds, 


yet |Eo| £ |2°|. 


Uniformization. Uniformization problems belong to the guiding lights of descriptive 
set theory. One of the most notorious versions of it is countable to one uniformiza- 
tion, the statement that every subset of the plane with nonempty countable vertical 
sections contains the graph of a total function. In Chapter {10, greatly improving the 
methods and results of [}62/], we develop a satisfactory criterion which guarantees that 
various strong uniformization principles (including the countable-to-one uniformiza- 
tion as the humblest special case) hold in nearly all models under study. Separating the 
various uniformization principles seems to be a difficult task beyond the techniques of 
the present book. 


Limitations of the method. Balanced forcing offers a very flexible and powerful 
method for obtaining independence results in ZF+DC set theory. However, certain 
desirable types of independence results are outside of its reach. Certain basic limita- 
tions are encapsulated in the following theorems. 


THEOREM 1.3.19. (Corollary In every balanced extension of the symmetric 
Solovay model, there is no w, sequence of distinct Borel sets of bounded Borel rank. 


THEOREM 1.3.20. (Theorem [14.3.1]) In every nontrivial balanced extension of the 
symmetric Solovay model, there is a set of reals without the Baire property. 


THEOREM 1.3.21. (Theorem [14.1.1] In every balanced extension of the symmetric 
Solovay model, there is no maximal almost disjoint family of subsets of w. 
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THEOREM 1.3.22. (Theorem simplified) In every balanced extension of the 
symmetric Solovay model, there is no linearly ordered, unbounded set of elements of w® 
in the modulo finite domination ordering. 


Thus, balanced forcing cannot be used to prove for example the consistency with 
ZF+DC of the statement that &; < |E,| but &; £¢ |E,|. For consistency results of this 
type, one has to reach to the weakly balanced forcing of Section Balanced forcing 
also cannot be used to resolve consistency of any statement with the assertion that all 
sets of reals have the Baire property. We mention two interesting questions of this type: 
consistency of ZF+DC plus the statement that there is a non-Lebesgue measurable set 
of reals, every uncountable set of reals contains a perfect subset, and every set of re- 
als has the Baire property [/94]], and consistency ZF+DC that every set of reals has the 
Baire property and every countable Borel equivalence relation is an orbit equivalence 
relation of a (discontinuous) action of Z (Marks-Unger). 


1.4. Independence: by model 


One appealing way to present the work in this book is to consider several more 
or less canonical generic extensions of the Solovay model and list the statements that 
we know hold in them. There are also test problems that we do not know how to 
resolve. The reader needs to keep in mind that all the models are balanced extensions 
of the Solovay model W and as such obey the general limitations described at the end 
of the previous section. The list below includes only models that we find of immediate 
interest for an introduction; there are innumerable other options. 


The Ramsey ultrafilter model. Consider the poset of infinite subsets of w ordered 
by inclusion and the associated extension of the Solovay model W. The generic filter is 
identified with a Ramsey ultrafilter, and well-known pre-existing results [B0,|62]] show 
that in a suitable sense, every Ramsey ultrafilter is generic over W for the poset P(w) 
modulo finite. The resulting model was investigated in numerous papers such as [22), 


74]. 
THEOREM 1.4.1. In the model W[U], the following statements hold: 


(1) ([2Z], Corollary G25) |Eo| £ |2"|; 

(2) (Corollary |E,| £ |F| for any orbit equivalence relation F; 

(3) (Corollary and Theorem the Ey- and E,-quotient spaces are lin- 
early orderable, while the E,- and F,-quotient spaces do not carry even any tour- 
nament; 

(4) (Example if E is a Borel equivalence relation and A is a subset of the 
E-quotient space then either |A| < No or |2°| < |A|; 

(5) (Corollary [I4.4.7) every nonprincipal ultrafilter on w has nonempty intersection 
with the summable ideal; 

(6) (Example countable-to-one uniformization. 


One can consider many variations, adding an ultrafilter which is not Ramsey. We study 
the cases of a stable ordered union ultrafilter and certain other ultrafilters. It is chal- 
lenging to discern between the resulting models by sentences which do not mention 
ultrafilters. 
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There are many open questions about the Ramsey ultrafilter model. We do not 
know how to classify the ultrafilters on w in it. We do not know if there can be Borel 
equivalence relations E, F such that |E| < |F| holds in W and |E| < |F| holds in W[U]. 
In particular, we do not knowif this can occur for countable Borel equivalence relations 
E, F or in the situation where E is the orbit equivalence relation of a turbulent action 
of a Polish group and an equivalence F classifiable by countable structures. 


The Hamel basis model. Consider the poset P of countable sets of reals which are 
linearly independent over the rationals. The generic filter yields a Hamel basis B C R 
over the rationals. It does not seem to be easy to provide a simple criterion which 
would guarantee that a given Hamel basis is P-generic over the Solovay model. Still, 
we understand the theory of the model W[B] fairly well: 


THEOREM 1.4.2. In the model W|B], the following statements hold: 


(1) (Proposition Eg has a transversal; 

(2) (Corollary E, has a complete countable section; 

(3) (Corollary {12.3.14) whenever X is an uncountable Polish field and ® is a count- 
able subfield, there is no transcendence basis for X over ®; 

(4) (Corollary there is no diffuse probability measure on w; 

(5) (Example countable-to-one uniformization. 


One can consider a different Polish vector space in place of R and add a basis to it; a 
natural example is P(w) viewed with the symmetric difference operation as a vector 
space over the binary field. The conclusions of the above theorem remain in force. We 
do not know how to discern between the resulting models in general. In particular, 
we do not know if an existence of a basis for one Polish vector space over one count- 
able field implies the existence of a basis for another Polish vector space over another 
countable field in any nontrivial case. 

If suitable large cardinals exist, one can find a Hamel basis generic over the model 
L(R), independently of the size or structure of the continuum-Example [12.4.5, The 
model L(R)[B] inherits all features quoted in Theorem 


Models with a linear ordering. Let E be a Borel equivalence relation on a Polish 
space X. Consider the poset P of linear orderings of countable subsets of the E-quotient 
space, ordered by reverse extension. The generic filter yields a linear ordering < on the 
E-quotient space. The resulting model is a very humble extension of the symmetric 
Solovay model. 


THEOREM 1.4.3. In the model W[<], the following statements hold: 


(1) (Corollary 9.2.12) |E | > |2°|; 

(2) (Corollary 9.4.10) |E,| < |F| for any orbit equivalence relation F; 

(3) (Corollary there are no discontinuous homomorphism between Polish 
groups; 

(4) (Corollary OCA holds; 

(5) (Example countable-to-one uniformization. 
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Other features may depend on the nature of the equivalence relation E. For example, if 
Eis pinned, then in the model W[<] one cannot find a linear ordering or even a tourna- 
ment on the F,-quotient space-Theorem {10.2.9} Many questions remain open. In par- 
ticular, it is not clear whether in the model W[<] there is a cardinal inequality between 
quotient spaces which does not appear already in W. If suitable large cardinals exist 
and E is pinned, one can find a linear ordering of the E-quotient space generic over the 
model L(R), independently of the size or structure of the continuum-Example [12.4.8, 

One can add other structures to quotient spaces. In particular, one can add a tour- 
nament instead of a linear ordering. In the resulting model, the Ey-quotient space 
cannot be linearly ordered-Corollary [I3.3.2, 


The transversal models. Let E be a pinned Borel equivalence relation on a Pol- 
ish space X. Consider the poset P of countable subsets of X consisting of pairwise 
E-unrelated elements, ordered by reverse inclusion. The generic filter yields an E- 
transversal T C X. The study of the resulting model is fairly straightforward with 
our methods: 


THEOREM 1.4.4. In the model W[T], the following statements hold: 


(1) (Theorem [12.2.15) the Open Coloring Axiom; 
(2) (Corollary |12.2.15) there is no diffuse finitely additive probability measure on 


Oo; 
(3) (Corollary [13.3.10) there is no discontinuous homomorphism between Polish 
groups; 


(4) (Example {10.3.6) countable-to-one uniformization. 


Other features depend on the equivalence relation F in a rather predictable way. Thus, 
if E is classifiable by countable structures, then in W[T], |F| < |G| holds whenever 
F is an orbit equivalence relation of a turbulent group action and G is an equivalence 
relation classifiable by countable structures. If E is reducible to an orbit equivalence 
relation, then in W[T], |E,| £4 |G| holds whenever G is an orbit equivalence relation 
of a turbulent group action. If suitable large cardinals exist, one can find a transversal 
generic over the model L(R), independently of the size or structure of the continuum. 
The model L(R)[T] inherits all features quoted in Theorem [1.4.4 


1.5. Independence: by preservation theorem 


For a practitioner, it is probably most useful to categorize the results we obtain by 
the technical preservation theorem for balanced forcing that leads to them. The spec- 
trum of preservation theorems for balanced forcing rivals the proper forcing technol- 
ogy. Many classes considered below are closed under countable, full support product. 

In the broad class of balanced forcings, a number of preservation theorems are pos- 
sible. Balanced extensions of symmetric Solovay model do not add any well-ordered 
sequences of elements of the Solovay model-Theorem They do not contain any 
inequalities of the form |E+| < |E| where E is a Borel equivalence relation and E* is its 
Friedman-Stanley jump-Corollary Certain more sophisticated objects are miss- 
ing from these extensions, such as maximal almost disjoint families-Theorem [14.1.1], 
To overcome these limitations, one has to reach for the weakly balanced forcings. They 
do not add any sets of ordinals. A prominent example of a weakly balanced forcing 
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which is not balanced is one which adds a maximal almost disjoint family with a cer- 
tain type of approximations-Definition 8.10.6. 

Compactly balanced forcings are those for which the space of balanced classes 
is naturally organized into a compact Hausdorff space-Definition The most 
prominent example is the poset P(w) modulo finite-Example 9.2.4. The extensions 
of the symmetric Solovay model by compactly balanced forcings satisfy |Eg| > |2°|- 
Theorem P.2.2. It is even true that the chromatic number of a certain Hamming-type 
graph remains uncountable-Theorem 

Placid forcings are those in which placid virtual conditions exist: these are virtual 
conditions p such that for any pair of separately generic extensions V[Ho |, V[H,] such 
that V[Hj] NM V[H,] = V and for any conditions py € V[H,] and p, € V[H,] such that 
Po, P; are both stronger than p, the conditions po, p; are compatible—Definition 
Thus, the mutual genericity required in the definition of balanced forcing is replaced 
by the weaker demand V[H)|N V[H,] = V. The most prominent example is the poset 
adding a Hamel basis to the reals with countable approximations—Example The 
extensions of the symmetric Solovay model by placid forcings do not contain any in- 
equalities |E| < |F| where E is an orbit equivalence relation of a turbulent Polish 
group action, and F is an equivalence relation classifiable by countable structures- 
Theorem 9.3.3. Another attractive property of placid forcings is that they do not add 
transcendence bases for Polish fields-Theorem {12.3.12, There are many other effects 
(such as the nonexistence of nonprincipal ultrafilters on w) which are in fact conse- 
quences of preservation theorems for the broader class of Bernstein balanced forcings. 

Nested balanced forcings are those which contain a sequence of balanced virtual 
conditions for a suitable infinite nested sequence of generic extensions, as in Defini- 
tion All compactly balanced forcings are nested balanced-Example A 
prominent example of a nested balanced but not compactly balanced forcing is the 
poset adding a transversal to the equivalence Ey) by countable approximations—Example 
0.4.14, The extensions of the symmetric Solovay model by nested balanced forcings 
do not contain any inequalities |E,| < |E| where E is an orbit equivalence relation— 
Theorem P.4.4. 

Tethered forcings are those for which, to establish the balance of a pair (Q,7), 
it is enough to show that the pair decides virtual conditions of certain complexity- 
Definition Most balanced forcings are tethered; a prominent example of an 
untethered poset is the collapse poset adding an injection of the Eg-quotient space to 
2. In tethered extensions of the symmetric Solovay model, the countable-to-one uni- 
formization (and many other uniformization principles) holds-Theorem In the 
extension by the untethered collapse poset, there is no Eg-transversal which means that 
the countable-to-one uniformization must fail. 

The perfectly balanced forcings are the balanced Suslin forcings such that for ev- 
ery perfect collection {V[H,]: x € 2°} of mutually generic extensions of V and in 
each model V[H,.] there is a condition p, © P stronger than a given balanced vir- 
tual condition p, there is a condition in P stronger than uncountably many conditions 
px—Definition Prominent examples include posets adding ultrafilters, like the 
poset of infinite subsets of w ordered by inclusion. The perfectly balanced extensions 
of the symmetric Solovay model satisfy such features as the strong Silver dichotomy 
(Theorem and a strong version of OCA (Theorem [12.1.8). 
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The Bernstein balanced forcings are posets such that for every perfect collection 
{V[H,.]: x © 2°} of mutually generic extensions of V and every collection {p,: x € 
2} of conditions in the respective models V[H,,] and stronger than a given balanced 
virtual condition p, no condition in P below /p is incompatible with more than count- 
ably many conditions p,—Definition While this definition may look obscure 
at first reading, many posets satisfy it and it has many consequences which are dif- 
ficult to obtain otherwise. Bernstein balanced forcings add no finitely additive dif- 
fuse probability measures on w, in particular non nonprincipal ultrafilters-Theorem 
([2-2.3. Among other effects, their generic extensions satisfy the Open Coloring Axiom- 
Theorem For many of them, a filter generic over the model L(R) exists in the 
theory ZFC plus a suitable large cardinal, independently of the status of the Continuum 
Hypothesis or similar issues-Theorem 12.4.2. The Bernstein balanced forcings should 
be viewed as dual to the perfectly balanced forcings, as generic filter for a perfectly bal- 
anced forcing and a generic filter for a Bernstein balanced forcing tend to be automat- 
ically mutually generic-Theorem Prominent examples of Bernstein balanced 
forcings include all placid forcings and also the forcings adding transcendence bases to 
Polish fields. 

The class of Bernstein balanced forcings allows a meaningful stratification, which 
amounts to assigning numerical dimension to the posets in the class-Definition [12.3.10, 
This move leads to some of the most attractive results of this book. To state some of 
them, let n > 1 be a natural number. The n-Bernstein balanced forcings do not add 
transcendence bases to uncountable Polish fields (Theorem (12.3.1), and do not add 
colorings to Borel graphs of Komjath dimension n or greater-Theorem The 
latter notion of dimension of a graph is introduced in Definition and faithfully 
reflects the usual dimension of Euclidean spaces on which certain interesting algebraic 
graphs are defined. 

3, 2-balanced forcings form a class useful for ruling out discontinuous homomor- 
phisms between Polish groups. A poset P is 3, 2-balanced if there are 3, 2-balanced 
virtual conditions p in it; these are virtual conditions such that for any triple V[Hp], 
V[H, |, V[H2] of pairwise mutually generic extensions of V and conditions py € V[Ho], 
P, € V[H,], and p, € V|H,] below f there is a common lower bound of {pp, p;, D2}- 
Definition A prominent example is the forcing adding a linear ordering of a 
given quotient space by countable approximations. 3,2-balanced extensions of the 
symmetric Solovay model do not contain any discontinuous homomorphisms between 
Polish groups; in particular, they contain no nonprincipal ultrafilters on w-Theorem 
Among other effects, they do not contain non-Borel automorphisms between 
many quotient groups-Theorem A much stronger form of this property is 3, 2- 
centeredness, in which any collection of three pairwise compatible conditions has a 
lower bound. Such posets for example do not add linear orderings of quotient spaces 
except for trivial reasons-Theorem 

There are a number of preservation properties discussed in Chapter The 
strongest one is definable balance. A poset P is definably balanced if below every 
condition p € P there is a balanced virtual condition definable from real and ordi- 
nal parameters. A prominent example is the poset adding a nontrivial automorphism 
of the algebra P(w) modulo finite. Definably balanced posets preserve uncountable 
chromatic numbers of analytic hypergraphs; they also share a great number of other 
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regularity properties. A significant weakening of this notion is centered control. A 
poset P is balanced with centered control if for every condition p € P there is a control 
poset Q covered by centered sets definable from ordinal parameters and a single real 
parameter, and a definable Q-name o such that Q forces a to be balanced virtual condi- 
tion stronger than p-Definition [11.3.5, Balanced posets with centered control preserve 
uncountable chromatic numbers of finitary analytic hypergraphs-Theorem [11.3.6. A 
prominent example is the poset adding a Z-type ordering to every E-class, where E is a 
countable Borel equivalence relation with all classes infinite. Similar preservation the- 
orems are proved for balanced forcings with linked control, measured control, liminf 
control etc, where the adjective refers to the regularity properties of the control poset. 
The technology allows one to separate chromatic numbers of various classes of (locally 
countable) Borel hypergraphs. There are other applications of the technology which 
did not make it into this book. 


1.6. Navigation 


The structure of the book is quite complicated and some navigation advice will 
greatly enhance the reader’s experience. Part I contains results about reducibility of 
Borel and analytic equivalence relations and how amalgamation properties of models 
of set theory can be used to disprove it. Part II provides all of the choiceless indepen- 
dence results. It is difficult to appreciate the methods of Part II without having basic 
acquiantance with the concepts introduced in Part I. Still, Part I should be viewed as 
only the gate to Cantor’s paradise, while Part II is already within the gates. 


Chapter J defines and explores the notion of the virtual quotient space for an 
analytic equivalence relation E on a Polish space X. On an intuitive level, a virtual 
equivalence class is one which may only exist in some forcing extension but still we 
already have a sensible calculus for speaking about it. 

Section 2.1] provides the basic definitions. If P is a partial order and Tt is a P-name 
for an element of X, the name is called E-pinned if its E-class does not depend on the 
generic filter on P. There is a natural equivalence E on pinned names, and the E equiv- 
alence classes are referred to as the virtual E-classes. Section 2.2)shows that if one has 
a definable structure on the E-quotient space, it is possible to consider the virtual ver- 
sion of that structure on the virtual quotient space. This is a structure II,-elementarily 
equivalent to the original one. Structures such as virtual versions of partially ordered 
sets of Borel simplicial complexes will come handy later in the book. 

Sections 2.3|and 2.4|deal with the most immediate concern: the classification prob- 
lem for the virtual quotient spaces. The virtual equivalence classes should correspond 
to some immediately recognizable combinatorial objects, and in many important cases 
this hope is fulfilled. In a broad class of equivalence relations (the pinned equiva- 
lence relations of [54, Section 17]) the virtual quotient space is simply identical to 
the quotient space. Many jump-type operations on equivalence relations have a nat- 
ural translation to operations on virtual quotient spaces; for example, the Friedman- 
Stanley jump [B6] is translated to a powerset operation-Theorem Virtual classes 
of isomorphism relations on countable structures naturally correspond to uncountable 
structures of the same type (Theorem 2.4.5), even though in some cases there may be 
mysterious virtual classes which are not classified in this way [56]. Still, there are many 
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wide open questions. For example, we do not know how to classify the virtual quotient 
space for the measure equivalence. The virtual space of homomorphism of second 
countable compact Hausdorff spaces sems to be naturally classified by compact Haus- 
dorff spaces, but there is no theorem to that effect. 

Section 2.5] deals with the next most natural concern: the attempt to size up the 
virtual quotient space in terms of cardinality. The effort is surprisingly successful, gen- 
erating cardinal invariants of analytic equivalence relations which can take all kinds 
of exotic and informative values. Given an analytic equivalence relation E, one defines 
the pinned cardinal x(E) as the minimal cardinal such that all virtual classes of FE are 
represented by names on posets of size < x. One also defines A(E) as the cardinality 
of the virtual quotient space, and A(E, P) as the cardinality of the set of virtual classes 
which are represented by names on the poset P. These cardinals respect the Borel 
reducibility order; therefore, they serve as viable tools for the Borel nonreducibility 
results. In addition, they interact well with a number of operations on equivalence 
relations. In a jarring development, these cardinals can connect Borel nonreducibil- 
ity results to hard questions about singular cardinal arithmetic or similar concerns of 
transfinite set theory. 

Section 2.4 limits the type of partial orders that can carry a nontrivial E-pinned 
name. Theorem shows that, in particular, proper forcings do not carry any non- 
trivial E-pinned names. Theorem .6.3|shows that as soon as there are some nontrivial 
E-pinned names (i.e. E is not pinned), then one can find them in any partial order col- 
lapsing X,. The most curious result is Theorem 2.6.4; if E is Borel reducible to an orbit 
equivalence relation, then every nontrivial virtual E-class really comes from a collapse 
of some uncountable cardinality to No. Compare this with the efforts of Section 2.4 
where some virtual classes of equivalence relations classifiable by countable structures 
were classified by uncountable structures to be collapsed down to the countable size. 
This feature does not persist to arbitrary analytic equialence relations: Example 
produces a nontrivial E-pinned name on the Namba forcing for a suitable equivalence 
relation E. 

Section 2.7 proves two absoluteness results. First, in Corollary 2.7.3] we show that 
for a Borel equivalence relation E, the statement “E is pinned” is absolute among all 
forcing extensions. This greatly simplifies the language used to formulate later results. 
A similar statement for analytic equivalence relations requires large cardinal assump- 
tions. Second, in Theorem we show that at least for equivalence relations E 
reducible to orbit equivalence relations, transitive inner models of ZFC calculate the 
pinned cardinal x(E£) predictably: their calculation cannot return a value larger than 
the actual value of x(£) in V. 

It is not clear if the class of unpinned Borel equivalence relations allows a neat 
basis in ZFC. The main result of Section 2.8] shows that the answer is affirmative at 
least in the symmetric Solovay model. There, the basis for unpinned Borel equivalence 
relations is just {F,} (a former conjecture of Kechris, which nevertheless fails badly 
in ZFC); for unpinned analytic equivalence relations we isolate the basis {F3,E,,, }- 
Corollary and Theorem We also provide a basis for the class of analytic 
equivalence relations E such that x(E) = oo. The basis is {E,,, }-Theorem 2.8.9 
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Chapter 8) restates and greatly generalizes Hjorth’s notion of turbulence in forc- 
ing terms. This development shows that nonturbulent equivalence relations are in 
fact parallel to pinned equivalence relations in a very precise sense. The forcing re- 
lation encapsulates many distracting estimates needed in the traditional treatment of 
turbulence, resulting in a clean and efficient general calculus. 

Section B.1] provides the motivating insight-namely, that building pairs of models 
Viyol, Vy, ] where yo € Yo and y, € Y, are separately Cohen generic elements of their 
respective Polish spaces such that V[yg] M V[y,] = V depends on a suitable notion of 
a walk-Theorem B.1.4, The comparison of generic extensions vis-a-vis their intersec- 
tion is an important concern in the later parts of this book. Section B.2| provides two 
basic examples. In the first, Hjorth’s notion of turbulence of group actions is restated 
in geometric terms-Theorem The second example provides a complete charac- 
terization of those analytic ideals on w such that it is possible to find points x9, x; € 2” 
separately generic over V such that they are equal modulo I and V[x9] N V[x,] = V- 
Theorem B.2.4) 

Section defines two classes of equivalence relations that are simple from the 
turbulent point of view. An equivalence relation E on a Polish space X is placid if any 
E-class represented in generic extensions with trivial intersection is represented in the 
ground model. E is virtually placid if any virtual E-class represented in such generic 
extensions is represented as a virtual class in the ground model. These definitions are 
preserved under Borel reducibility and under many natural operations on equivalence 
relations, as shown in Section B.4. The main application is the generalization of an 
ergodicity theorem by Hjorth and Kechris [59, Theorem 12.5] (Theorem 8.3.5): any 
Borel homomorphism from a turbulent equivalence relation to a virtually placid one 
stabilizes on a comeager set. 

Section B.5| provides a necessary complement to the forcing development in this 
chapter: a theorem asserting that the notions introduced are absolute among all generic 
extensions and evaluating their descriptive complexity-Theorem 8.5.6. Finally, Sec- 
tion B.d develops turbulence of group actions for measure. It turns out that the appro- 
priate concept uses the familiar notion of concentration of measure of [86]. 


Chapter 4 presents one of the novel concepts of geometric set theory: that of a 
coherent nested sequence of models of ZFC, with emphasis on the intersection model. 
Thus, let (M,,: m € w) be an inclusion-decreasing sequence of transitive models of 
ZFC and consider the transitive class M, = Men: A simple coherence condition 
on the sequence guarantees that M,, is a model of ZF (Theorem ff.2.9); a coherence 
condition with a suitable well-ordering parameter guarantees that M,, is a model of 
ZFC-Theorem In Section f.2| we develop the technology of building coherent se- 
quences of generic extensions (Theorem §.2.8) and produce a case in which choice fails 
in the intersection model. In Section f.3| we develop a machinery of building choice- 
coherent sequences of generic extensions-Theorem In principle, there is a whole 
field of coherent set theory lurking behind these concepts and the intersection models 
can serve as new vehicles for obtaining independence results. However, in this chapter 
our emphasis is on the connection with Borel equivalence relations. Our main result 
shows that the choice-coherent sequences of models detect the difference between EF, 
and orbit equivalence relations: if E is an orbit equivalence relation and C is a virtual 
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E-class represented in each model M,, then it is represented in M,,-Theorem 
This typically fails for E,. The topic is revisited in Section 9.4] below. 


Chapter [5| develops the basic general theory of balanced Suslin forcing. The treat- 
ment of Suslin forcing is quite different from that in [7] or similar treatments on the 
structure of the real line. Our partial orders are typically (but not necessarily) o-closed, 
and serve to add combinatorial objects by explicit countable approximations in the con- 
text of the symmetric Solovay model. It is important to understand that the study of 
these partial orders takes place exclusively within set theory with choice. 

Section [5.1] defines the notion of a virtual condition in a Suslin forcing P. A vir- 
tual condition is an element of the completion of the poset P which only exists in some 
generic extension, but for which one can develop a sensible calculus of comparison al- 
ready in the ground model, quite in parallel to virtual equivalence classes developed in 
Chapter 2. There are natural equivalence and ordering relations on virtual conditions 
in P. 

Section 6.2 defines the key notion of a balanced pair in a Suslin forcing P. This is a 
pair (Q, T) where Q is a poset and t is a Q-name for an element of the forcing P which 
satisfies a natural amalgamation property in mutually generic extensions. There is a 
natural notion of equivalence on balanced pairs in P. The motherload feature exploited 
throughout the rest of the book is the simple Theorem 5.2.8; every balanced class con- 
tains exactly one virtual condition. The task of understanding a given Suslin forcing 
P in the context of geometric set theory is then nearly identical to the classification of 
balanced virtual conditions in a given Suslin forcing P. Balanced virtual conditions in 
balanced Suslin forcing are quite parallel to master conditions in proper forcing. 

Section 5.3] defines weakly balanced Suslin forcing. This is a weakening of the 
notion of balanced Suslin forcing designed to produce some effects (such as MAD fam- 
ilies) which are absent from balanced extensions of the symmetric Solovay model. The 
whole development is quite parallel to balanced Suslin forcing with suitable quantifi- 
cation adjustments. Some examples of weakly balanced forcings can be found in Sec- 
tion This book’s primary focus is on balanced forcing, and the potential of the 
weakly balanced variations is left wide open. 


Chapter (6 analyzes a class of balanced forcings arising from simplicial complexes 
of various algebraic forms. Namely, let K be a Borel simplicial complex on a Polish 
space X. Let Py be the poset of countable subsets p C X such that [p]<*° Cc K, ordered 
by reverse inclusion. Many useful posets in this book arise in this fashion. Section 6. 
introduces a novel general notion of a fragmented simplicial complex, Definiton 
The posets generated by fragmented simplicial complexes are balanced-Theorem 6.2.3, 
We introduce three important subclasses of fragmented simplicial complexes-the lo- 
cally countable ones, the ones with Borel coloring number §,, and the complexes gen- 
erated by modular matroids. Section considers the simplicial complexes which 
happen to be matroids. Modular matroids are fragmented and therefore yield balanced 
forcings-Theorem 6.3.4, However, there is another large class of matroids-the Gs-ones 
of Definition which include in particular the algebraic matroids of Polish fields. 
These are typically not modular and not fragmented, yet they yield balanced posets by 
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Theorem §.3.9, The resulting forcings are then much more complicated than the frag- 
mented ones. It is very likely that further distinctions will be found among matroid 
forcings in the future. Section 6.4 investigates simplicial complexes naturally related 
to quotient spaces, and shows that balanced virtual conditions are naturally found in 
the related virtual quotient spaces. Particularly interesting cases concern the collapse 
of one quotient cardinality to another, Definition and the transversal type posets 
which to each pair E C F of Borel equivalence relations on a Polish space X add a 
maximal set A C X such that E | A = F | A-Definition 6.4.4, 


Chapter [7 analyzes various ways of adding a nonprincipal ultrafilter on @ to a 
choiceless model. The basic method, the poset of all infinite subsets of w ordered by 
inclusion, is investigated in Section (7.1), This poset adds a Ramsey ultrafilter, and its 
balanced virtual conditions are classified simply by ultrafilters. The resulting model 
has been investigated from many directions previously [22,/103]. The next simplest 
type of ultrafilter is added by a poset with Ramsey sequences of finite structures, dis- 
cussed in Section {7.3} It turns out that balanced virtual conditions in this type of forcing 
are classified by w-sequences of ultrafilters of a certain type. Section [7.2] shows how to 
add an ultrafilter which is not a P-point in the simplest fashion: using the quotient 
poset of P(w x w) modulo I where I is the Fubini power of the Fréchet ideal. The inter- 
esting development in this case is the complexity of balanced virtual conditions-they 
are classified by ultrafilters on the set of ultrafilters on w (Theorem (7.2.2). It is interest- 
ing to compare this situation with Section 6.4 there, the balanced virtual conditions 
were also classified by complex sets, but the complexity seemed to be worked into the 
definitions of the posets from the beginning. Here, the increased complexity appeared 
without invitation and as a surprise, at least to the authors. Section 7.4) shows how to 
add a stable ordered union ultrafilter; the most interesting insight-the balanced virtual 
conditions are classified by idempotent ultrafilters (Theorem [7.4.7). 


Chapter 8 contains the analysis of balanced forcings which are designed to per- 
form a specific task, and from the point of view of the previous chapters may seem 
somewhat ad hoc. In Section we consider the problem of adding a coloring of a 
Borel graph or hypergraph by countably many colors. It turns out that the task is closely 
related to the coloring number of graphs introduced by Erdés and Hajnal [28]. Ifa Borel 
graph has countable coloring number, then there is a natural balanced poset (Defini- 
tion adding a coloring by countably many colors (Theorem 8.1.2). The classical 
examples of such graphs appear on Euclidean spaces as distance graphs (Example 
and and have been studied among others by the Hungarian combinatorial school 
[65]. Adding colorings to hypergraphs seems to be much trickier business. We iso- 
late a broad class of circular hypergraphs (Definition and design balanced posets 
adding a coloring with countably many colors (Definition and Theorem 8.2.8). 
One interesting example of a circular hypergraph is the hypergraph of triples of dis- 
tinct points of the plane forming vertices of an equilateral triangle-Example In 
a comment on an old result of Erés and Kakutani [26] we show how to add a count- 
able decomposition of a vector space over a countable field in which each composant 
is linearly independent (Theorem 8.2.17). 
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Section 8-3] considers the problem of adding a discontinuous homomorphism be- 
tween given Polish groups. This task cannot have a positive resolution in general since 
many Polish groups have the automatic continuity property, for example the unitary 
group [108]. However, we provide a balanced forcing in the case of abelian groups, one 
of which is torsion free, and the other divisible (Theorem 8.3.2). Section 8.4]shows that 
it is possible to force a nontrivial automorphism of the Boolean algebra P(w) modulo 
finite with a balanced forcing. The forcing consists simply of countable approxima- 
tions ordered by reverse inclusion, and balanced virtual conditions correspond exactly 
to automorphisms of the algebra-Theorem 8.4.3} Section 8.5|considers the problem of 
adding a cofinal Kurepa family on a Polish space with a balanced poset. Again, the 
natural countable approximation poset works, and there is a very simple classification 
theorem for the balanced virtual conditions-Theorem Section 8.4 presents bal- 
anced forcings for adding set mappings on Polish spaces without nontrivial free sets. 

Section 8.7] shows how one can add saturated models of first order theories to E- 
quotient spaces for a Borel equivalence relation E. An especially interesting case is 
adding a saturated limit of a Fraissé class with strong amalgamation; i.e. a linear order- 
ing, a tournament, or similar structures (Theorem 8.7.4). In this section, the amalga- 
mation problems familiar from model theory and the amalgamation questions arising 
in geometric set theory exhibit a particularly strong affinity. 

Section 8.8] shows that there are balanced orderings which produce extensions of 
the symmetric Solovay model in which the Axiom of Dependent Choices fails. The 
seminal example is the finite-countable poset of Definition 8.8.1] which introduces a 
partition of an uncountable Polish space into two parts, one of them without a perfect 
subset and the other without countably infinite set. 

Section 8.9 introduces several balanced posets which in the usual ZFC context 
would be viewed as “side condition” forcings. The general Definition provides 
a general construction for adding an uncountable set whose intersection with every 
set in I is countable, where I is a given ideal generated by closed sets. Theorem 
shows how to add a special type of a Lusin set. The forcings mostly serve as delimiting 
examples in Section |12.2, 

Section provides two examples of weakly balanced forcings, achieving what 
balanced forcing cannot do. In the first case (Theorem we construct a weakly 
balanced poset which collapses |E| to |E |, for any given Borel equivalence relation E. 
This breaks the Friedman-Stanley jump barrier which is one of the basic features of 
balanced extensions of the Solovay model by Corollary.1.5, The second example (The- 
orem is a weakly balanced poset adding a maximal almost disjoint family, an 
object one cannot find in balanced extensions of the Solovay model by Theorem 
In general, the weakly balanced arguments are much more difficult than the balanced 
ones. 


Chapter 9|compares cardinalities of quotient spaces in balanced extensions of the 
symmetric Solovay model W. On the surface, this is an enterprise very similar to the 
traditional forcing concerns in the context of the axiom of choice. However, it is im- 
portant to understand that the non-well-ordered quotient cardinals offer many more 
opportunities for meaningful independence work and also for surprising ZF results 
preventing various patterns of cardinal collapses. 


1.6. NAVIGATION 21 


Section 9.1|shows that no new inequalities between well-ordered cardinalities and 
quotient cardinalities are added by balanced forcing. In fact, no new well-ordered se- 
quences of elements of W are added-Theorem This result is central for the rest 
of the book. Section 9.2] provides a very flexible tool for verification of the inequality 
E9| > |2®| in certain classes of balanced extensions. Namely, it turns out that if the 
balanced virtual conditions of the forcing are naturally organized into a compact Haus- 
dorff space, then the inequality is preserved in the P-extension of the symmetric Solo- 
vay model-Theorem The compact Hausdorff space in question may certainly be 
nonmetrizable; in the case of the poset P of infinite subsets of w ordered by inclusion, it 
is simply the Cech-Stone remainder of w. Among the applications, it is possible to add 
linear ordering to any Borel quotient space and preserve |E| > |2°|-Corollary 
or to add a discontinuous homomorphism from R to R/Z and preserve |Ep| > |2°| 
as in Corollary The inequality |E | > |2®| can be verified in other ways when 
the balanced classes do not form a compact Hausdorff space, for example using The- 
orem to maintain the chromatic number of the Gy-graph uncountable which 
automatically implies |E | > |2°| by Proposition [I1.1.6(2). 

Section 9.3}shows that the nonreducibility results obtained by Hjorth’s turbulence 
method turn into cardinal inequalities in certain classes of balanced extensions. The 
main contribution here is Definition isolating the relevant class of placid Suslin 
forcings. In placid extensions of the symmetric Solovay model, no inequalities of the 
type |E| < |F| appear where E£ is the orbit equivalence relation of a turbulent Polish 
group action, and F is an equivalence relation classifiable by countable structures. A 
weakening of placidity is used in Section to rule out combinatorial objects from 
generic extensions which have nothing to do with any group actions, such as nonprin- 
cipal ultrafilters. Placid forcings are revisited in Section [12.3] to prove further preserva- 
tion results-for example, placid forcings do not add transcendence bases to uncount- 
able Polish fields. 

Section 9.4 provides practical criteria for showing that the classical nonreducibility 
of E, to any orbit equivalence relation translates into cardinal inequalities in certain 
classes of balanced extensions of the Solovay model. This turns out to require close 
study of nested sequences (M,, : n € w) of models of ZFC as in Chapter In particular, 
we must resolve the question whether, for a given Xj sentence ¢ which is a consequence 
of the axiom of choice, one can produce a set A such that for each n € a, the set 
AMM, belongs to M,, and is a witness for the sentence ¢ there. The resulting tricky 
combinatorial work can be used to separate for example the existence of a Hamel basis 
from existence of maximal acyclic subgraphs in Borel graphs. 

Section 9.4 shows that the nonreducibility results between analytic equivalence 
relations obtained by the comparisons of their cardinal invariants x and 2 mostly turn 
into cardinal inequalities in the Solovay model W, and these inequalities survive un- 
harmed into balanced extensions. 


Chapter [10] deals with the question of whether countable-to-one uniformization 
and similar uniformization principles hold in balanced forcing extensions. Section|L0.1 
provides the a practical criterion on a Suslin forcing P which implies that many strong 
uniformization principles hold in the forcing extension of the Solovay model by P. It 
turns out that the criterion is satisfied in a great number of interesting cases, and its 
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verification mostly follows from the careful classification of balanced virtual condi- 
tions for P. Section studies various uniformization principles in turn and shows 
that they in fact hold in tethered extensions of the symmetric Solovay model. Lastly, 
Section provides a great number of examples and non-examples. 


Chapter [I] considers the independence results which appear when one attempts 
to select one type of structure to each E-class, and not select another type; here E is 
a given countable Borel equivalence relation on a Polish space. The problems consid- 
ered are motivated by the present practice of descriptive graph theory. The upshot is 
a discovery of new and very pertinent fracture lines in the realm of (locally countable) 
Borel hypergraphs. The main point of the whole section is that definable c.c.c. posets 
have great influence on independence results in ZF+DC, even though heretofore they 
were used only for ZFC independence results. 

The fracture lines and their critical objects are defined in Section We define 
two variations of countable Borel chromatic number of hypergraphs on Polish spaces: 
the Borel o-finite chromatic number (Definition [11.1.9) and the Borel -finite fractional 
chromatic number (Definition The relevant classes of hypergraphs contain 
minimal objects obtained by the same operation of a skew product (Definition |11.1.1). 
There are several dichotomies in style very similar to the original Gy-dichotomy of [61]. 
A number of examples illustrate the new concepts; among them, there is one obtained 
from the density version of the van der Waerden theorem (Example [11.1.20). 

Each of the following sections deals with a different fracture line, separating exis- 
tence of locally countable objects of various types. Many of the proofs run in parallel, 
but we have not been able to find an overarching general principle. The resulting proofs 
are long and verbose, but no steps in them are particularly demanding. 

In Section [11.2] we treat the very soft class of posets which possess definable bal- 
anced virtual conditions. While at first sight it may seem that this class contains no 
particularly interesting posets, this is not the case: for example, the posets adding a 
discontinuous automorphism of P(w) modulo finite or a countable complete section 
to a given pinned Borel equivalence relation belong to it. We show that these posets pre- 
serve uncountable chromatic numbers of analytic hypergraphs (Theorem and 
do not introduce inequalities of the form |E| < |E | where E is the orbit equivalence re- 
lation of the shift action of a countable non-amenable group. Many other preservation 
properties of posets in this class remain unstated. 

Section deals with preservation of uncountable chromatic numbers for all an- 
alytic finitary hypergraphs. The key notion is that of balance with centered control 
(Definition {11.3.5}. Briefly, a balanced forcing has centered control if there is a defin- 
able, definably centered forcing which adds a balanced virtual condition via a definable 
name. Balanced posets with centered control preserve uncountable chromatic num- 
bers of analytic finitary hypergraphs-Theorem [11.3.4, A typical application is Corol- 
lary {11.3.9, Given a locally countable Borel graph G of finite chromatic number n € , 
it is possible to find a model of ZF+DC in which the chromatic number of G is < 2n—1 
and at the same time the uncountable chromatic numbers of all analytic finitary hy- 
pergraphs are preserved. 

Section {11.4 deals with preservation of uncountable chromatic numbers for all ana- 
lytic graphs. The key tool is the notion of balance with linked control-Definition {11.4.4} 
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The technology allows one in particular to make many Borel hypergraphs of arity 
greater than two countably chromatic, while the uncountable Borel chromatic number 
of graphs is preserved—Corollary Another application shows that it is possible 
to add perfect matchings for many locally finite Borel graphs while maintaining un- 
countable chromatic numbers of graphs—-Corollary Further sections introduce 
other variations of control, separating chromatic numbers of various other classes of 
Borel graphs in ZF+DC. 

Section revisits the class of compactly balanced forcing. We show that for 
many locally countable hypergraphs G, compactly balanced forcings do not make G 
have countable chromatic number. such forcings do not add countable coloring to 
a number of locally countable hypergraphs. The notion of Borel o-finite chromatic 
number (Definition is critical here; the diagonal Hamming graph H_,, is the 
most prominent example. In particular, it is consistent with ZF+DC that there be a 
nonprincipal ultrafilter on w, yet the chromatic number of H_,, is uncountable. 


Chapter /12| presents important two classes of posets which are in a precise sense 
dual to each other. Both of them offer extensive control over uncountable subsets of 
Polish spaces, but they approach the task from exactly orthogonal directions. 

Section isolates the classes of perfectly balanced and perfect forcings. The 
main inhabitant of these classes is the ordering of infinite subsets of natural numbers 
ordered by inclusion. However, it turns out that most natural partial orders for adding 
ultrafilters are perfectly balanced. Extensions of the symmetric Solovay model by per- 
fectly balanced forcings satisfy a strong form of Silver dichotomy: every uncountable 
subset of a Borel quotient space contains an injective copy of 2” (Theorem [12.1.6). 
Among other effects, they also satisfy a strong form of the Open Coloring Axiom- 
Theorem 

Section presents the dual class of Bernstein balanced forcings. It is very rich, 
including the placid posets, but also posets for adding transcendence bases for Polish 
fields, or posets adding Fraissé structures on Borel quotient spaces. The preservation 
theorems show in particular that their extensions do not contain nonprincipal ultrafil- 
ters (Theorem or satisfy the Open Coloring Axiom (Theorem [12.2.5). The exten- 
sions also exhibit properties which are in certain sense dual to known ZFC indepen- 
dence results. For example, every unbounded subset of w® under the modulo finite 
domination order contains a bounded uncountable subset-Theorem [12.2.71 

Section contains a stratification of the class of Bernstein balanced forcings 
by dimension. We first define the novel concept of Komjath dimension of graphs and 
hypergraphs—Definition This notion of dimension faithfully reflects the dimen- 
sion of Euclidean spaces on which the (hyper)graphs may be defined. The evaluation 
of graph dimension typically uses the tame topology and o-minimality machinery of 
[110] and the associated tame-topological dimension of semi-algebraic sets. Then, for 
each number n > 1 we define the class of n-Bernstein posets (Definition and 
prove several preservation theorems. n-Bernstein forcings do not add colorings to hy- 
pergraphs of dimension at least n (Theorem and do not add transcendence 
bases to Polish fields (Theorem [12.3.11]). There are very many attractive corollaries. 
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The duality between perfectly balanced and Bernstein balanced posets comes to 
full view in Section[12.4} It turns out that the generic filters for Bernstein balanced forc- 
ings and perfectly balanced forcings are often automatically mutually generic-Theorem 
This is the most precise and elegant way of framing intuitions like “ultrafil- 
ters and transcendence bases for fields have nothing to do with each other”. At the 
same time, filters for Bernstein balanced forcings generic over L(IR) exist as a mat- 
ter of ZFC plus large cardinals, without regard to the structure of continuum issues- 
Theorem Thus, we get say generic Hamel bases for vector spaces or generic 
transcendence bases for Polish fields in ZFC plus large cardinals. This contrasts with 
the perfectly balanced ultrafilter posets, where a long line of ZFC independence results 
may be interpreted as showing that generic filters for these posets consistently fail to 
exist. 


Chapter [13] presents the classes of m,n-balanced and centered forcings. These 
classes serve to separate combinatorial objects of different arity of organization. The 
reader has to keep in mind that the notion of arity used here is quite abstract or even 
somewhat ineffable. 

Section |13.2,contains the main preservation results. The raison d’etre of the classes 
of forcings under discussion is Theorem [13.2.1] which shows that n+1, n-balanced forc- 
ings do not add discontinuous homomorphisms between Polish groups. This means 
that in particular no nonprincipal ultrafilters on w are added. A similar effect is pro- 
duced by Theorem {13.2.3} n + 1, n-balanced forcings do not add non-Borel homomor- 
phisms between various Borel quotient groups studied in particular by Ilijas Farah 
[B32]. The evaluation of arity comes into view with Theorem {13.2.4 it turns out that 
4, 3-balanced forcings add no colorings of the Euclidean space which avoid parallelo- 
grams, and similar conclusions are available for m, n-balance for higher values of m, n. 
We also study the related and much more restrictive class of m, n-centered forcings. 
A particular success is Theorem showing that 3, 2-centered forcings do not add 
linear orderings of Borel quotient spaces except for a trivial reason. Section pro- 
vides a long list of examples and corollaries with particular emphasis on illustrating 
the differences between the forcing classes introduced in this chapter. 


Chapter [14contains results that for some reason do not fit into the previous chap- 
ters; some of our favorite theorems are here. Certain structures are impossible to add 
by balanced forcing; MAD families (Theorem and linearly ordered unbounded 
subsets of many partial orderings (Theorem fall into this category. 

In Section we prove one of the main constraints on the (nontrivial) balanced 
extensions of the Solovay model: there must be a set of reals in them which does not 
have the Baire property (Theorem 14.3.1). On the other hand, one does obtain cer- 
tain models in which every set of real is Lebesgue measurable as per Theorem [14.3.4] 
An old result of Shelah concerning the consistency of ZF+DC plus every set of reals 
is Lebesgue measurable plus there is a set of reals without the Baire property can be 
presented using this theorem-Example [14.3.5, 

In Section [14.4] we gather our results about the extension of the symmetric Solovay 
model with a single Ramsey ultrafilter, i.e. the extension by the poset of infinite subsets 
of w ordered by inclusion. The model has been investigated for a long time. This book 
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makes a significant contribution to its study and leaves several interesting directions 
open. The reader can find the loose ends neatly categorized here. 


1.7. Notation and terminology 


General. The shorthand DC denotes the Axiom of Dependent Choices. It states that 
for every set X and every binary relation R on X such that for every x € X there is 
y €X such that x R y holds, there is an infinite sequence (x; : i € w) of elements of X 
such that for alli € w, x; R X;41 holds. It is not difficult to show that o-closed forcing 
extensions of models of ZF+DC are again models of ZF+DC. 

In this book, as in many books on set theory, it is a frequently played gambit in 
the proofs to take an elementary submodel of a “large structure”. The structure itself is 
rarely relevant. As a metadefinition, by a “large structure” we always mean the struc- 
ture (H.,,,€) where H_.,. is the set of all sets whose transitive closure has cardinality 
< x, and x is the smallest regular cardinal such that H_., contains all objects named in 
the proof to that point, and also their powersets. Similarly, the phrase “a large fragment 
of ZFC” occurs in several places in the book. It is never truly informative to analyze 
precisely how large a fragment is needed. As a matter of convention, we mean the fi- 
nite fragment of ZFC including all axioms except the schemas of comprehension and 
replacement, and the schemas of comprehension of replacement for all formulas of set 
theory of 10'°° many symbols or fewer. 


Combinatorics. We use plenty of standard graph theoretic parlance throughout. A 
graph is a pair = (V,E) where V isa set and E c [V]?. A (partial) -coloring is a 
partial function c on V such that for every edge {vg, v,} € E, c(Up) # c(v,) holds. Chro- 
matic number of a graph is the smallest cardinal x such that there is a total G-coloring 
c: V > x. Ahomomorphism of a graph (Y, E,) toa graph (Y,E,)isamaph: % > Y 
such that if {vg, v;} € Ep then {h(vg), h(v,)} € F,; in particular, a homomorphism of 
graphs need not be injective. The following is a brief list of standard graphs. 


DEFINITION 1.7.1. Let n € w be a number. 


(1) K, is the clique on n many vertices; 

(2) K,,, is the complete bipartite graph on n plus n many vertices, 

(3) Kno, is the complete bipartite graph in which one size of the bipartition has 
cardinality n and the other X; 

(4) Kz. is the graph on w x 2 containing all edges {(m, 0), (n, 1)} where m € n 
are natural numbers. 


A directed graph on X is just a subset of X* disjoint from the diagonal. An orientation 
of a graph T on X is a directed graph I’ on X such that for every pair of distinct points 
X9,X, € X, if {xo,x,} ¢ T then (x9,x1) ¢ I, and if {xo,X,;} © T then exactly one of 
(Xg, X1),(X1,Xq) belongs to I’. A tournament on X is an orientation of the clique on X. 

A hypergraph on a set X is an arbitrary subset [ C P(X) consisting of nonempty sets. 
As a matter of convention, our hypergraphs do not contain any singleton sets. The 
elements of I will be called hyperedges while the elements of X will be called vertices. 
A hypergraph is finitary if all of its hyperedges are finite sets. It is a graph if all its 
hyperedges have cardinality two. A T-anticlique is a set A C X such that [nN P(A) = 0. 
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AT-coloring is any function with domain X which is not constant on any hyperedge; the 
elements of the range of a coloring are referred to as colors. The chromatic number y(T) 
of the hypergraph T is the smallest cardinal number x such that there is a I’-coloring 
with at most x-many colors. This definition makes sense only in the context of the 
Axiom of Choice in which cardinalities are well-ordered; therefore, y(T) must exist. In 
a choiceless context, only a limited version is available: we discern between countable 
and uncountable chromatic number, and the various values of the countable chromatic 
numbers. 


Analytic equivalence relations. A number of concepts and results in this book are 
stated in terms of Borel equivalence relations on Polish spaces. As a matter of basic 
terminology, if E is an equivalence relation on a set X, a E-transversal is a set T C X 
such that T has a singleton intersection which each equivalence class. If x € X isa 
point, then [x]; denotes the equivalence class containing x. If A C X is any set, then 
[A]z denotes the E-saturation of A, the set {x € X: dy € Ax E y}. The following 
definition records several benchmark relations which are used throughout the book. 


DEFINITION 1.7.2. 


(1) Ep is the Vitali equivalence on 2”, connecting x,y € 2° if they differ at only 
finite set of entries; 

(2) E, is the equivalence relation on (2”)® connecting x, y if they differ at only 
finite number of entries; 

(3) E, is the relation on 2® connecting x, y if the sum >{— : x(n) # y(n)} is 


finite; 

(4) Ex, is the relation on J 

function on ; 

(5) F, is the equivalence relation on (2”)® connecting x, y if rng(x) = mg(y); 

(6) HC is the equivalence relation on P(w x w) connecting relations x, y if either 

both are illfounded or fail the axiom of extensionality or fail to have a maximal 

element, or they are isomorphic; 

(7) E,., is the equivalence relation on P(w x w) connecting relations x, y if either 
both are illfounded or are not linear orders, or they are isomorphic; 

(8) if [is a coanalytic class of structures on w invariant under isomorphism, Ey 
is the equivalence relation on countable structures on w connecting two such 
structures if they are both fail to belong to I or they are isomorphic; 

(9) if I is an ideal on w then =; on 2% is the equivalence relation connecting x, y 
if{n € w: x(n) # y(n)} © I. There is an identically defined equivalence 
relation on (2”)®. 


(n + 1) connecting x,y if x — y is a bounded 


new 


Borel equivalence relations are naturally ordered by Borel reducibility. In the case of 
analytic equivalence relations, the Borel reducibility relation exhibits certain patholo- 
gies, and it is best replaced by some of its strengthenings. This is the content of the 
following definition. 


DEFINITION 1.7.3. Let E and F be analytic equivalence relations on respective Pol- 
ish spaces X and Y. 
(1) Fis Borel reducible to F, in symbols E < F, if there is a Borel functionh: X > 
Y such that Vx9,x, € X Xo E x, iff h(xo) F h(x). 
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(2) E is almost Borel reducible to F, in symbols E <q F, if there exists a Borel 
function h: X > Y anda set Z C X consisting of countably many E-classes 
such that Vxp,x,; EX \ZXo E x, iff h(xo) F h(x). 


The most permissive comparison of equivalence relations is the one which compares 
just the cardinalities of the quotient spaces. The following abuse of notation is used 
throughout: 


DEFINITION 1.7.4. If E is an equivalence relation on a Polish space X then the 
E-quotient space is the set of all E-equivalence classes. Moreover, |E| denotes the car- 
dinality of the E-quotient space. 


The Silver dichotomy shows that for a Borel equivalence relation E, |E| is either count- 
able or |2®| < |E|. In the context of the axiom of choice, the latter disjunct implies 
that |E| = |2°| since the quotient space X/E is a surjective image of 2”. In choiceless 
context though, the dichotomies satisfying the latter disjunct may represent many dif- 
ferent cardinalities, and this is the subject of study of several sections in this book. It 
is clear that E < F implies that |E| < |F|, and in the context of the axiom of dependent 
choices, E <q F and |F| is uncountable implies that |E| < |F|. 


Forcing. A great part of this book is devoted to forcing. The words forcing, poset, or 
partially ordered set are treated as synonyms. A condition is any element of a partially 
ordered set. We use the Boolean notation: q < p means that the condition q is stronger, 
more informative than p. Now, let P be a partially ordered set. Foraset A C Panda 
condition p € P, we write p < XA if for every condition q < pthereisaconditionr < q 
which is stronger than some element of A. The formula P Ik ¢ denotes the statement 
that every condition p € P, p Ik ¢. Whenever P is a partial ordering, t is a P-name, and 
G Cc Pisa generic filter, the symbol t/G denotes the valuation of the name t according 
to the filter G. In Chapter [11 we use the technology of finite support iterations of c.c.c. 
posets. For the basic exposition of the definitions, see [51], Definition 16.8] or [/7, Section 
1.5]. Every Polish space X and every analytic set A C X have a canonical interpretation 
in every generic extension, which commutes with all usual descriptive set theoretic 
operations on Polish spaces. For detailed theory of interpretations, see [[116]; we will 
use it without explicit mention as is customary in the current forcing practice. The 
interpretations obey two basic absoluteness rules: 


FACT 1.7.5. (Mostowski absoluteness) IfM C N are transitive models of ZF plus DC 
and $(p) is a =}-formula with parameters in M, then M § ¢(p) if and only if N F (ip) 
where i is the interpretation operation. 


FACT 1.7.6. (Shoenfield absoluteness) IfM C N are transitive models of ZF plus DC 
such that w, C M holds, and $(p) is a 11}-formula with parameters in M, then M F ¢(p) 
if and only if N § ¢(ip) where i is the interpretation operation. 


In particular, intepretations of analytic equivalence relations are equivalence relations 
again, interpretations of analytic partial orders are partial orders, and interpretations of 
Polish groups and continuous Polish group actions on Polish spaces are Polish groups 
and continuous Polish group actions again. Mutual relationships between forcing ex- 
tensions of ZFC are captured in the following facts. 
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Fact 1.7.7. If V is a model of ZFC, V[G] is a forcing extension of V, and M is a model 
of ZFC such that V C M Cc V[G], then M is a forcing extension of V and V[G] is a forcing 
extension of M. 


The book is loaded with product forcing notions. This section provides basic informa- 
tion on products. 


FACT 1.7.8. [51, Lemma 15.9] Let P, Q be posets and in some generic extension, let 
GC P,H C Qbe filters separately generic over the ground model. The following are 
equivalent: 

(1) Gx HC Px Qisa filter generic over the ground model; 
(2) GC Pis generic over the model V[H]. 
In the affirmative case, V|G] N V[H] = V. 


IfGxH C Px Qisa filter generic over the ground model, we say that the filters G, H 
(or their generic extensions) are mutually generic. 

The following humble observation greatly simplifies the methodology of product 
forcing. It says that mutual genericity of forcing extensions can be characterized with- 
out an appeal to the specific generic filters and posets that were used to obtain the 
extensions, and indeed without any appeal to forcing at all. 


PROPOSITION 1.7.9. Letn € w be a number and {B: i € n} be posets. Let {G;: i € 
n} be filters separately generic over the ground model V over the respective posets. The 
following are equivalent: 
Q@) J], G ¢ J], Bisa filter generic over V; 
(2) whenever {a; : i € n} are subsets of the ground model in the respective models 
V[G;] such that Ni a; = 0 then there are sets {b; : i € n} in the ground model 
V such that for alli € na; C b; and (), bj = 0 holds. 


PROOF. Suppose first that (1) holds. Move to the ground model V. Suppose that 
{a; : i € n} are R-names for subsets of the ground model and (p;: i € n) € [J,Risa 
condition forcing that D a; = 0. Let bj = {x € V: Ap’ < p; p’ IF p, X € aj} for each 
i En. It is immediate that ar b; = 0 holds, and for all i € nand pj; IF p, a; C b; holds. 
(2) then follows by the forcing theorem. 

Suppose now that (2) holds. To confirm (1), suppose towards a contradiction that 
it fails. There must be an open dense set D C IL P in the ground model such that 
IL G; D = 0. For every number i € n, in the model V[G;] consider the set a; = 
{pi jEenyeD: ppeG}c I] ; 4- The contradictory assumption gives that a = 
0; the assumption (2) yields sets b; C IL P inthe ground model such that Vi € na; C Db; 
and (), b; = 0. In each model V[G;], a genericity argument shows that there must be a 
condition % € G; such that every tuple (p; : i € n) € D with p; < 7 must in fact belong 
to the set b;. Use the density of the set D to find a tuple (p; : i € n) € D such that for 
alli € n, p; < 7 holds. Then (p;: ie n) € LJ. b;, contradicting the choice of the sets 
b; fori En. 


The following corollary is easy to prove without the proposition, but its present proof 
is much more appealing: 


COROLLARY 1.7.10. Let n € w be a natural number. Suppose that {B: i € n} are 
posets, {Qi : i € n} are posets, J], G, C J; F is a generic filter, and for eachien H; € 
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V|G;] is a filter generic over V on the poset Q;. Then IL Hy Cc IL Q; is a filter generic over 
Vz. 


PROOF. The criterion (2) of Proposition [1.7.9 is preserved when passing to smaller 
models, in particular from V[G;] to V[H;]. 


The following feature of mutually generic extensions plays a key role in several argu- 
ments in this book. 


PROPOSITION 1.7.11. Let Xo,X, be Polish spaces, A, C X, be an analytic set, C C 
Xo XX, be an F,-set, V[Go], V[G,] be mutually generic extensions, Xx» € Xp NV[Gp] and 
xX, € A; NV[G, | be points. If (x9, x1) € C then there is x, € Ay NV such that (x9, x1) € C. 


It is not possible to generalize this statement to Gs sets. Let C C @* xo” be the set of all 
pairs (x9, X;) such that for infinitely many n € w x9(n) € x,(n). This is a Gs-set. Let P 
be a poset and o a P-name for a dominating element of w®. Let Go, G; C P be mutually 
generic filters and let x» = o/Gp and x; = o/G,. A simple genericity argument shows 
that (x9, x;) € C holds. At the same time, there is no element x; € w® NV such that 
(Xo, X1) € C by the choice of the name co. 


PROOF. Work in the ground model. First of all, finding a continuous surjection 
f : @® — A, and replacing X, with w® and C with its f-preimage if necessary, it be- 
comes clear that we may assume A, = Xj. Express C as a countable union [J nCn of 
closed subsets of Xp xX,. Let R,, B be posets and og, o, be R- and F- names for elements 
of Xp and X, respectively, and let n € w be a number such that R, x FB Ik (09,0) € Cy. 
We will produce a point x; € X, such that R, lk (09, X;) € C,,. By the forcing theorem, 
this will prove the proposition. 

First of all, there must be a point x € X, such that for every open neighborhood 
O Cc X, of x there is a condition p,; € B such that p, Ik o, € O. If this failed, then 
X, would be covered by countably many open sets O C Xj such that B Ik q € O, 
which would leave no place in X; where o, could land. Let x; € X, be such a point; 
we claim that R lk (o9,X{) € C, holds. If not, there would have to be a condition 
Po € R and open sets Op C Xp and O, C X, such that (Op X O,) NC, = 0, x; € O,, and 
Po IF og € Op. Use the choice of x} to find a condition p, € BR such that p, IF o, € O;. 
Then in the product, (po, p1) Ik (a9, 01) € Op X O, and (a9, 0,) ¢ C,. This contradicts 
the initial assumptions on the names op, 0}. 


The final remark on the product forcing provides a perfect set of generics over any 
countable model-a standard trick which comes handy in several places in the book. 


PROPOSITION 1.7.12. Let M be a countable transitive model of set theory and P € M 
be a poset. Then there is a continuous map h: 2® — P(P) such that for every finite set 
a C 2”, the product [J,,. eq Ux) is a filter on the poset P!¢l generic over the model M. 


PROOF. Let (D,,: n € w) be an enumeration of all open dense subsets of various 
finite powers of P which appear in the model M. By induction on m € w build maps 
8m: 2™ > P satisfying the following demands: 

* go: {0} > P is arbitrary; 
+ for every m € w, every s € 2” and every t € 2+! such that s C t, 8m4i(t) < 
&m(s) holds; 
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- for every m € wand everyn < m, if D, C PK isa set for some k < 2’"+1 and 
(t; : i € k) is a sequence of distinct elements of 2*?1, then (g,,4;(t)): i € 
k) € Dholds. 


This is easy to arrange as the last item requires meeting only finitely many open dense 
sets. In the end, let h: 2° — P(w) be the continuous function defined by setting h(x) 
to be the filter generated by the set {g,,(x | m): m © w}, and check that the demands 
of the theorem are satisfied. 


There are several standard forcing notions used throughout: 


DEFINITION 1.7.13. 


(1) IfX is a set then Coll(w, X) is the poset of finite partial functions from w to X 
ordered by reverse extension; 

(2) if x is a cardinal then Coll(w, < x) is the finite support product of the posets 
Coll(w, a) for all a € x; 

(3) if X is a topological space then Py is the poset of all nonempty open subsets 
of X ordered by inclusion. If X is in addition Polish, then Xge, denotes the 
Py-name for the generic point of R,-the unique element of the interpretation 
of the Polish space X in the Py-extension which belongs to all open sets in the 
generic filter. 


The collapse poset obeys an important factoring rule: 


Fact 1.7.14. [51, Corollary 26.11] Let A be a cardinal and let P be a poset of size < A. 
Suppose that G C Coll(w, A) is a generic filter and in V[G], H C P isa filter generic over 
V. Then there is a filter K C Coll(w, A) generic over V[H] such that V[G] = V[H][K]. 


Let « be an inaccessible cardinal. The symmetric Solovay model derived from « 
is obtained as follows. Let G C Coll(w,< x) be a generic filter and in V[G], form 
the model HOD Gt w) Of all sets hereditarily definable from reals and elements of the 
ground model. This is the symmetric Solovay model; we will always denote it by W, 
neglecting the dependence on x and the filter G in the notation. The theory of the 
Solovay model has been thoroughly investigated throughout the years. We note the 


following: 


Fact 1.7.15. In W, ZF+DC holds, every set has the Baire property and is 
Lebesgue measurable, and there is no uncountable well-ordered sequence of distinct Borel 
sets of bounded Borel rank. 


During the investigation of the symmetric Solovay model, the following technical fact 
and its corollary about the symmetric Solovay model will be used without mention. 


FACT 1.7.16. [51] Section 26] Let « be an inaccessible cardinal and let W be the 
symmetric Solovay extension of V associated with x. Then the following holds in W: 


(1) every set is definable from parameters in V U 2°; 

(2) whenever M is a generic extension of V by a partial order of cardinality smaller 
than x then W is a symmetric Solovay extension of M; 

(3) whenever a is a set of ordinals then V[a] is a generic extension of V by a poset 
of cardinality smaller than x. 
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COROLLARY 1.7.17. Suppose that x is an inaccessible cardinal, X is a Polish space, 
(x, y) is a formula of set theory with all free variables displayed, and p is a sequence of 
sets of the same length as y. The following are equivalent: 

(1) Coll(w, < x) Ik dx € X G(x, p); 
(2) there exist a poset R of cardinality smaller than x and an R-name o for an ele- 
ment of X such that R |t Coll(w, < x) Ik $(a, p). 


Many models of set theory we investigate are extensions of the symmetric Solovay 
model by a suitably definable, typically Suslin, forcing. Since the instrumental proper- 
ties of the Suslin forcing in question may not be absolute between forcing extensions, 
we use the following key convention to shorten the statements of the results we obtain. 


CONVENTION 1.7.18. Let = be a property of partial orders, and let ¢ be a sentence 
in the language of set theory. 

(1) For a Suslin forcing P and an inaccessible cardinal x, the statement “P is p 
below x” means that V,. F ~(P) holds in every forcing extension”. The state- 
ment “P is p cofinally below x” means that Vy, Fevery forcing extension has a 
further extension in which #(P) holds”. 

The phrase “In # extensions of the Solovay model, ¢ holds” denotes the fol- 

lowing long statement. Let P be a Suslin forcing and let x be an inaccessible 

cardinal such that P is ¢ below x. Let W be a symmetric Solovay model de- 

rived from x. Let G C P bea filter generic over W. Then W[G] F ¢ holds. 

(3) The phrase “In cofinally ~ extensions of the Solovay model, ¢ holds” denotes 
the following statement. Let P be a Suslin forcing. Let x be an inaccessible 
cardinal. Suppose that P is p cofinally below x. Let W be a symmetric Solovay 
model derived from x. Let G C P be a filter generic over W. Then W[G] F ¢ 
holds. 


(2 


we 


In several cases, we will need the basics of the stationary tower forcing. 


DEFINITION 1.7.19. [[72]] Let x be an inaccessible cardinal. The symbol Q,, denotes 
the (countably based) stationary tower up to x. That is, Q, consists of sets S such that 
S c [dom(S)]*° is stationary and dom(S) € Y. The ordering is defined by T < S 
if dom(S) c dom(T) and {x n dom(S): x € T} Cc S. If G Cc Q, is a generic filter, 
j: V > ™M denotes the generic ultrapower derived from G. 


Fact 1.7.20. [[72]] Let x be an inaccessible cardinal, G C Q, be a generic filter, and 
j: V ~M be the generic embedding. 


(1) Ifx is a Woodin cardinal in the ground model, then x = coy (Fl and M® Cc Min 
V[G]. In particular, M is well-founded. 

(2) If is a weakly compact Woodin cardinal in the ground model, then for every 
Zz € 2° in V[G| there is a Woodin cardinalA < x such that GNQ, is generic over 
V and z € V[GN Q,]. In particular, the model W = V(RY'°!) is a symmetric 
Solovay extension of V derived from x. 


As a matter of notation, if the generic ultrapower model M is well-founded, it is always 
identified with its transitive collapse. 


Part I 


Equivalence relations 


CHAPTER 2 


The virtual realm 


There are many quotient structures in mathematics. It turns out that a typical quo- 
tient structure allows a useful canonical extension to its virtual version. The purpose 
of this chapter is to lay the foundations of the theory of virtual structures. 


2.1. Virtual equivalence classes 


The basis of any quotient structure of interest in the present book is a Polish space 
X. A quotient structure worth its salt will also use an equivalence relation E on the 
underlying Polish space. In this section we indicate how to extend the E-quotient space 
in a canonical way to a potentially much larger set or class. 


DEFINITION 2.1.1. [54, Definition 17.1.2] Let E be an analytic equivalence relation 
on a Polish space X. Let P be a poset and t a P-name for an element of X. 
(1) The name t is E-pinned if P x P IF ter E tight: 
(2) if t is E-pinned, then the pair (P, rT) will be called an E-pin. 


The definition may puzzle a novice reader. Its meaning is best illustrated by the fol- 
lowing proposition. An E-pinned name is one which in all forcing extensions points 
at the same E-class, even though that E-class may not have any representative in the 
ground model. 


PROPOSITION 2.1.2. Let E be an analytic equivalence relation on a Polish space X. 
Let P be a poset and t a P-name for an element of X. The following are equivalent: 
(1) (P,T) is an E-pin; 
(2) in every forcing extension, if Go,G, C P are filters separately generic over the 
ground model, then t/Gp E t/G, holds. 


PROOF. (2) immediately implies (1) by considering the PxP extension. To see how 
(1) implies (2), suppose that V[H] is a forcing extension and in V[H] there are filters 
Go, G, C P separately generic over V. Let G, C P bea filter generic over V[H]. By the 
product forcing theorem, Gp, G, C P are mutually generic filters, and so are G,, G, C P. 
Applying the assumption (1), we see that t/G) E t/G, E t/G,, so t/Go E t/G, by the 
transitivity of the equivalence relation E. 


The following is the archetypal example of a non-trivial pinned name. 


EXAMPLE 2.1.3. Consider the poset P = Coll(w, 2”) and its name t for the generic 
surjection from @ to (2%)”. The name T is F-pinned since no matter which generic 
filter G C P one selects, the range of t/G is the same: it is the set (2, Clearly, it is a 
nontrivial name since the set 2” is uncountable, so there is no ground model element 
of (2”)® that can enumerate it and be equivalent to T. 
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Given an analytic equivalence relation £ on a Polish space X, the E-pinned names 
form a seemingly inexhaustible and complicated class. However, this class admits a 
natural equivalence relation which usually greatly clarifies matters: 


DEFINITION 2.1.4. Let E be an analytic equivalence relation on a Polish space X. 
Suppose that (P, tT) and (Q, c) are E-pins. Define (P,t) E (R,o)ifPx Ql- TE o. 


PROPOSITION 2.1.5. The relation E is an equivalence. If P,Q are posets with E- 
pinned names Tt, 0 on them, the following are equivalent: 
(1) (P,t) E (Q,0); 
(2) in every forcing extension, ifG C PandH C Qare filters separately generic over 
the ground model, then t/G E o/H holds. 


PROOF. E is clearly symmetric and reflexive by its definition. To see the transitiv- 
ity, suppose that (R,, 7) FE (A, %) E(B, m). This means that xR Xx BlkpE ED, 
and by the transitivity of the equivalence relation E, R x R x B lk t E tm. By the 
Mostowski absoluteness between the R x PB x B extension and R x P, extension, it is 
the case that R, x B, lk 1% E t and consequently (R, t E (PB, 7). 

Now, (2) immediately implies (1) by considering the P x Q extension. To see how 
(1) implies (2), suppose that V[K] is a forcing extension and in V[K] there are filters 
G C P,H C Q separately generic over V. Let H’ C Q bea filter generic over V[K]. 
By the product forcing theorem, G,H’ are mutually generic filters, and so are H, H’. 
Applying the assumption (1), we see that t/G E o/H’ E o/H, so t/G E o/H by the 
transitivity of the equivalence relation E. 


DEFINITION 2.1.6. Let E be an analytic equivalence relation on a Polish space X. 


(1) The E-classes are referred to as the virtual E-classes; 

(2) if z is a virtual E-class and in some generic extension V[G] y is an E-class, 
we Say that y is a realization of z if for some (equivalently, all) representatives 
(P,t)€zandx ey, VIG] EP l-}tE x holds. 


The following proposition is used throughout this book. It says that E-classes repre- 
sented in mutually generic extensions must be realizations of a virtual E-class in the 
ground model. 


PROPOSITION 2.1.7. Let E be an analytic equivalence relation on a Polish space X. 
Let R, FP, be partial orders and Gy C R and G, C A be mutually generic filters. If 
Xo € V[Go] and x, € V[G,] are E-equivalent points then |X|, is the realization of 
some virtual E-class from the ground model. 


PROOF. Suppose that po € R, p; € BR, % isa R-name and 7, is a R-name such that 
(Po P1) IF tT E %. It immediately follows that 77 must be an E-pinned name on the 
poset P | po SO Po forces [7)|- to be the realization of the virtual E-class represented 
by the pair (P | po, 7). 


The main question surrounding the virtual E-classes is whether they can be classi- 
fied in some informative way. Is there a proper class of virtual E-classes or just a set? If 
there is just a set, what is its cardinality? Do virtual E-classes correspond to some more 
tangible combinatorial objects? This chapter contains many good answers to similar 
questions, even though many problems remain unsolved. 
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2.2. Virtual structures 
It is now possible to define virtual versions of quotient structures on Polish spaces. 


DEFINITION 2.2.1. An analytic quotient structure is a tuple M = (X,E,R;: i € 
co, fj: j € w) where 
(1) X is a Polish space; 
(2) EF is an analytic equivalence relation on X; 
(3) for every i € w, R; C X"i is an analytic relation which is invariant under E; 
(4) for every j € a, ff CX ™j+1 is an analytic relation which is invariant under 
E, and in the E-quotient space it is a graph of a function. 


The quotient structure M is Borel if all the relations above including E are Borel. 


There are many popular examples of analytic quotient structures. If (G, -) is a Pol- 
ish group and H Cc Gis an analytic normal subgroup, one can form the quotient group 
G/H. If (X,<) is an analytic partial ordering, one can form the separative quotient 
under the assumption that the quotient equivalence relation is analytic. Embeddabil- 
ity of countable structures forms an ordering on the quotients space of all countable 
structures modulo the equivalence relation of biembeddability etc. 

If M = (X,E,R;: i€ a, ff : j © w)is an analytic quotient structure, then we write 
M* = (X*, RF: i € @, fF : j € w) for its associated structure on the actual quotient 
space X/E of all E-classes. 


DEFINITION 2.2.2. Let M = (X,E,R;: i € a5: )¢€ w) be an analytic quotient 
structure. The virtual version of M is the tuple M** = (X**, Ri*: i € a, i; : j €o) 
where 

(1) X** is the set or class of all virtual E-classes; 

(2) for each i € a, R;* is the relation on X™* of arity n; given by ((Qy, |): k € 
ni) © Rj* if TL, Q& IF (q%e 2 Kk E nj) € Ri; 

(3) foreach j € a, f;** isthe relation on X** of arity m;+1 given by ((Q;, |): k € 
m +1) € f* if TT, Q IF (qe: k E mj +1) € f. 


The first proposition says that Definition 2.2.Jis sound and that we receive a struc- 
ture with the same signature as the original one: 


PROPOSITION 2.2.3. The definition of R;* and f** does not depend on the choice of 
representatives of the virtual classes. Moreover, fj is a graph of a (total) function. 


PROOF. The statements “Rj, f; are E-invariant relations” and “f is a graph of a 
total function in the quotient” are I}; therefore, they are absolute between V and all 
forcing extensions. The first sentence of the proposition immediately follows. For the 
second sentence, suppose that the function fj has arity m; and ((Qx, |): k € mj) is 
a tuple of E-pins. Let Q = |], Q and let t be a Q-name for an element of X such 
that Flt {Ske Mj, T) is forced to hold. Since in the Q x Q-extension, ff is a graph of a 
function on the quotient and the names x for k € m, are E-pinned, it follows that the 
name t is E-pinned as well. Clearly, the tuple ((Qx, |): k € mj,(Q,T)) belongs to f** 
and the second sentence of the proposition follows. 


In the case of an analytic quotient structure, it is possible that its virtual version 
is a proper class. In particular, it is possible to express the whole ordinal axis as an 
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isomorph of a virtual version of an analytic quotient structure-Example 2.4.6. How- 
ever, if the equivalence relation E is Borel then the virtual version is a set of cardinality 
smaller than 2,,, by Theorem In any case, it is possible to stratify 1** into set 
sized pieces: 


DEFINITION 2.2.4. Let M = (X,E,R;:i€ 0, fj : j € w) be an analytic quotient 
structure. 3" is the substructure of ** consisting of the virtual E-classes repre- 
sented by names on Coll(w, x). 


A proof identical to that of Proposition shows that W* is closed under all 
functions of ** so it is truly a substructure of **. An elementary name-counting 
argument shows that for each infinite x, the structure 1;;* has size at most 2". If « < 
A are cardinals then Coll(w, x) is regularly embedded in Coll(w,A) so My* € M3". 
Every poset is regularly embedded in Coll(w, x) for some x so M** decomposes into a 
monotone union (), M;*. 

For each analytic quotient structure M, there is a canonical embedding z : M* > 
M** which maps each class [x], to the virtual E-class of (Q, X) for a trivial poset Q. 
The most important fact about the virtual structures is that there is some degree of 
elementarity: 


PROPOSITION 2.2.5. The embedding xz: M* > M’** is II,-elementary. 


PROOF. Let x be a cardinal, and let G C Coll(w, x) be a generic filter. In the model 
V[G], let vy: (atz*)” — (m*)"ICl be the map sending a virtual E-class in (W%*)" to 
its realization. Thus, we have maps (M*)” 4 6) a bal EA (m*)" IC]. The composition 
x 07m sends each equivalence class in V to its interpretation in V[G]. 

Let ¢ be a IT, formula in £,,,., logic with possible parameters such that M* F ¢. 
The statement M* F ¢ is a Ij sentence about the structure M, and by Shoenfield 
absoluteness it transfers from the ground model V to the generic extension V[G]. Thus, 
the map yo z is a II, elementary embedding from (M*)" to (m*)” ISI, It follows that 
the map z: M* — M;* in V must be a II,-elementary embedding. Since M™ is an 
increasing union U,. M;*, the proposition follows. 


In particular, if the original quotient structure was a group, a partial order, or an 
acyclic graph, its virtual version maintains these properties. However, it is important to 
understand that the embedding does not have to be Z,-elementary, so virtual versions 
of connected graphs may become disconnected, virtual versions of divisible groups may 
not be divisible anymore, and virtual versions of nonatomic partial orders may have 
atoms. 


EXAMPLE 2.2.6. Let R be the relation on X = (2%) defined by xp R x, ifrng(x9) € 
rng(x,). Clearly, the tuple (X, Fz, R) is an analytic quotient structure. The relation R* 
is a partial order on X* without largest element. At the same time, the relation R** on 
X** does have the largest element, namely the F2-pin presented in Example the 
pin corresponding to the name for a generic enumeration of 2° in ordertype w. This 
follows immediately from the classification of F,-pins in Example below. 
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2.3. Classification: general theorems 


In this section, we provide a number of general classification theorems for virtual 
equivalence classes. The theorems are all of the same type: if F is an analytic equiv- 
alence relation which is obtained from another equivalence relation E using a certain 
operation, then all virtual F-classes are obtained from virtual E-classes using a similar 
operation. This will provide a suitable background to the investigation of specific cases 
in Section 2.4. 

To start with, a great many analytic equivalence relations yield only utterly unin- 
teresting virtual classes: only those already realized in the ground model. This phe- 
nomenon is isolated in the following definition. 


DEFINITION 2.3.1. [54) Definition 17.1.2] Let E be an analytic equivalence relation 
on a Polish space X. A virtual E-class represented by (P, T) is trivial if there is x € X 
such that P Ik t E X. The equivalence relation E is pinned if it has only trivial virtual 
classes. 


The class of pinned equivalence relations has been investigated for a number of years. 
The basic pre-existing knowledge about this class is subsumed in the following fact. 


Fact 2.3.2. [54, Theorem 17.1.3] The analytic equivalence relations in the following 
classes are pinned: 
(1) orbit equivalence relations generated by actions of Polish cli groups; 
(2) Borel equivalence relations with all classes 9; 
(3) equivalence relations Borel reducible to pinned ones. 


The operation on equivalence relations which has the most informative translation into 
virtual classes is that of the Friedman-Stanley jump. 


DEFINITION 2.3.3. Let E be an analytic equivalence relation on a Polish space X. 
The Friedman-Stanley jump of E is the equivalence relation E+ on the space Y = X® 


defined by yo E* y if [rng(yo) lz = [mg Iz. 


Here, the classification of pinned names is right at hand: a pinned name for the jump 
is essentially just a set of pinned names for the original equivalence relation. For a 
nonempty set S = {(R,7;): i € I} of representatives of virtual E-classes, let t; be the 
name on the poset Qs; = IL P x Coll(w, J) for an element of X® enumerating the set 
{Tj [iE qh. 
THEOREM 2.3.4. Let E be an analytic equivalence relation on a Polish space X. 
(1) IfS is a set of E-pinned names then (Qg, Ts) is an E* -pinned name; 
(2) (Qs, T5) E* (Qr, tr) iff the sets S, T represent the same set of virtual E-classes; 


(3) whenever (P,t) is an E+ -pinned name, there is a set S of E-pinned names such 
that (P,t) E* (Qs, Ts). 


PROOF. Items (1) and (2) are immediate. To prove (3), suppose that t is an Et- 
pinned name on a poset P. For every virtual E-class y, the statement ¢(y) =“rng(t) 
contains a realization of the class y” must be decided in the same way by every condi- 
tion in P. Let S be any set of E-pinned names which collects representatives from all 
virtual E-classes y such that Vp € P p Ik ¢(). We claim that the set S works. 

Indeed, suppose that Gp, G; C P are mutually generic filters. The sets [rng(t/Gp) | 
and [rng(t/G,)]- are equal, and by Proposition they contain only realizations of 
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ground model virtual E-classes. By the choice of the set S, these sets contain exactly 
realizations of virtual E-classes represented by names in S. Since the generic ultrafilter 
Go was arbitrary, (P,t) E* (Qg, Ts) as desired. 


EXAMPLE 2.3.5. The relation F, is the Friedman-Stanley jump of the identity on 
X = 2°. The identity is pinned by Fact 2.3.2 so its virtual classes can be identified with 
elements of X. The F2-classes then correspond to subsets of 2”. 


Countable products of equivalence relations translate to the virtual realm without 
change. 


DEFINITION 2.3.6. For each n € a, let E,, be an analytic equivalence relation on 
a Polish space X,. The product II,,E, is the equivalence relation E on Y = II, Xn 
defined by yo E y, if for every n € w, yo(n) E, y(n). 


For every function g such that dom(g) = w and for all n € w g(n) is some E,,-pinned 
name (Q,,,7,), let tz be the name on the poset Q, = IL, Q, (the support applied in 
the product is irrelevant for the equivalence class of the resulting II,,£,,-pin) for the 
sequence (t,, : n € w), which is forced to be an element of Y. The following is nearly 
immediate. 


THEOREM 2.3.7. For eachn € a, let E,, be analytic equivalence relations on respec- 
tive Polish spaces X,, and let E = IL, Ep. 
(1) Ifgisa sequence of En pinned names, then (Qg, Tg) isan 1 L,.2n-pin: 
(2) (Qg, tz) E (Qh Th) ifffor each n € w, g(n) E, h(n); 
(3) whenever (P,t) is an E-pinned name, there is a function g such that (P,t) E 


(Qg: Tg). 


Countable increasing unions of equivalence relations translate to the virtual realm 
without change as well. 


THEOREM 2.3.8. Let {E,, : n € w} be an increasing sequence of analytic equivalence 
relations on a Polish space X, and let E = U, Ep. 
(1) Whenever (Q, o) is an E,-pinned name for some n € w then it is also E-pinned; 
(2) whenever (P, tT) is an E-pinned name, there exists a number n € w and an E,,- 
pinned name ({Q, <a) such that (P,t) E (Q, 0). 


PROOF. (1) is immediate as E, C E. For (2), by the forcing theorem there must 
be conditions po, p; € P and a number n such that (po, P1) |Fpxp Tett En Trignt- The 
transitivity of the relation E,, then shows that t on the poset P | po is an E,,-pinned 
name. The initial assumptions show that (P,t) E (P | po, T). as desired. 


EXAMPLE 2.3.9. The Louveau jump survives into the virtual realm without change. 
The Louveau jump of an analytic equivalence relation E on a Polish space X is the equiv- 
alence relation E+” on Y = X® connecting yo, y, € Y if for all but finitely many n € a, 
yo(n) E y,(n). The Louveau jump can be written as a countable increasing union of 
countable products of E, which by Theorems and 2.3.8] yields a complete analysis 
of its virtual classes in terms of virtual E-classes. In particular, if E is pinned then its 
Louveau jump is pinned. 


The virtual realm also correctly reflects the situation in which the equivalence classes 
of one relation consist of countably many equivalence classes of another one. 
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DEFINITION 2.3.10. Let £, F be analytic equivalence relations on a Polish space X. 
We say that F is countable over E if E C F and every F-class consists of countably many 
E-classes. 


THEOREM 2.3.11. Let E, F be analytic equivalence relations on a Polish space X, with 
F countable over E. 
(1) If (Q,¢) is an E-pinned name then it is F-pinned as well; 
(2) if (P,t) is an F-pinned name then there is an E-pinned name (Q, a) such that 


(P,t) F (Q,@). 


PROOF. (1)isimmediate. For (2), it will be enough to show that there is a condition 
p € Psuch that r is an E-pinned name on P | p, for then (P,t) F (P | p,t) as desired. 

Suppose towards a contradiction that there is no condition p € P such that Tt is E- 
pinned on the poset P | p. It follows by the forcing theorem that P x P IF tem E Tight 
holds. Let M be a countable elementary submodel of a large structure containing P, t 
and the codes for E, F. Use Proposition{I.7.9 to find an uncountable collection {g; : i € 
T} of filters on M 2 P pairwise mutually generic over the model M. By the Mostowski 
absoluteness between the models M[g;,g;] and V fori # j € I, the elements t/g; € X 
for i € I are pairwise F-related, but pairwise E-unrelated, contradicting the initial 
assumptions on the relations E, F. 


EXAMPLE 2.3.12. The Clemens jump survives into the virtual realm without 
change. Here the Clemens jump of an analytic equivalence relation E on a Polish space 
X is the equivalence relation E+© on Y = X7 connecting yo, y, € Y if there isn € Z 
such that for every m € Z yo(m) E y\(m+n). The Clemens jump is countable over the 
product of Z-many copies of E, which yields a complete analysis of its virtual classes 
by Theorems and In particular, if E is pinned, then so is its Clemens jump. 


2.4. Classification: specific examples 


There are many analytic equivalence relations for which the virtual space can be 
classified by more tangible combinatorial objects, but which do not fit into the context 
of the theorems of Section 2.3, The purpose of this section is to investigate these more 
difficult, but also more informative, possibilities. 

The most interesting issues arise in equivalence relations classifiable by countable 
structures. Among these, the Borel equivalence relations are Borel reducible to an it- 
erated jump of the identity [54, Theorem 12.5.2], so can be handled by Theorems 2.3.4 
and 2.3.8), For example, for all equivalence relations E Borel reducible to F2, the virtual 
E-classes are classifiable by subsets of 2” by Example 

More interesting issues arise with analytic equivalence relations. Let E be the 
equivalence relation of isomorphism of structures on w. In this case, the virtual classes 
correspond to potential Scott sentences in the sense of [[109]. In some cases, it is possi- 
ble to classify virtual classes of E by uncountable structures as in the following defini- 
tion. 


DEFINITION 2.4.1. Let M be a (possibly uncountable) structure of a countable sig- 
nature. Ty is a Coll(w, M)-name for some structure on w isomorphic to M. 


It is immediate that the pair (Coll(@, M), tg) is an E-pin, and its E-equivalence relation 
does not depend on the choice of the name ty. It turns out that the E-equivalence 
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relation on the E-pins obtained in this way coincides with a familiar concept of model 
theory: 


DEFINITION 2.4.2. [{78, Section 2.4] Let M, N be structures with the same signature. 
Say that M, N are Ehrenfeucht-Fraissé-equivalent if Player II has a winning strategy in 
the Ehrenfeucht-Fraissé game. In the EF-game, the two players take turns, at round 
i € w Player I starting with an element nj; € N or m; € M and Player II responding 
with an element m; € M orn, € N respectively. After all rounds indexed byi € w have 
been completed, Player II wins if the map n; +» m; fori € w preserves all relations and 
functions of N, M in the signature. 


THEOREM 2.4.3. Let M, N be models with the same countable signature. The follow- 
ing are equivalent: 
(1) M,N are Ehrenfeucht-Fraissé equivalent; 
(2) (Coll(w, M), tz) E (Coll(@, N), ty). 


PROOF. For the (1)-(2) direction, if M is Ehrenfeucht—Fraissé equivalent to N 
as witnessed by a winning strategy o for Player I in the EF-game, then Coll(w, M) x 
Coll(w, N) lk ty E ty, since a generic run of the EF-game in which Player II follows 
the strategy o will generate an isomorphism between M and N in the extension. For the 
(2)(1) direction, suppose that Coll(w,M) x Coll(w, N) Ik ty E ty and letz: M > 
N be a product name for the isomorphism. The winning strategy for Player II can 
be described as follows: as the game develops, Player II also maintains on the side 
conditions q; € Coll(w, M) x Coll(w, N) such that qg > q, >... and q; Ik z(m;) = Nj. 
It is immediate that this is possible and Player II must win in the end. 


In the language of [[109], a sentence ¢ of £,,,.. is grounded if every virtual equivalence 
class is represented by a collapse name for a possibly uncountable model of ¢. In gen- 
eral, there are virtual E-classes which are not represented by a straightforward collapse 
name as in Definition as [56, Section 4] shows. However, a collapse name can be 
found for certain classes of structures. 


DEFINITION 2.4.4. Let I be a coanalytic set of structures on w, closed under iso- 
morphism. A (possibly uncountable) structure M is a I’*-structure if Coll(w,M) IF 
T™ el. 


We proceed to show that for some interesting coanalytic classes I’, every Ey-class is 
represented by a collapse name of a I**-structure as in Definition 2.4.1} In the classi- 
fication results, we always ignore the trivial class of structures which do not belong to 
I. Results similar to the following theorem appear in [[63]] and [73]. 


THEOREM 2.4.5. LetT be a coanalytic class of countable structures on w, invariant 
under isomorphism, consisting of rigid structures only. 
(1) For I**-structures, Ehrenfeucht-Fraissé equivalence and isomorphism coin- 
cide; 
(2) for every Ep-pin (P, c) there is a T**-structure M such that (P,c) E (Coll(w, M), 
T™L ). 
PROOF. Before we begin the argument, note that the statement that every structure 
in the set A is rigid is IT}; therefore, it holds also in all generic extensions by Shoenfield 
absoluteness. 
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For (1), it is clear that isomorphic structures are Ehrenfeucht-Fraissé equivalent. 
For the opposite implication, suppose that M,N are I** structures which are EF- 
equivalent. By Theorem Coll(w@,M) x Coll(w,N) IF ty E t, must hold. As 
T consists of rigid structures even in the collapse extension, Coll(w,M) x Coll(a, N) 
forces that there is a unique isomorphism z : M — N. Since Coll(w, M) x Coll(w, N) is 
a homogeneous notion of forcing, for each m € M the value of z(m) is decided by the 
largest condition to be some h(m) € N. The function h: M — N is an isomorphism 
of M to N present already in V. 

For (2), let Gp x G, C P x P be mutually generic filters over V. In the model 
V[Gp, G,], let No = T/Gp and N, = t/G,. To define the model M € V, let xp = {s: s 
is the Scott sentence of the model (No, a) for some a € No} € V[Go] and x, = {s: s 
is the Scott sentence of the model (N,,a) for some a € N,} € V[G,]. Since No is 
isomorphic to N,, it follows from Karp’s theorem [87, Lemma 12.1.6] that x» = x), so 
Xo = X, € V[Gy|NV[G,] € V. The set xp will be the universe of the model M. Note that 
since the model No is rigid, the elements of No are in one-to-one correspondence with 
Xq by Karp’s theorem again and the unique isomorphism between No and N, factors 
through the identity on the set x» = x;. To construct the realizations of relational and 
functional symbols of the model M, for every relational symbol R (say binary) of the 
language of the models and s,t € Xo, let s R™ tif for the unique a,b € Nz such that s 
is the Scott sentence of a and t is a Scott sentence of b, Ny F s R t. The same definition 
using the model N, yields the same relation, so R“ € V[Gp] N V[G,] = V. Define the 
realizations of all functional and relational symbols of the model M in this way. As a 
result, M is a model in V and the map sending each a € M to the Scott sentence of 
(M, a) is an isomorphism of No and M in the model V[Gp]. Thus, (2) follows. 


Theorem makes it possible to describe some class-sized virtual spaces explicitly: 


EXAMPLE 2.4.6. The virtual E,,, -classes are precisely classified by ordinals, since 
Eq», = Ep where I is the class of all well-orderings on w. Well-orderings are rigid, and 
up to isomorphism are classified by ordinals. 


EXAMPLE 2.4.7. The virtual HC-classes are classified by transitive sets with the 
€-relation. Note that all extensional, well-founded relations are rigid and uniquely 
isomorphic to a unique transitive set with the membership relation by the Mostowski 
collapse theorem [51 Theorem 6.15]. 


In the case of non-rigid structures, the classification may become more compli- 
cated. We will treat the case of acyclic graphs, which has the virtue of being Borel- 
complete among the equivalence relations classifiable by countable structures. Note 
that the Ehrenfeucht-Fraissé equivalence on uncountable acyclic graphs is distinct 
from isomorphism, as the case of an empty graph on N, or X; vertices shows. 


THEOREM 2.4.8. Let T be the class of all acyclic graphs on w. For every Ep-pin (P, o) 
there is an acyclic graph H such that (P, co) E (Coll(w, H), trr). 


PROOF. The point of the proof is that an acyclic graph can be explicitly built from 
automorphism orbits of its elements. This procedure is captured in the following ob- 
servation. Suppose x is a set, f : x? + w+ 1 isa function such that f(s,t) > 0 o 
f(t,s) > 0, and g: x? — w+ 1isa function such that f(s, t) > 0 implies g(s) = g(t). 
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Then there is, up to an isomorphism unique, acyclic graph H(x, f, g) together with an 
onto map h: y > x, where y is the set of vertices of H(x, f, g), such that 


* for every s,t © x and every vertex v € y, if h(v) = s then the set of all 
neighbors of v mapped to t has size f(s, t); 

* for every s € x there are g(s) many connected components of the graph H 
containing a vertex v with h(v) = s. 


The construction of the graph H(x, f, g) is straightforward. Note that whenever 
u,v € y are two vertices such that h(u) = h(v) then there is an automorphism of the 
graph H(x, f,g) sending u to v. 

Now, suppose that o is an E-pinned name on a poset P and let Gp X G, C Px P be 
mutually generic filters over V. In the model V[Go, G,], let Hp = o/Gp and H, = a/G. 
To define the graph H € V, let xo = {s: sis the Scott sentence of the model (Hg, v) for 
some vertex v of Hp} € V[Go| and x, = {s: sis the Scott sentence of the model (Hj, v) 
for some vertex v in H,} € V[G,]. Since Ho is isomorphic to H,, it follows from Karp’s 
theorem [B7, Lemma 12.1.6] that xy = x;,80 xX = Xy = X, € VIGp| NV[G,] € V. Let 
f : x? = w+1be the function defined by f(s, t) = i if every vertex of Hy of type s has 
i-many neighbors of type t when i € , and f(s, t) = w if every vertex of Hy of type s 
has infinitely many neighbors of type t. Let g: x — w+ 1 be the function defined by 
f() = iif there are i-many connected components of Hy containing a node of type s 
when i € w, and g(s) = if there are infinitely many connected components of Hp 
containing a node of type s. Note that these functions are well-defined and the graph 
Hg is isomorphic to H(x, f, g) in the model V[Go]. Similar definitions using the grap 
H, yield the same functions, so f,g € V[Gy| NV[G,] = V. Working in V, consider the 
graph H = H(x, f,g). This graph is isomorphic to Hy in V[Go], so tz E a. 


In the recent years, model theorists proved several other theorems regarding the clas- 
sification of virtual isomorphism classes by possibly uncountable structures. [/109] pro- 
vides further examples of grounded sentences beyond those obtained by Theorems 
and The first item of the following theorem is related to classical arguments going 
at least as far back as the unpublished work of Leo Harrington in the 1980’s. Similar 
results also appear in [6] and [/73]]. 


FACT 2.4.9. [56, Section 4] Let E be the equivalence relation of isomorphism of struc- 
tures on . 


(1) If P is a poset forcing |8¥| > No then every E-pin (P,c) is E-equivalent to 
(Coll(@, M), Ty) for some structure M of cardinality at least Xj; 

(2) if P forces |®¥ | = No, then there is an E-pin (P,c) which is not E-equivalent to 
(Coll(w, M), Ty) for any structure M. 


Virtual spaces for equivalence relations which are not classifiable by countable struc- 
tures are often quite difficult to understand. To conclude this section, we state another 
classification theorem and a couple of open questions. 


THEOREM 2.4.10. Let E be the equivalence relation on X = (P(w))® connecting 
Xo, X, ifrng(x,) and mg(x,) generate the same filter on w. The virtual E-classes are clas- 
sified by filters on w. 
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PROOF. On one hand, if F isa filter on w, one can consider the Coll(w, F)-name tr 
for a generic enumeration of the filter F’. It is immediate that the name tp is E-pinned, 
and distinct filters yield inequivalent names. 

For the more difficult part, suppose that P is a partial order and t is an E-pinned 
name on P; we must find a filter F on w such that t is equivalent to tp. To do this, 
let F = {a C w: Jp p lk a belongs to the filter generated by rng(r)}. By the pinned 
property of the name T, the existential quantifier in the definition of F can be replaced 
by universal without changing the resulting set F. It follows immediately that the set 
F is a filter; we must show that t is equivalent to Tp. 

Suppose towards a contradiction that this fails; then it must be the case that for 
some condition p € P and some number n € w, p forces t(/) to have no subset in the 
filter F. Since the name t is E-pinned, there must exist conditions pp, p) < panda 
finite set a C w such that (Do, Pi) IF neq Tright(™) C Tet). Letb = {k Ew: ars< 
prlikke (ee t(m)} and let c = {k € w: po IK k € 1(%)}. Observe that b € F 
(since p, IF c= t(m) C b)andc ¢ F (since pp Ik é C 7). Thus, there has to be a 
number k € b \ c, and for this number k there are conditions % < pp and < p,; such 
that, IE ke ‘al mea () and To IF k ¢ t(). This, however, contradicts the choice of 
the conditions po, p}. 


Consider the equivalence relation E of homeomorphism of compact metrizable spaces. 
This is known to be the largest equivalence relation reducible to an orbit equivalence in 
the sense of Borel reducibility [119]. In an attempt to describe its virtual space, consider 
any compact Hausdorff space X with a topology basis of cardinality x, and consider 
the Coll(w, «)-name ty for the interpretation of the space X in the extension in the 
sense of [116]. The interpretation of X will have a countable basis, so the interpretation 
will be a compact metrizable space. The basic theory of interpretations shows that 
(Coll(w, x), Tx) is an E-pin. The most natural question is open: 


QUESTION 2.4.11. Is every virtual E-class represented by a compact Hausdorff 
space? 
The measure equivalence EF is one of the hardest equivalence relations to understand. 


It connects two Borel probability measures jz, v on the Cantor space if they share the 
same ideal of null sets. The relation F, Borel reduces to E, so E is not pinned. 


QUESTION 2.4.12. Classify the virtual space for the measure equivalence. 


2.5. Cardinal invariants 


There are several cardinal invariants of equivalence relations which are associated 
with the concept of virtual equivalence classes. They respect the Borel reducibility 
order; therefore, they are useful as tools for nonreducibility results. They also are con- 
ceptually useful in several places in this book. 


2.5a. Basic definitions. The following definition records the most natural car- 
dinal invariants associated with the virtual spaces. 


DEFINITION 2.5.1. Let E be an analytic equivalence relation on a Polish space X. 


(1) «(B), the pinned cardinal of E, is the smallest x (if it exists) such that every 
virtual E-class has a representative on a poset of cardinality smaller than x. 
If E is pinned, we let x(E) = Xj. If x(F) does not exist, we write x(E) = oo; 
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(2) A(B) is the cardinality of the set of all virtual E-classes. If the virtual E-classes 
form a proper class, we let A(E) = 00; 

(3) A(E, P) is the cardinality of the set of all virtual E-classes represented on the 
poset P. 


Note that x(E) = oo just in case A(E) = oo; at the same time, A(E, P) < oo holds for 
all E,P. The rather mysterious demand that x(E) = X, for all pinned equivalence 
relations E is explained by a reference to Theorem there are no nontrivial pinned 
names on countable posets for any analytic equivalence relation. It turns out that the 
cardinals x(E) and ACE, P) can attain all kinds of exotic and informative values. We will 
start with the two archetypal and somewhat boring computations. 


EXAMPLE 2.5.2. «(F2) = ct and A(F2) = 2°. 


PROOF. This follows immediately from the classification of pinned names for the 
Friedman-Stanley jump. Every virtual F, class is represented by a subset of 2”, and 
distinct subsets of 2” give rise to distinct virtual F classes. 


EXAMPLE 2.5.3. «(Eq,) = oo. To see this, note that by Example the vir- 
tual E,,, -classes are classified by ordinals, so there is a proper class of them. Similarly, 
x(HC) = oo, as by Example the virtual HC-classes are classified by transitive sets, 
so there is a proper class of them. 


Theorem shows that in fact E,,, is a minimal example of an equivalence relation 
E with x(B£) = o. 

The most appealing fact about the cardinal invariants x(£) and A(E, P) is that they 
respect the Borel reducibility order; therefore, they can be used to prove Borel nonre- 
ducibility results. In a good number of instances, the comparison of the cardinal invari- 
ants is the fastest and most intuitive way of proving nonreducibility. One of the main 
features of this style of argumentation is that it automatically survives the transfer to 
nonreducibility by functions more complicated than Borel. 


THEOREM 2.5.4. Let E, F be analytic equivalence relations on Polish spaces X,Y re- 
spectively. If E <, F then x(E) < x(F) and A(E, P) < ACF, P) holds for every partial order 
P. 


PROOF. Suppose that h: X — Y is a Borel function witnessing the reduction of 
E to F everywhere except for a set Z C X consisting of countably many E-classes. By 
a Shoenfield absoluteness argument, these properties of the function h transfer to all 
generic extensions. If P is a partial ordering and Tt is an E-pinned name on P which 
is not a name for one of the classes in the set Z, then h(t) is an F-pinned name on P, 
and the map t + A(r) respects virtual E- and F-classes, and it is an injection from the 
former to the latter. It follows that A(E, P) < ACF, P). 

Now, suppose that Q is another poset and that h(r) has a F-equivalent name o on 
Q. By the Shoenfield absoluteness, Q Ik Sx € X \ Z h(x) = T; any Q-name for such an 
x is E-pinned and the name for h(x) is F-equivalent to h(t). A brief bout of diagram 
chasing now shows that x(E) < «x(F) and the theorem follows. 


The following neat application has been observed by [[109] for the case of Borel equiv- 
alence relations classified by countable structures. 
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EXAMPLE 2.5.5. By Friedman and Stanley [B6], the Friedman-Stanley jump of a 
Borel equivalence relation E is not Borel reducible to E. The most appealing proof of 
this fact uses the cardinal invariant A(E). Theorem below shows that for Borel 
equivalence relations, the value of A(E) is an actual cardinal as opposed to oo. The- 
orem shows that virtual Et -classes are classified by sets of virtual E-classes, in 
other words 2(E+) = 27). Theorem 2.5.4 then completes the argument. 


2.5b. Estimates. The key fact about the pinned cardinal is the following theo- 
rem. It shows that there are a priori bounds on the size of the pinned cardinal; in 
particular, if the equivalence relation E is Borel, then x(E) < 1,,, and the virtual space 
of E isa set. Recall that the 2 function is defined by recursion: 29 = No, 2e41 = 27%, 
and 1, = SUPgeq A, if a is a limit ordinal. 


THEOREM 2.5.6. Let E be a Borel equivalence relation on a Polish space X of rank 
11°. Then x(E) < (2,)t. 


PROOF. Let t be an E-pinned name on a poset P; we must produce a Coll(w, 2,,)- 
name o which is £-related to t. Note that [t], is a P-name for a Borel set of rank < a. 
As is the case for every name for a Borel set, Corollary 2.9] shows that in the 
Coll(w, 4) extension V[G] there is a Borel code for a Borel set B C X such that in 
every further forcing extension V[G][H] and every x € X N V[G][H] in that extension, 
x € Bif and only if V[x] F P Ik ¥ € [t]g. Note that if H C P is generic over V[G], 
then the set B is nonempty in V[G][H], containing the point t/H; this follows from the 
fact that t is E-pinned. Thus, the set B is nonempty already in V[G] by the Mostowski 
absoluteness between V[G] and V[G][H]. Back in V, let o be any Coll(w, 2,,)-name for 
an element of the set B. This clearly works. 


EXAMPLE 2.5.7. For any given countable ordinal aq, let I, be the class of binary 
relations on w which are extensional and wellfounded of rank < a; let Ey be the iso- 
morphism relation. It is not difficult to check (Theorem that for each countable 
ordinal a, the relation E, is Borel, and its pinned names are collapse names for iso- 
morphs of the membership relation on sets in ¥. Thus, the cardinals x(E,) converge 
to 2,,,- 


THEOREM 2.5.8. Let E be an analytic equivalence relation almost reducible to an 
orbit equivalence relation of a continuous Polish group action. If x(E) < co then x(E) is 
not greater than the first w,-Erd6s cardinal. 


PROOF. Let x be the first w,-Erdés cardinal, and suppose that x(E) > «; we must 
show that x(F) = oo. Since the cardinal x is the Hanf number for the class of well- 
founded models of first order sentences, for every cardinal A there is a wellfounded 
model M such that M F x(E£) > A. Now, since E is almost reducible to an orbit equiv- 
alence relation, Corollary shows that the wellfounded model M is correct about 
x(E) to the extent that |x(E)”| < x(E). It follows that x(E) > A, and since A was arbi- 
trary, x(E) = oo. 


EXAMPLE 2.5.9. For every countable ordinal @ there is a coanalytic class T' of struc- 
tures on w, invariant under isomorphism, such that x(E;) is equal to the first a-Erdés 
cardinal. 
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PROOF. Let TI be the class of all binary relations on w which are extensional, well- 
founded, and do not admit a sequence of indiscernibles of ordertype a; we claim that 
this class works. 

Clearly, [is a coanalytic set of rigid structures invariant under isomorphism. Write 
E for Ep and x for the first a-Erdés cardinal. By Theorem 2.4.5, every virtual E-class is 
represented by a transitive set A without indiscernibles of ordertype a. It must be the 
case that |A| < «so x(E) < x. On the other hand, whenever A < x is an ordinal, then 
the structure (Vj, €) has no indiscernibles of ordertype a, and it remains such in every 
forcing extension by a wellfoundedness argument. Thus, the Coll(w, Y)-name for the 
generic isomorph of this structure is E-pinned, and it is not equivalent to any E-pinned 
name on a poset of cardinality smaller than |V4| since it entails the collapse of || to 
No. Thus, x(F) = x as desired. 


THEOREM 2.5.10. Let E be an analytic equivalence relation on a Polish space X. Let 
x be a measurable cardinal. If x(E) < oo then K(E) < x. 


PROOF. Suppose that there is a poset P and an E-pinned name 7 on P which is 
not E-related to any name on a poset of cardinality smaller than x. We will produce a 
proper class of pairwise non-E-related E-pinned names. 

First note that the poset P and the name z can be selected so that |P| = x. Simply 
take an elementary submodel M of cardinality « of large structure with V. C M and 
consider Q = PN Mando = TMM; s0 |Q| = x. As M is correct about pinned names 
and the equivalence E by a Shoenfield absoluteness argument, co is an E-pinned name 
on Q and it is not E-equivalent to any pinned names on posets of cardinality smaller 
than x. 

Thus, assume that the poset P has size x. Let j: V — N be any elementary em- 
bedding into a transitive model with critical point equal to x. Note that H(x) C N, so 
both P, z are (isomorphic to) elements of N. Let (Ng, jga : 6 € a) be the usual system 
of iteration of the elementary embedding j along the ordinal axis. Let P, = jog(P) and 
Tx = jo,q(T). It will be enough to show that the pairs (P,, t,,) for a € Ord are pairwise 
E-unrelated. To see this, pick ordinals a € 8. As the original poset had size x, it is the 
case that P,, T,, B, Tg are in the model Ne. By the elementarity of the embedding Jog 
Ng F 7(Py; Tx) E (Pz, 73). The wellfounded model Ng is correct about E by a Shoenfield 
absoluteness argument, so (P,, T) E (P3, 7g) fails also in V as required. 


Unlike the previous theorems in this section, we do not have a complementary ex- 
ample showing that the measurable cardinal bound is, at least to some extent, optimal. 

The last theorem in this section provides an estimate of the A cardinal for unpinned 
equivalence relations. The well-known Silver dichotomy says that every Borel equiva- 
lence relation with uncountably many classes has in fact 28° many classes. We would 
like to show that every unpinned Borel equivalence relation has at least 2®1 many vir- 
tual classes. However, in ZFC this is still open. The best we can do is the following. 


THEOREM 2.5.11. Let E be an unpinned Borel equivalence relation. Let « be an in- 
accessible cardinal. Then Coll(w, < x) Ik A(E, Coll(w, w,)) = 2®). 


PROOF. Let A C P(x) be a set of cardinality 2 such that all elements of A have 
cardinality x and any two distinct elements of A have intersection of cardinality < x. 
Recall that the poset P = Coll(w, < x) is a finite support product of posets Coll(a, a) 
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for a € «. For every set a C x write P, = IgegColl(w, a) C P. Let G C Coll(w, < «) 
be a generic filter. Use Theorem to argue that for every a € A, VIGNP,] F Eis 
unpinned, and let (Q,, 7) € V[GNP,] be a nontrivial E-pinned name with its attendant 
poset. It will be enough to show that the pairs (Q,,7,) for a € A represent pairwise 
distinct virtual classes. 

Suppose towards a contradiction that for some a # b in the set A the E-pinned 
names Ty, 7, are equivalent. Let c = an b and work in the model V[G N PB]. The 
assumptions imply that the poset (Rc * Qa) Xx (Byc * Q;) forces (at least below some 
condition) that 7, E t,. It follows that the name 7, on the poset R,\. * Q, is E-pinned. 
Since the equivalence relation E is Borel, it follows that that the virtual class of (R,\. * 
Q,; Tq) is also represented by some pair (R, c) by some poset of cardinality smaller than 
1.., < « by Theorem 2.5.6, However, in the model V[G n P,], there is a filter H C R 
generic over the model V[GN P.]. Thus, it would have to be the case that in the model 
VIG NB, ], Q, lk t E o/H, contradicting the nontriviality of the name ty. 


EXAMPLE 2.5.12. Similarly to the Silver dichotomy, the conclusion of Theorem 
fails for analytic equivalence relations. Consider the case of the equivalence 
relation E,,, and an inaccessible cardinal x such that 2" > x*. In the Coll(w,< x) 
extension, X, < 2%: will hold; at the same time, E., names realized on Coll(w, w,) are 
classified by ordinals of cardinality &,, so there are only Xj-many of them. 


2.5c. Cardinal arithmetic examples. The cardinal invariants x(E) and A(E£) 
provide a basis on which equivalence relations can be compared with uncountable car- 
dinals of all sorts. In this section, we will introduce several jump operations which have 
direct translations into cardinal arithmetic operations. Using this approach, one can 
formally encode statements such as the failure of the singular cardinal hypothesis into 
reducibility results between Borel or analytic equivalence relations. For brevity, given 
a coanalytic class I of structures on w invariant under isomorphism, we write x(T) for 
x(Ep) in this section. 

The constructions in this section depend on certain types of jump operators on 
structures and equivalence relation. They are all provisionally denoted by the + sign, 
not to be confused with the Friedman-Stanley jump. The first jump operation on 
equivalence relations we will consider translates into the powerset operation using the 
pinned cardinal: 


DEFINITION 2.5.13. Let be a coanalytic class of structures on , invariant under 
isomorphism. It is the class of structures on w of the following description: there is 
a partition @ = aU b into two infinite sets, there is a [’-structure on a, and there is 
an extra relation R on b x a such that the vertical sections R,, for m € b are pairwise 
distinct subsets of a. 


PROPOSITION 2.5.14. Let I be a coanalytic class of structures on w, invariant under 
isomorphism. 
(1) ['* is coanalytic, and if T is Borel then so is '*; 
(2) ifT consists of rigid structures, then so does T+; 
(3) ifT consists of rigid structures and x(T) = At then x(['t) = (24)*. 


PROOF. The first two items are obvious. For (3), suppose that x([) = At. Then 
there must be a I** structure M of cardinality A and no I** structures of larger size. 


50 2. THE VIRTUAL REALM 


By Theorem and (2), every virtual Ep-class is associated with a ** structure. Ev- 
ery ([t)**-structure consists of a '**-structure and some family of its pairwise distict 
subsets; the largest such structure then is of cardinality 2+ exactly. This completes the 
proof. 


COROLLARY 2.5.15. For every countable ordinal a there is a Borel class T of rigid 
structures such that x(Er) = 23. 


PROOF. By transfinite recursion on a define Borel classes I, consisting of rigid 
structures as follows. Let Ig be the class of structures isomorphic to (w, €). Let Ty, = 
({,,)+. Fora limit cardinal a let I, be the class of structures which consist of exactly one 
copy of a structure in class Iz for each 8 € a. It is not difficult to prove by induction 
on @ using the Proposition at the successor stage and Theorem at the limit 
stage that x(Er) = 27 as desired. 


DEFINITION 2.5.16. Let I be a coanalytic class consisting of structures on w in- 
variant under isomorphism. I’* is the class of structures on w of the following descrip- 
tion. A structure M € It has a linear order <,). Moreover, writing L,, for the set 
{mE M: m <j, n}, the structure M induces a I-structure M,, on L,, for coboundedly 
many n € M such that for distinct elements no, € M, the structures (M,,,, <j) and 
(My, »<m) are nonisomorphic. 


PROPOSITION 2.5.17. Let I be a coanalytic class of structures on w, invariant under 
isomorphism. 
(1) I't is coanalytic; 
(2) ifT is Borel and consists of rigid structures, then T'* is Borel and consists of rigid 
structures; 
(3) if consists of rigid structures, then x(I'*) = x(T)t. 


PROOF. (1) is clear. For (2), the rigidity conclusion is clear. To see the Borelness of 
the class ['* note that the statement “(M, <j,) is isomorphic to (N, <j)” for structures 
M,N é€ Tis Borel by the rigidity of the structures in I and the Lusin-Suslin theorem 
[58, Theorem 15.1]. For (3), write x = x(I). To show that x(['+) < x«*, use Theo- 
rem to argue that every virtual Ep. class is classified by ((+)**-structure. Such 
a structure contains a linear ordering, and on cofinally many initial segments of the 
ordering there is aI’**-structure. It follows that every initial segment of the ordering is 
of cardinality less than x, so the underlying set has size at most x. 

To show that x(I'*) > xt, treat first the case that x is a limit cardinal. Let M be the 
structure on x which includes the usual €-ordering on x and on each cardinal A < x on 
which there is a '**-structure, M contains one. This is a (*)**-structure of cardinality 
x, sox(I't) > x*. 

Suppose now that x is a successor cardinal, x = A*. This means that there is a 
I**-structure N of cardinality 2. Let M be the structure on x which includes the usual 
€-ordering of x and on each ordinal yu < « of cardinality A, it contains a copy of N. This 
is a (+)**-structure of cardinality x, so x(['*+) > xt in this case as well. The proof is 
complete. 


COROLLARY 2.5.18. For every countable ordinal a > 0 there is a Borel equivalence 
relation E such that (provably) x(E) = Xq. 
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PROOF. Now, by recursion on a countable ordinal a construct a Borel class I, of 
rigid structures as follows. Ip is the set of structures isomorphic to (w, €), contain- 
ing just one isomorphism class. Then let I,,, = Tf andl, = U er Tp if @ is limit. 
Proposition can be used to show by transfinite induction that x([y) = Nyiq as 
desired. 


Note that an equivalence relation E as above for a > 2 cannot be reducible to F, and 
F, cannot be reducible to it. This answers a question of Kechris [54, Question 17.6.1] in 
the negative as well as some related questions of Simon Thomas. To see that F, cannot 
be Borel reducible to any £, suppose for contradiction that h: dom(£) > dom(F,) is 
a Borel reduction. Pass to a generic extension in which ¢ > Ro: There, h is still a 
reduction of E to F, while x(E) > x(F). This contradicts Theorem 22.5.4, To see that 
E cannot be reducible to F, for any a > 2, pass to a generic extension in which the 
Continuum Hypothesis holds instead. 

The following two examples deal with jump operations designed to mimic cardinal 
exponentiation. They lead to nonreducibility results which, at least on the face of it, use 
the failure of singular cardinal hypothesis in various situations. This means that the 
proofs presented use large cardinal assumptions, as they are needed to get the failure 
of the singular cardinal hypothesis. We make no claim as to whether the large cardinal 
assumptions are necessary for the conclusion. 


DEFINITION 2.5.19. Let I’, A be coanalytic classes of structures on w, invariant un- 
der isomorphism. The symbol I stands for the coanalytic class of structures M on 
w of the following form: is partitioned into infinite sets = aUbUc,onM [a 
is a structure in class T, M | bis a structure in class A, and there is an extra relation 
Rccxbxasuch that for every m € c, the vertical section R,, is a function from b to 
a, and for mp # m, € c the vertical sections Rj, and Ry», are distinct. 


PROPOSITION 2.5.20. Suppose that the classes T, A consist of rigid structures only. 
Then 
(1) T4 consists of rigid structures only; 
(2) «(T4) = sup{xt: x < x(T),A < «(A)}. 
PROOF. The first item is nearly trivial. For the second item, use Theorem to 


note that a (r4)** structure is represented by a I’**-structure, a A**-structure, and an 
infinite set of functions from the latter to the former. 


EXAMPLE 2.5.21. Let A be the class of structures isomorphic to (w, €) (consisting 
of just one equivalence class). For every countable ordinal q, let I, be the class derived 
in Corollary 2.5.18) Let E be the equivalence relation of isomorphism on the class die 
and F be the isomorphism equivalence relation on the class Ep. Then EF is not Borel 
reducible to F, x F. 


PROOF. Move to a model of ZFC where ¢ = XN; and NS° > N,. Proposition 
shows that x(E) = Noo Se: XN, = x(F, x F). The conclusion of the example follows 
from Theorem 2.5.4 


DEFINITION 2.5.22. Let E be an analytic equivalence relation on a Polish space X 
and F be a Borel equivalence relation on a Polish space Y. E’ is the equivalence relation 
(F x E)t on the space (Y x X)® restricted to the Borel set {z € (Y x X)®: rng(z) isa 
partial function from Y to X whose domain consists of pairwise F-unrelated elements}. 
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It seems to be impossible to formulate this concept in an analytic form without the 
additional demand that F be Borel. 


PROPOSITION 2.5.23. Let E be an analytic equivalence relation on a Polish space X 
and F be a Borel equivalence relation on a Polish space Y. Then 
(1) ACE) = AY); 
(2) if P is a partial order such that P \t |A(F)| = |x(F)| = No then A(BF, P) = 
A(E, PY”). 


Note that as F is assumed to be Borel, the value of A(F) is not co. 


PROOF. Both statements follow from the classification of virtual classes for prod- 
uct and Friedman-Stanley jump in Theorem An EF -virtual class is represented 
by a function from F-virtual classes to E-virtual classes. 


EXAMPLE 2.5.24. Let Fo be any Borel equivalence relation with countably many 


classes and let F, be the identity on 2. For every Borel equivalence relation E, oa is 


not Borel reducible to E x Eno. 


PROOF. Move to a model of set theory where ¢ = X, and there is a cardinal x > 
2,,, such that (xt)®1 > (act). The first such a cardinal must be in violation of the 
singular cardinal hypothesis at cofinality w,. Let P = Coll(w, x). Clearly, A(E,,,,P) = 
x*, since the pinned names on P correspond to ordinals below xt. Since E is Borel, 
A(E), K(E) < 1, < « by Theorem so Proposition shows that A(E x ER?) = 
ACE) - (xt) = (act )Ro < (xt) = AC EBL). The argument is concluded by a reference 


to Theorem 2.5.4. 


A similar argument with a failure of the singular cardinal hypothesis at larger cofinal- 
ities yields 


EXAMPLE 2.5.25. Let F be any Borel equivalence relation. For every Borel equiv- 


alence relation E, ES" is not Borel reducible to E x Ef, . 


2.5d. Hypergraph examples. The previous examples were to some extent arti- 
ficial in the sense that the values of the pinned cardinal were directly built into them. 
The following examples, all Borel reducible to F2, are connected with combinatorics 
of small uncountable cardinals via the pinned cardinal, even though the connection is 
not at first sight obvious. 


DEFINITION 2.5.26. A hypergraph ona set X is a subset of X<. If G is a hypergraph 
on X, a G-anticlique is a set A C X such that AS® NG = 0. If G is an analytic hypergraph 
on a Polish space X, write E, for the equivalence relation on X® connecting y, z if the 
sets rng(y), rng(z) either both fail to be G-anticliques or they are equal. 


It is clear that the equivalence relations of the form Eg are all analytic and almost Borel 
reducible to F,. In the common case when G is Borel and contains only finite edges, 
the equivalence relation is in fact Borel. The following proposition provides a simple 
combinatorial characterization of the pinned cardinal of equivalence relations of this 
form. 


PROPOSITION 2.5.27. Let G be an analytic hypergraph on a Polish space X. Then 
x(Eg) is equal to the larger of &, and the minimal cardinal « such that there is no S- 
anticlique of cardinality x. 
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PROOF. Write E = Eg and write x for the minimum cardinality in which there 
is no G-anticlique. To exclude trivial cases, assume that x is uncountable. For the 
<-inequality in the proposition, let Q be a poset and o be an E-pinned Q-name. By 
Example there must be a set A C X such that Q Ik rng(c) = A. If A is not an 
anticlique then the E-pin (Q, o) is trivial as it is forced to belong to the single E-class 
consisting of enumerations of sets which are not anticliques. If A is an anticlique, then 
the E-pin (Q, a) is equivalent to a pin on the Coll(, |A|)-poset which has size less than 
XK. 

For the >-inequality, suppose that A C X is an anticlique. A simple well-founded- 
ness argument shows that A remains an anticlique in any generic extension. Thus, the 
Coll(w,A)-name t, for a generic enumeration of A is E-pinned an the E-pin 
(Coll(w, A), T4) can be equivalent only to E-pins on posets which make the cardinal- 
ity of A countable. 


The values of cardinals defined in this way are subject to forcing manipulations and 
transfinite combinatorics. The interesting examples are always connected with a uni- 
versality feature of the hypergraph in question. Our first two examples use Borel hy- 
pergraphs of finite arity. 


DEFINITION 2.5.28. Let X be a Polish space. A Borel relation R C [X]“*° x X is 
combinatorially universal if it has countable vertical sections and for every cardinal x 
and every relation T C x«<%o x « with countable vertical sections, there is a c.c.c. poset 
P adding an injective function z : x — X which is a homomorphism of T to R. 


It is not clear whether combinatorial universality of this sort is actually a property ab- 
solute among transitive models of ZFC, but all universal examples found in this section 
are absolutely universal. 


THEOREM 2.5.29. LetX bea Polish space. There is a combinatorially universal Borel 
relation on [X|<® x X with countable vertical sections. 


PROOF. Let X = P(w). We will show that the relation R Cc [X]<%o x X defined by 
(a,x) € Rif x is computable from a is universal. Let x be a cardinal and let T c [x]"xx 
bea relation with countable vertical sections. Let (k,, : m € w) bea recursive sequence 
of increasing functions in w® with disjoint ranges. For a finite set b C P(w) let e, be 
the increasing enumeration of the set (| b, for every m € w let h,,(b) C P(w) be the 
set of all ! € w such that e, ok,,(1) is an odd number. We will produce a forcing which 
adds an injection z : « — X such that for every finite set a C x and every a € T,, there 
is anumber m € w such that z(a) is modulo finite equal to h,,(7” a). 

Let P be the poset of all tuples p = (np, 7p, Vp) so that 

* Np € ®, Mp is a partial function from x to P(n,) with finite domain dom(p); 
* vy, is a finite partial function from P(dom(p)) x w to dom(p) such that 
(a, ¥)(a, m)) € T whenever (a, m) € dom(v)). 

The ordering on P is defined by q < pif np, < ng, dom(p) Cc dom(q), Va € 
dom(p) 7)(@) = 74(a) N Np, Y C Vy, and for every (a,m) € dom(y,), whenever | is 
a number in the domain of (en a\ extta) ok,, then exita © k(D is odd if and only if 
| € 7g(v,(a, m)). It is not difficult to see that P is indeed an ordering. 


CLAIM 2.5.30. The poset P is c.c.c. 
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PROOF. Let (pg : & € w,) be conditions in P. The usual A-system and counting 
arguments can be used to thin down the collection if necessary so that the sets dom(p,,) 
for a € w, form a A-system with root b and for alla € [b]" and alla € a,Tn 
dom(p,) C b. Moreover, we can require that the increasing bijection between dom(p,) 
and dom(pg) extends to an isomorphism of p, and pg for every a, B € @. 

We claim that any two conditions in such a collection are compatible. Indeed, 
whenever a, 8 € w,, then the condition q defined by Ng = Nq,>%q = Apy UMp ie and Vg = 


Yq U Ypg is easily checked to be a common lower bound of the conditions pg, pg. 


CLAIM 2.5.31. Whenever a € [x]" and B € Tyg, the set Dag = {p € P: aU{B} C 
dom(p), 4m vp(a, m) = B} is dense in P. 


PROOF. Let p € P; we must find a condition q < pin the set Dg g. For definiteness 
assume that 8 ¢ dom(p). Choose m € w such that (a,m) ¢ dom(v,). Consider the 
condition q < p defined by ng = Np, % = Mp U {(a,0): a € a \ dom(p),(f,0)}, 


Vg = Y U {(a, m, B)}. The condition q < pis in the set Dag as required. 


CLAIM 2.5.32. For every finite seta C x and every k € a, theset Dax ={pE€P: ac 
dom(p) and the set ( } pa has at least k elements} is dense in P. 


PROOF. Fix a,k and let p € P be an arbitrary condition. We must find a condition 
q < pinthe set D, ,. First of all, the previous claim shows that one can strengthen p to 
include all ordinals in a. Increasing n, if necessary, we may also assume that k < np. 
Consider the set b = za and the function e,; write k’ = dom(e,). Ifk < k’ then 
q = pwill work. Otherwise, it is easy to find an increasing sequence d = (m;: k’ <i< 
k) of numbers larger than np such that, writing e = e, U d, for every natural number 
m such that (a,m) € dom(vp) and every ! such that k’ < km(I) < k, mx,, 1 is odd if 
and only if! € p(v,-(a,m)). The condition q < p defined by ng = my_; +1, dom(zq) = 
dom(z,), VB € a7,(8) = 2,(a) U{m;: k’ <i < k}, VB € dom(z,) \ a z4(8) = 7,(8), 
and vy = vp, is in the set Da, as desired. 


The last two claims show that the function z: x — X defined as z(a) = Utzp : —p 
is in the generic filter} is forced by P to be the desired homomorphism. 


Recall that if R c [X]®° x X is a relation then a C X is R-free if for every x € a 
(a\ {x}, x) ER. 


EXAMPLE 2.5.33. LetX be a Polish space and let R c [X]<*° x X be a combinato- 
rially universal Borel relation with countable vertical sections. Let n > 1 be a number. 
Let G,, be the hypergraph of all sets a € [X]” which are R-free. Then 

(1) K(Eg,) < Rasa’ 
(2) if Martin’s Axiom for X,, holds then equality is attained. 


PROOF. Fix the number n € w. The argument depends on an old theorem of 
Sierpinski [40]: &,,,, is the smallest cardinal x such that every relation T C [x]"xx with 
countable vertical sections has a T-free n + 1-tuple. To prove (1), apply the Sierpinski 
theorem to show that there is no G,,-anticlique of cardinality at least 8,41. To prove 
(2), let x = N, and use the Sierpiriski theorem again to find a relation T c x<*o x 
x with countable vertical sections and no T-free n-tuple. Then use the universality 
assumption to find an injective homomorphism z : x — X which is a homomorphism 
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of T to R. Observe that rng(z) is a G,-anticlique of cardinality x. Proposition 
then implies that x(Eg,) > «* = Nn: 


DEFINITION 2.5.34. Let X be a Polish space. A Borel equivalence relation R on 
[X]<*®e with countably many classes is combinatorially universal if for every cardinal 
x and every equivalence relation T on [x]<X° with countably many classes, there is a 
c.c.c. poset P adding an injection z : x — X which is a homomorphism of -T to =R. 


THEOREM 2.5.35. LetX bea Polish space. There is a combinatorially universal Borel 
equivalence relation on [X]<*° with countably many classes. 


PROOF. Without loss of generality assume X = [w]%°. Consider the following 
relation R on [X]<*°. Define a Borel function g: [X]<®° > [w]<®° by g(a) = {min(x \ 
m+1): x € a}ifaisa set of cardinality at least two and consists of pairwise almost 
disjoint sets and m is the largest number which appears in at least two of them; g(a) = 
min(x) if a = {x} is a singleton; and otherwise g(a) = 0. Let R be the equivalence 
relation induced by the function g. We will show that R is universal. 

Let x be a cardinal, T an equivalence relation on [x]<*° with countably many 
classes, and let f : [x]<®° — w be a map inducing the equivalence relation T. Let 
v: [w]<®° > w bea sufficiently generic map such that v(g(0)) = f(0). Let P be the 
poset of all maps p such that 


dom(p) C x is a finite set; 

for every a € dom(p) the value p(a) is a nonempty subset of w; 

for every a € dom(p), vimin(p(a))) = f(a); 

for every set a C dom(p) of cardinality at least 2 there is a number which 
belongs to at least two sets p(a), p(8) for a # 6 € a, and writing m for the 
largest such number, p(a)\m-+1 # Oholds for every a € a, and v({min(p(a)\ 
m+1): a€a})= f(a). 

The ordering is defined by q < pif for every a € dom(p), q(a) end-extends p(a), and 
the sets q(a) \ p(a) are pairwise disjoint for a € dom(p). 


CLAIM 2.5.36. P is c.c.c. 


PROOF. In fact, P is semi-Cohen in the sense of [Al but we will not need that fact 
here. By the usual A-system arguments, it is enough to show that any two conditions 
p.q € P such that p | dom(p) n dom(q) = q | dom(p) nN dom(q), are compatible. To 
find the lower bound, enumerate dom(p)Udom(q) as 6; fori € k, enumerate (dom(p) \ 
dom(q)) x (dom(q) \ dom(p)) as u; for j € I. Use the genericity of the function v to 
build numbers my < m, < -:- < mj_, and pairwise distinct numbers ni fori € k and 
j €!so that 

* Mo > max(L) rng(p) U U rng(q)); 

* Mm < n} <Mj-1 for every j € I; 

* for every set a C dom(p) U dom(q), v({ni : B; € a}) = f(a). 
The lower bound is then a function r defined by dom(r) = dom(p) U dom(q), for a € 
dom(p), a = 6; set r(a) = p(a)U{n! : j © }U{m; : «appears in the pair u;}. Similarly, 
for a € dom(q), a = f; set r(a) = q(a) U {n} : j € 1} U {m;: a appears in the pair u;}. 
It is not difficult to check that r < p,q as required. 


CLAIM 2.5.37. The set Dy ={p € P: a € dom(p)} is dense in P for every a € x. 
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PROOF. Let a € x and p € P; we must produce q < p such that a € dom(q). 
Enumerate dom(p) as §; fori € k and write a = 6,. Use the genericity of the function 


v to find numbers m < mg < m, < ...M,_, and pairwise distinct numbers ni for 
ieék,j €k+1s0 that 

* v(m) = f(a) and my > max () rng(p); 

° Mj <n! for every j Ek+1; 

» for every nonempty set a C dom(p) U {a} and everyi € k, v({n! : Bi Ea) = 

f(a). 
Once this is done, just consider the function q defined by dom(q) = dom(p) U {a}, 

s(a) = {m,m,: iE k, nk : i © k}, and for every i € k, q(f;) = p(f;) U {m;, nj > j ekt. 
It is not difficult to observe that q € P and q < pas desired. 


Now, ifG c Pisageneric filter, thenin V[G] let z: « + P(w) be defined by z(a) = 
ee <c P(a). The claims show that f = vo go z, in particular z is a homomorphism of 
aT to mR. 


EXAMPLE 2.5.38. Let X be a Polish space and R a combinatorially universal equiv- 
alence relation on [X]<*° with countably many classes. Let n > 0 be a number. Let Gy, 
be the Borel hypergraph on X consisting of all finite sets a C X which can be written 
in more than 2” — 1 ways as a union of two distinct R-equivalent sets. Then 


(1) K(Eg,,) S Rng 
(2) if Martin’s Axiom for &,, holds, then the equality is attained. 


PROOF. Fix the number n. The computations depend on and are motivated by 
the following results of Komjath and Shelah [}67]. Let x = &,. For every equivalence 
relation T on [x]<*° with countably many classes, there is a finite set a C x which can 
be written in at least 2” — 1 ways as a union of two distinct T-related sets. In addition, 
if Martin’s Axiom for x holds then there is an equivalence relation T on [x]<*®o with 
countably many classes such that every finite set a C x can be written in at most 2" —1 
ways as a union of two distinct T-related sets. 

For (1), the first part of this result shows that there is no G,,-anticlique of cardinality 
x+. For (2), use Martin’s Axiom and the second part of the Komjath-Shelah result 
to find the equivalence relation T on [x]<®° with countably many classes as above, 
and use the universality of the relation R to find an injective homomorphism z : x > 
X of aT to aR. It is immediate that rng(z7) C X is a G,-anticlique of cardinality x. 
Proposition then implies that x(Eg,) > ** = Nnsi- 


Much more complicated effects can be realized if the hypergraph G is allowed to have 
infinite edges. We conclude this section with an example of this type. 


DEFINITION 2.5.39. Let X be a Polish space. A Borel equivalence relation R on 
X? with countably many classes is combinatorially universal if for every ordinal x and 
every equivalence relation T on x* with countably many classes, there is a c.c.c. poset 
P adding an injective function z : x — X which is a homomorphism of =T to 7R. 


THEOREM 2.5.40. There is a combinatorially universal Borel equivalence relation 
with countably many classes on X? for every Polish space X. 
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PROOF. Without loss of generality, assume X = P(w). Let wo = U nymew “n,m bea 
partition of w into infinite sets. For almost disjoint sets b,c C w such that b is lexico- 
graphically less than c define f(b,c) = nand f(c, b) = mifmax(bnc) € a, », in other 
cases define f(b,c) = 0. Let R be the equivalence relation induced by the function f. 
We will show that R is combinatorially universal. 

Fix a cardinal x and a function g: x? > w which induces an equivalence relation 
T with countably many classes. Define the poset P as the collection of all functions p 
such that 


« dom(p) C x is a finite set; 
* rng(p) consists of finite subsets of w such that neither of them is an initial 
segment of another; 
* for every a # 6 such that p(q) is lexicographically smaller than p({), the 
set p(a) N p(f) is nonempty, and its maximum belongs to the set a,,,, where 
g(a, 6) = mand g(f,a) =n. 
The ordering on P is defined by q < pif dom(p) C dom(q), for every a € dom(p) 
the set p(c) is an initial segment of q(a), and the sets {q(a) \ p(a): a € dom(p)} are 
pairwise disjoint. The following routine claims complete the proof of the theorem. 


CLAIM 2.5.41. The poset P is c.c.c. 


PROOF. By the usual A-system arguments it is only necessary to show that any 
two conditions p,q € P such that p | dom(p) nN dom(q) = q | dom(p) nN dom(q) are 
compatible in the poset P. Strengthening the conditions p, qg on dom(p) \ dom(q) and 
dom(p) \dom(q) respectively if necessary, we may assume that no set in mg(p)Urng(q) 
is an initial segment of another. Enumerate (dom(p) \ dom(q)) x (dom(q) \ dom(p)) 
as u; for i € j and find pairwise distinct numbers m; fori € j such that 


if u; = (a, 8) and p(a) is lexicographically smaller than q(8) then m; € ay, py 
where g(a, 8) = mand g(f, a) = n; 

if uj; = (a, 6) and p(q) is lexicographically greater than q(6) then mj € Amn 
where g(a, 8) = nand g(f,a) =m; 

all numbers m;, are greater than max(\) rng(p) U [J rng(q)). 


In the end, let r be the function defined by dom(r) = dom(p) U dom(q), for all a € 
dom(p) let r(a) = p(a) U{m;: a appears in u;}, and for all 8 € dom(q) let r(8) = 
q(B)U{m; : 8 appears in u;}. It is not difficult to check that r isa common lower bound 
of the conditions p, q as desired. 


CLAIM 2.5.42. For every a € x the set D, ={p € P: a € dom(r)} is dense in P. 


PROOF. Let a € x be an ordinal and p € P be a condition; we must produce a 
condition q < psuch that w € dom(q). It will be the case that q(a@) N max((J rng(p)) + 
1 = 0; this way, q(a) will be lexicographically smaller than all q(8) for 6 € dom(p). 
List dom(p) as f; for i € j, and find pairwise distinct numbers m; for i € j so that 


* M; © Gy, where g(a, 8) = mand g(a, 8) =n; 
* each m; is greater than max((J rng(p)). 


Then, let q be the function defined by dom(q) = dom(p) U {a} and q(f;) = p(B;) U 
{m,} and q(a) = {m, : i € j}. It is immediate that the condition q works. 
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Now it is easy to see that if G C P is a generic filter, the function 7: x > P(w) 
defined by z(a) = U{p(a): p € G} induces a homomorphism of =T to =R as desired. 


EXAMPLE 2.5.43. Let.X be a Polish space and let R be a combinatorially universal 
Borel equivalence relation on X* with countably many classes. Let G be the hypergraph 
on X consisting of all unions bg U b; where bg, b; are infinite sets such that bg x bj isa 
subset of a single R-class. 

(1) if Chang’s conjecture holds, then x(E,) < X; 
(2) if Martin’s Axiom for &, holds then Chang’s conjecture is equivalent to x(Eg) 
<>. 


PROOF. The argument is based on and motivated by two results of Todorcevic 
[105]. Namely, if Chang’s conjecture holds, then for every partition of w3 into countably 
many pieces, one piece of the partition contains a product of infinite sets. In addition, 
if Martin’s Axiom for &, holds and Chang’s conjecture fails, then there is a partition of 
co} into countably many pieces such that no piece of the partition contains a product of 
infinite sets. 

Now, for (1) use the first result of Todorcevic to argue that under Chang’s conjec- 
ture there is no G-anticlique of cardinality 8, so by Proposition 2.5.27, x(Es) < &2. For 
(2), suppose that Martin’s Axiom holds and Chang’s conjecture fails. By the second re- 
sult of Todorcevic, find an equivalence relation T on w3 with countably many classes 
without any monochromatic infinite rectangles. Use the universality of the equiva- 
lence relation R to find an injection 7: w, — X which is a homomorphism of =T 
to =R. Observe that rng(z) is a G-anticlique of cardinality &,. By Proposition 
x(Eg) > No. 


2.6. Restrictions on partial orders 


Given an analytic equivalence relation E on a Polish space X, it may be informative 
to investigate which posets can carry nontrivial E-pinned names. After all, essentially 
all pinned names discussed in this chapter naturally live on collapse posets, so one may 
easily (and wrongly) assume that no forcing sophistication is needed when it comes to 
the investigation of the virtual realm. This section contains several theorems on this 
topic. 

First of all, there are some partial orders which can never carry a nontrivial pinned 
name. 


DEFINITION 2.6.1. [83] A poset P is reasonable if for every ordinal A and for every 
function f : AS® — Ain the P-extension there is a set a C A which is closed under f, 
belongs to the ground model, and is countable in the ground model. 


In particular, all c.c.c. and all proper forcings are reasonable. Good examples of un- 
reasonable forcings are posets which collapse &,, Namba forcing and Prikry forcing. 


THEOREM 2.6.2. Let E be an analytic equivalence relation on a Polish space X. If P 
is a reasonable forcing and t is an E-pinned name on P, then t is trivial. 


PROOF. Suppose that P is a reasonable poset and t is an E-pinned name on P. We 
will produce a condition p € P and a point x € X such that p Ik t E xX. Towards 
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this end, choose a large structure and use the reasonability of P to find a countable 
elementary submodel M of it containing P, E and t and a condition p € P such that 
p Ik GnM is generic over M, where G is the canonical P-name for its generic ultrafilter. 
As M is countable, there is a filter H C PM M generic over M in the ground model V. 
Let x = t/H € X. Proposition applied to the model M and the filters H and GNM 
now says that p |k X E t, completing the proof. 


The key feature of partial orders from the point of view of existence of pinned 
names is collapsing N;, as the following theorem shows: 


THEOREM 2.6.3. Let E be an analytic equivalence relation on a Polish space X. Ex- 
actly one of the following occurs: 
(1) E is pinned; 
(2) for every poset P collapsing &,, P carries a nontrivial E-pinned name. 


PROOF. Clearly (1) implies the negation of (2). For the difficult direction, suppose 
that (1) fails and work to confirm (2). Let t be a nontrivial E-pinned name on some 
poset P. Let (M,,: a € w,) be acontinuous €-tower of countable elementary submod- 
els of a large structure containing X,E,t, and P. Let M = U Ma: letQ = PNM and 
leto =TNM. 

First, observe that the pair (Q, c) isan E-pin: by elementarity, MF QxQ IF ojeg E 
Crignt» and by the Mostowski absoluteness between the generic extensions of M and V, 
VE QXQIF Ojeg E Orignt aS well. We will now prove that the pair (Q, T) is a non-trivial 
&£-pin. 

Assume towards a contradiction that there exists a point x € X such that Q IF 
o E xX. We will show that there then must be y € Mn X which is E-related to x. 
Then Q lt o E y, by the Mostowski absoluteness between the Q-extensions of M and 
VMFEPI|FTE y, and this will contradict the elementarity of the model M and the 
nontriviality of the name tT. 

To find the point y € Mn X, let N be a countable elementary submodel of a large 
structure containing (M, : a € @,),Q,x. Since the tower of models (My : a € w;) is 
continuous, there is a limit ordinal « € w, such that Mz = NOM. Let Q, = QNM, = 
POM, and o, = oN My, = TN My. By elementarity of the model N and analytic 
absoluteness between the Q,-extension of N and V, Q, lk o, E X. Since Qy = PA My 
and o, = TN Mg, both Qy, T, belong to the model M,,,. By the elementarity of the 
model M,,1, there must be a point y € X N Mz, such that Q, lk a, E y (since the 
point x is such). By the transitivity of E, it follows that x E y. The point y € Mg,; CM 
works. 

Now, suppose that R is a poset collapsing &,. Since |M| = Xj, in the R-extension 
there is a filter Q-generic over M. Let H be an R-name for such a filter and let v be the 
R-name for o/H. By the Mostowski absoluteness between the generic extensions of M 
and V again, it follows that Q x R lk o E v. We have just proved that v is a nontrivial 
£-pinned name on R. 


Theorem 2.6.3)does not rule out the possibility that some Xj preserving posets carry 
nontrivial E-pinned names. This does not occur for orbit equivalence relations. In 
them, every pinned name is inescapably connected with a collapse of a certain cardinal 
to No. To state this in the most informative way, we introduce a piece of notation. Let 
E be an analytic equivalence relation on a Polish space X, and let c be a virtual E-class. 
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We write x(c) for the smallest cardinality of a poset P such that there is an E-pinned 
P-name go such that the E-pin (P, c) belongs to c. 


THEOREM 2.6.4. Let E be an equivalence relation on a Polish space X, Borel reducible 
to an orbit equivalence relation of a Polish group action. Let c be a virtual E-class and 
write x = «(c). The following are equivalent for every poset P: 

(1) there is an E-pinned P-name a such that the E-pin (P, a) belongs to c; 
(2) PIF |x| = No. 


PROOF. (2) implies (1) is the easier direction, and it does not use the assumption 
on the equivalence relation E. Suppose that P IF |x| = No|. Let (R, 7) be an E-pin in 
c such that |R| = x. Let M be an elementary submodel of a large structure such that 
|M| = x,R C x, and R,t € M. By the collapsing assumption, there is a P-name 7 for 
a filter on R which is generic over the model M. Let o be a P-name for t/n. We claim 
that o is E-pinned and moreover (P, 0) € c. 

To this end, let G C Pand H C R be mutually generic filters; we must show that 
t/G E o/H. To see this, observe that the filters n/G C Rand H C R are mutually 
generic over the model M, so M[n/G, H] F o/n/G E a/H as the name a is E-pinned 
and M is an elementary submodel. o/n/G = t/G E o/H then follows by the Mostowski 
absoluteness between the models M[n/G, H] and V[G, H]. 

For the harder direction (1) implies (2), first fix a Polish group I, an action of on 
a Polish space Y, and a Borel function h : X — Y which isa reduction of E to the orbit 
equivalence relation F induced by the action of . Suppose that o is an E-pinned name 
on P such that the E-pin (P, a) belongs to c. Consider the Cohen poset F- of nonempty 
open subsets of I, with its associated name Ye, for a generic element of I. Consider 
the product A: x P and the poset Q, the subset of the complete Boolean algebra of B: x P 
which is generated by the name T for Ygen, - h(a), an element of the space Y. Since the 
poset A; is countable, it preserves all cardinals. Therefore, to show that P collapses x, 
it will be enough to show that Q collapses x. 


CLAIM 2.6.5. LetH C Qbea generic filter. In V|H], F; forces the point Ygey-t/H € Y 
to be Q-generic over V[H]. 


The difficulty resides in the assertion that the point is forced to be Q-generic over V[H] 
and not just over V. 


PROOF. Let %,%,% € and Ko, Ki C P be R--generic points and generic filters on 
P respectively, which are in addition mutually generic. Since o is an E-pinned name, 
o/Ko E o/K, holds. Since h is a reduction of E to F, h(o/Kg) F h(a/K,) holds. Writing 
Yo = h(o/Ky) and y, = h(o/K,), there must be a group element 6 € I such that 
5% - Yo =%-° y, in the model V[%, Ko|[y, K,]. Observe that both points 46 and yy, 
are B.-generic over the model V[y, Ko |[%, K,] since y is, and multiplication by 6 (or 
y,) from the right induces an automorphism of the poset R.. 

It follows that y,6 is R--generic, and the pair 47, K, is R: x P-generic, both over the 
model V[j, Ky]. Observe that 467 - Vo = %% - y, by the initial choice of 6. The claim 
now follows by considering the filter H C Q (generic over V) obtained from the point 
Yo-Yo € Y, and the point 7.6 € T (A--generic over V[H]), and the forcing theorem. 


Now, let H C Q be a generic filter, and work in V[H]. Since the poset A: has a 
countable dense subset and it introduces a generic for Q, it must be the case that Q has 
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a countable dense subset as well. Back in V, the forcing theorem says that Q forces Q 
to have a countable dense subset. Fix a Q-name 7 for a function from w to Q whose 
range is forced to be dense, and let D = {qe Q: Ar dim Earl n(m) = d}. It will be 
enough to show that |D| > x and Q IF |D| = No. 

The latter statement is easier: Q forces D to be the range of the partial function f 
on w X w defined by f(n,m) = q if n(n) Ik n(m) = q. For the former statement, first 
note that D C Q is dense since D is forced to contain the range of y. It follows that 
D and Q viewed as posets give the same extensions and T is really a D-name. By the 
Mostowski absoluteness between the FR: x P-extension and the D-extension, there must 
be a D-name y for an element of X such that D Ik h(y) F t. Since h is a reduction, it 
follows that (Q, v) is an E-pin equivalent to (P,c). By the initial choice of the cardinal 
x, |Q| => « follows. 


COROLLARY 2.6.6. Let E be an analytic equivalence relation on a Polish space X, 
Borel reducible to an orbit equivalence relation. If E is not pinned then the following are 
equivalent for any partial order P: 

(1) P carries a nontrivial E-pinned name; 
(2) P collapses &, to Xo. 


PROOF. (2) implies (1) by Theorem For the opposite implication, let t be a 
nontrivial E-pinned name on P. Let x be the cardinal of Theorem associated with 
the virtual E-class containing (P,t). Note that x cannot be No since then the Cohen 
poset would carry an E-pinned name equivalent to t; however, all E-pinned names on 
the Cohen poset are trivial by Theorem Note also that P collapses « to Ng since 
it realizes the virtual E-class associated with (P,t). In conclusion, P collapses some 
uncountable cardinal to No, in particular it must collapse X). 


EXAMPLE 2.6.7. Consider the equivalence relation F, on (2”)®. This is clearly an 
orbit equivalence relation. Every E-pinned name is represented by a set A C 2 by 
Example 2.3.5, The cardinal x of Theorem is equal to |Al. 


EXAMPLE 2.6.8. Let E be the equivalence relation on X = (P(w))® defined by 
Xo E x, if g(x.) and rng(x,) generate the same filter on w. Suppose that in V, there 
is a modulo finite strictly decreasing sequence a = (a, : & € W2) of subsets of w. Let P 
be the Namba forcing. It is well-known that P preserves &, and adds a cofinal sequence 
og: @— wy tO Ww. Let t be the P-name for ao o. It is immediate that T is a nontrivial 
E-pinned name on P. Thus, the assumption that E be reducible to an orbit equivalence 
in Corollary cannot be omitted. 


2.7. Absoluteness 


This section compiles the available information regarding the absoluteness of var- 
ious notions regarding the virtual equivalence classes. The most substantial and useful 
statement is Corollary if E is a Borel equivalence relation then its pinned status 
is absolute among all generic extensions. 


THEOREM 2.7.1. Suppose that E is a Borel equivalence relation on a Polish space X. 
The following are equivalent: 
(1) E is pinned; 
(2) For every w-model M of ZFC containing the code for E, M F E is pinned. 
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PROOF. For simplicity assume X = w®. The implication (2)—(1) is trivial. If 1) 
fails, then E is not pinned, and the failure of (2) is witnessed by M = V. 

The implication (1)—(2) is more difficult. We start with an abstract claim which 
can be used in several other absoluteness results, and which appears in several less 
efficient versions in existing literature. Say that an w-model N of ZFC is correct about 
stationary sets if for all sets a, b € N, if N F ais uncountable then in fact a is uncount- 
able, and if N F b c [a]*° isa stationary system of countable sets, then in fact b is a 
stationary system of countable sets. Note that as N is an w-model, for any set c, if N Fc 
is countable then in fact c is countable. 


CLAIM 2.7.2. [5, Theorem 1.12], [57, Section 4] Let M be a countable w-model of a 
large fragment of ZFC. Then there is an elementary embedding j : M — N such that N 
is an w-model correct about stationary sets. 


PROOF. We start with setting up a bookkeeping tool. By a classical result of Solo- 
vay, @, can be decomposed into &, many stationary sets. Thus, there is a surjective 
function f : w, — w, X w such that preimages of singletons are stationary. 

Now, by recursion on a € @, build countable w-models M, of ZFC and maps 
ipa? Mg > M, forall 8 € a. With each model M, we also pick a surjection 77g : @ > 
M,, arbitrarily. The following are the recursive demands on the construction: 

* M = My and (j5g: My > Mg: >€ B € a) isa commuting system of 
elementary embeddings; 

* if a € w, is limit then Mg is the direct limit of the previous models and em- 
beddings; 

+ whenever a € , is an ordinal such that f(a) = (6,n) and B € a and Mg F 
b = 74(n) is a stationary system of countable sets on a = (Jb, then writing 
C= joa+iJpa(a) we get that Mz, contains cand Mz41 F ¢ © jge41(b). 


It is only necessary to show how the last item is arranged. Thus, suppose that its as- 
sumptions are satisfied at a € w,. Work in the model M, and consider the poset P 
of all stationary subsets of b, ordered by inclusion. Since the model M, is countable, 
there is a filter G C P generic over the model My. Let jag): My > Mg41 be its asso- 
ciated generic ultrapower as in [51l, Lemmas 22.13 and 14]. Then Mz, will be again 
an w-model. Note that the set c belongs to the model M,,, as it is represented by the 
identity function; it also has the requested properties by the Los theorem. 

In the end, let j: M — N be the direct limit of the system of elementary embed- 
dings produced during the recursion; we claim that this embedding works as required. 
Suppose then that M F b is a stationary system of countable sets on a = |) b. To show 
that b is indeed stationary, let d be a closed unbounded set of countable subsets of a, 
and work to show that dnb # 0 holds. Fix an ordinal 8 € w, and a number n € wsuch 
that b = jgq,(ag(1)). Let K be a countable elementary submodel of a large substruc- 
ture, containing in particular the set d, the ordinal 6, and the system of elementary 
embeddings constructed above, and such that f(a) = (8,n) where a = KN @,. Sucha 
model exists by the initial choice of the function f. Clearly KN a € d; we will be done 
once we show that Knaeéb. 

To see this, let c = jga+4iJge(U 7(n)). By the elementarity of the embedding 
Joti, and the last item above, it is the case that jy4i4,(c) € b. Also, jesin, © = 
Fec+100,¢ = Jeo, Jpe(U 7g(n)), By the elementarity of the model K and the second item 
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above, the latter expression is exactly equal to K n ipa,(U 7g(n)) = K na. This com- 
pletes the proof. 


Now, back to the theorem. Suppose that (2) fails. Fix a w-model M of ZFC containing 
the code for E such that M F E is unpinned; taking an elementary submodel if neces- 
sary we may assume that M is countable. Let j: M — N be an elementary embedding 
from the claim. By elementarity, N F E is unpinned, so there is a poset P and a P-name 
t such that N F risa nice nontrivial E-pinned name. We will show that in fact t really 
is a nontrivial E-pinned name. 

First of all, t indeed is E-pinned. If Gg,G, C P are mutually generic filters then 
N[Gp, G,] FE t/Gp E t/G, holds, and by the Borel absoluteness between N[Gp, G,] and 
V[Go, G,], T/Gp E t/G, holds in V[Go, G,] as required. To show that 7 is a nontrivial 
E-pinned name, assume towards a contradiction that there is a point x € X such that 
P | t E X; the difficulty resides in the possibility that x ¢ N. 

Let « be some large cardinal in the model N. Let K be a countable elementary 
submodel of a large structure containing in particular N,P,t, and x, such that c = 
KnNn \, belongs to the model N and is countable there. Such a model K exists since 
the model N is correct about the stationarity of the set it views as [V.]®°. Work in the 
model N. Since c is an elementary submodel of \,, it follows that o = tN c is an E- 
pinned name on the poset Q = Pc. Since the poset Q is countable, by Theorem 
below applied in the model N, there must be a point y € N such that Q Ik o E y. Now, 
work in the model K and observe that Q lk o E X. It follows that x E y. Now, back in 
the model N it must be the case that P Ik zt E y, contradicting the assumption that r is 
a nontrivial E-pinned name. 


COROLLARY 2.7.3. Let E be a Borel equivalence relation on a Polish space X. The 
statement “E is pinned” is absolute between all generic extensions. 


PROOF. The validity of item (2) of Theorem does not change if one only 
considers countable models. This follows from an immediate downward L6wenheim- 
Skolem argument. The countable model version of (2) is a coanalytic statement, and 
as such it is absolute among all forcing extensions by the Mostowski absoluteness. 


The absoluteness of the pinned status of analytic equivalence relations does not al- 
low a similar sweeping statement. Consider a IT} set A C 2° which contains no perfect 
subset, but is uncountable in the constructible universe L [51, Corollary 25.37]. Let E 
be the analytic equivalence relation on X = (2”)® defined by xp E x, if either both 
rmg(x,), mg(x,) have nonempty intersection with the complement of A, or rng(xo) = 
rng(x,). In L, the equivalence relation E is not pinned, as witnessed by the Coll(w, A)- 
name for the generic enumeration of A. At the same time, in the Coll(w, 2”)-extension 
of L, the (reinterpretation of the) set A is countable, containing only constructible 
elements, and in consequence the equivalence relation E is smooth, so pinned. On 
the other hand, in the presence of sufficiently large cardinals the pinned status of ev- 
ery analytic equivalence relation is absolute by a proof similar to the proof of Theo- 
rem where we adjust Claim to input a well-founded model M of ZFC plus 
the statement that there is a propoer class of Woodin cardinals, and output a well- 
founded model N correct about stationary sets. The adjustment needs the classical 
well-foundedness results regarding the well-foundedness of the stationary tower ultra- 
power in [{72,/113]. We refrain from providing further detail. 
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Another natural question concerns the computation of the various cardinal invari- 
ants of equivalence relations in inner models. In particular, we would like to see that 
ifM C Nare transitive models of ZFC containing the code for an analytic equivalence 
relation E, then (x(E))” < (x(E))%. Interestingly enough, this is not clear, and we only 
have a positive answer in the case of orbit equivalence relations and their relatives. 


THEOREM 2.7.4. Let E bean analytic equivalence relation on a Polish space X almost 
reducible to an orbit equivalence relation. Let M be a transitive model of large fragment 
of set theory containing the codes for E, the group action, and the almost reduction. Then 
K(E) < x(E) holds. 


PROOF. To begin, let [ be a Polish group continuously acting on a Polish space Y, 
inducing an orbit equivalence relation F. Leth: X — Y bea Borel reduction of E to 
F. Choose I’, Y, h so that they belong to the model M. 

Suppose that the conclusion of the theorem fails. Then, writing x = (x(E))”, in 
the model M there exists an E-pin (Q, Tt) such that M F (Q, rT) is not equivalent to any E- 
pin on a poset of cardinality less than x. By Theorem 2.6.3] applied in the model M, this 
means that if.N is a generic extension of M, then N F (Ax € XQ IK TEX) > |x| = No). 

Let (R,c) be an E-pin in V such that |R| < xandQxR IF tEo. LetGc Q, 
Hc RandK CRA be filters mutually generic over V. Write yp = h(t/G), y, = h(a/H), 
write y € I for the generic point associated with the filter K, and let y, = y- y,. By the 
assumptions, yo, y,, and y, € Y are mutually orbit-equivalent points. 


CLAIM 2.7.5. The point y, € Y is generic over the model M, and in the model M[y,]| 
there exists a point x € X such that M[y,|]F Q IF TEX. 


PROOF. There is a point 6 € Tin the model V[G][H] such that y, = 6- yp. The 
point y € Tis R.-generic over V[G][H] by the product forcing theorem. Now, multi- 
plication by 6 from the right is an automorphism of the poset F;, so the point v6 € T 
is R:-generic over V[G][H]. Therefore, the point 76 is also F,-generic over the smaller 
model M[G], and by the product forcing theorem, G and yé are mutually generic ob- 
jects over M. The point y, = v6 - yo € M[G, y6] belongs to a generic extension of M, so 
is generic over M itself. 

Now, the model M[y,] is transitive, so by Mostowski absoluteness it must contain 
a point x € X such that h(x) F yp, since one such point o/H exists in the model 
V|[H][K]. We claim that M[y,] F Q IF t E X. To see this, observe that the filter G C Q 
is generic over the model V[H]|K], so also generic over the smaller model M|y,]. Since 
M[G]ly2] F Yo = h(7/G) F yy, the forcing theorem implies that M[y,] F Q IF h(t) F yy, 
sot E xX. 


By the second paragraph of the proof, it must be the case that M[y,] F |x| = No; 
therefore, V[H][K] F |x| = No. This, however, contradicts the assumption that in V, 
|R| < x, which is equivalent to |R x Fh| < x. 


2.8. Dichotomies 


This section presents three theorems which characterize various complex features 
of the virtual realm in terms of dichotomies. It turns out that each of the dichotomies 
uses a preparatory proposition or two on the descriptive theory of forcing and model 
theory. These preparatory propositions are perhaps more difficult to state properly 
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than to prove. Nevertheless, they are unavoidably needed and they do not seem to 
be present in published literature. We gather them in the first subsection, while the 
second subsection contains the dichotomies themselves. 


2.8a. Preliminaries. The first two auxiliary propositions concern pure model 
theory; they show that the satisfaction relation and the construction of models from 
indiscernibles are in a suitable sense Borel affairs. The proofs are straightforward and 
left to the reader. For both of them, fix a countable language and let X be the Polish 
space of models of that language whose universe is w. 


PROPOSITION 2.8.1. Suppose that f : 2% — X is a Borel function, ¢ is a formula of 
the language with n free variables, and g; : 2° > w are Borel functions for every i € n. 


The set {x EX: f(x) F (g(x), 1 (x)... Z,-1(X))} is Borel. 


Let T be a Skolemized complete consistent theory containing a linear ordering. Let S 
be the theory of an infinite ordered set of indiscernibles in the linear order of T. Let Y 
be the space of all linear orderings on w. 


PROPOSITION 2.8.2. There are Borel functions f : Y > Xandg: YXw-— wsuch 
that for each y € Y, 


(1) fO) is a model of T; 

(2) the function gy: @ — w is an order-preserving map from the ordering y to the 
ordering of f(y) and its range consists of indiscernibles with theory S; 

(3) the model f(y) is a Skolem hull of rng(g,). 


The rest of the subsection deals with models of set theory, showing that the con- 
struction of their generic extensions is a Borel affair. Thus, let X be the Polish space of 
all models for the language with one binary relation whose universe is w. Let Y be any 
uncountable Polish space, serving as an index space. Let M: Y ~ XandP: Y>@ 
be Borel functions such that for each y € Y, M(y) is a model of (a large fragment of) 
ZF and M(y) F P(y) is a partially ordered set. 


PROPOSITION 2.8.3. There is a Borel function G: Y — P(w) such that for every 
y € Y, G(y) is a filter on P(y) which is generic over M(y). 


PROOF. By induction on n € w define Borel functions f,, : Y > w so that 


* for every y € Y, M(y) F fo() is the largest element of the poset P(y); 

* for every y € Y andn € a, if M(y) F nis an open dense subset of the poset 

P(y), then f,41() is the smallest number m such that M(y) F mis an element 

of n and it is smaller that f,(y) in the poset P(y); otherwise, f,4107) = f,0)- 

The functions defined in this way are Borel by Proposition Define the function 
G: Y > Pw) as follows: for every y € w, G(y) is the set of all m such that M(y) F m 
is an element of the poset P(y) and for some n € w, M(y) F f,(y) is smaller than m in 
the poset P(y). It is clear that the function G works. 


Now, suppose that a Borel function G: Y — P(w) as in Proposition is given; 
we want to produce the generic extensions. To wit, we have to produce the generic 
extensions as Borel functions on Y and also the valuation functions for names in the 
ground models as Borel functions. 
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PROPOSITION 2.8.4. There are Borel functions M[G]: Y > Xandv: Yxw7>w 
such that for every y € Y, M[G](y) is a generic extension of M(y) by G(y) and for every 
n € a, v(y)(n) = n/G(y) whenever M(y) FE nis a P(y)-name. 


PROOF. Let E be the Borel equivalence relation on Y x w connecting pairs (yo, No) 
and (y,,”) if yp = y, and (denoting their common value by y) either M(y) F neither 
No, Ny, is a P(y)-name or M[y] F both ng, n, are P(y)-names and there is some condition 
p € GQ) such that M(y) F p lk no = ny. Letv: Y X w > w be the Borel function 
defined in the following way: f(y)(n) = 0if M(y) F nis not a P(y)-name, and f(y)(n) = 
mif M(y) F nis a P(y)-name and, writing n’ for the smallest name E-related to n, there 
are exactly m-many E-classes of P(y)-names represented by numbers smaller than n’. 
Let M[G] be the Borel function defined in the following way: M[G](y) connects the 
pair (mo, m,) just in case there are numbers np,n, € w such that M(y) F n,n, are 
P(y)-names, f(y)(19) = Mp +1, f(y)(%) = m, + 1, and there is a condition p € G(y) 
such that M(y) F p IF np € ny. The Borelness of the functions M[G] and v follows 
from Proposition 


The construction of the generic filters may be subject to an additional constraint. Sup- 
pose that FE is an equivalence relation on a Polish space Z, coded in each model M(y). 
Suppose that 7: Y > w isa Borel function such that for each y € Y, M(y) F t(y) is 
a P(y)-name of an element of Z. Suppose that z: Y —> Z is a Borel function. Can we 
find a Borel function G: Y — P(w) such that for each y € Y, G(y) is a filter on P(y) 
generic over M(y), such that the valuation of t(y) over G(y) is E-related to z(y)? To 
come to a useful affirmative conclusion, we assume that the models in the range of the 
function M are all well-founded, and the equivalence relation E is induced as an orbit 
equivalence relation of a continuous action of a Polish group I on the space Z. In such 
circumstances, we have the following: 


PROPOSITION 2.8.5. Given E, M, P,t as above: 


(1) the set B = {y € Y: there is a filter G C P(y) generic over the model M(y) such 
that t(y)/G is E-related to z(y)} is Borel; 

(2) there is a Borel function G: B + P(w) such that for every y € B, G(y) C P(X) 
is a filter generic over M(y) such that t(y)/G(y) is E-related to z(y). 


PROOF. Let F- be the poset of all nonempty open subsets of T ordered by inclusion, 
with its name y for a generic element of I’. Use Proposition to find Borel functions 
Q,a: Y > wso that for every y € Y, M(y) F Q(y) is the complete subalgebra of the 
complete Boolean algebra of P(y) x # generated by the name o(y) = y - t(y). 

Let D = {(y,6,G) € YX xP(w): GC Q(y) isa filter generic over the model M(y) 
such that v(y)/G = 6 - z(y)}. This is a Borel set by Proposition 2.8.1] The projection of 
D into the Y coordinate is the set B. 


CLAIM 2.8.6. For each pair (y,5) € Y xT, the vertical section Dyg is either empty or 
a singleton. 


PROOF. This uses the wellfoundedness of the model M(y). Suppose that the sec- 
tion D,s is nonempty, containing some filter G. As M(y) F“Q(y) is completely gen- 
erated by the name o(y)”, the filter G can be recovered by transfinite induction using 
infinitary Boolean expressions in M applied to 6 - z(y); therefore, it is unique. 
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Write C C Y xT for the projection of D into the first two coordinates. Since one-to-one 
projections of Borel sets are Borel Theorem 15.1], the set C is Borel. 


CLAIM 2.8.7. For each point y € Y, the section Cy either empty or else comeager in T. 


PROOF. To simplify the notation, fix y € Y and omit the argument y from the 
expressions like M(y), o(y).... Suppose that the [-section C, is nonempty. Thus, there 
is a filter G C P bea filter generic over M such that 1/G is E-related to z. Let A C T be 
the set of all elements of the group I which are R.-generic over the model M[G]]; this is 
a co-meager set. Let 6d € T be an element of the group such that t/G = 6 - z. Then the 
vertical section C, contains the set A - 6 which is co-meager as the right multiplication 
by 6 is a self-homeomorphism of the group I. 


As the category quantifier yields Borel sets [58, Theorem 16.1], the set B as the pro- 
jection of C into the first coordinate is Borel. Borel sets with nonmeager vertical sec- 
tions allow Borel uniformizations [58, Theorem 18.6], so there is a Borel uniformization 
f:B-—TofC. As the set D has singleton vertical sections, it is itself its uniformiza- 
tion g: C > P(w). Let H: B > P(w) be the function defined by H(y) = g(y, f(y). 
Thus, for every y € B, H(y) C Q(y) is a filter generic over M(y) such that o(y)/H(y) is 
E-related to z(y). 

Now, let R: Y > w bea Borel function such that for every y € 2°, M(y) F RQ) is 
a name for the quotient poset P(y) x B-/Q(y). Use Propositions and to find 
a Borel function K : B > P(w) such that K(y) C R() isa filter generic over the model 
M(y)[H(y)]. Let G: B + P(w) be a Borel function indicating a filter on P(y) which is 
the P(y)-coordinate the composition of H(y) « K(y). The function G has the required 
properties. 


COROLLARY 2.8.8. Suppose that T is a Polish group continuously acting on a Polish 
space X, inducing an orbit equivalence relation E. Let M be a countable transitive model 
of set theory containing a code for the action, let P € M bea poset andt € M bea P-name 
for an element of the space X. Then 


(1) the set B = {x € X: 4G C P generic over M such that t/G = x} is Borel; 
(2) the equivalence relation E | B is Borel. 


PROOF. (1) is immediate from the proposition. To see (2), consider the set C = 
{(x,y) € X? : JGxH C Px F, generic over M such that x = t/G and y = (Ygen/H) - X}. 
The set C is Borel by the proposition again. Now, for x,z € B, x E z just in case the 
set A,, ={y ET: (x,y-z) € Chis comeager inT. To see this, note that if x E z fails 
then the set A,, C I is actually empty, and if x E z holds with 6 - x = z, then the 
Axz > {y €T: y- 671 is B-generic over M[x]} and the latter set is comeager since it is 
a shift of the comeager set of all points in T which are R.-generic over the model M[x]. 

Finally, observe that the equivalence relation E | B is obtained by an application 
of the category quantifier to the Borel set {(x, z,y) € BX BXT: y € Axz)}, so is Borel 
by [58, Theorem 16.1]. 


2.8b. Results. The first dichotomy characterizes the existence of the pinned car- 
dinal in analytic equivalence relations. 
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THEOREM 2.8.9. Assume that there is a measurable cardinal. Let E be an analytic 
equivalence relation on a Polish space X. The following are equivalent: 
(1) «(E) = 00; 
(2) Cw Kq E. 
PROOF. (2) implies (1) by Example and Theorem The large cardinal 


assumption is not needed for this direction. For the (1)—(2) implication, suppose that 
x(E) = oo. Let x be a measurable cardinal. 


CLAIM 2.8.10. There exist a poset P of cardinality x and an E-pinned P-name Tt such 
that t is not E-related to any name on a poset of cardinality less than x. 


PROOF. Since x(E) = oo, there exist a poset Q and an E-pinned Q-name o which 
is not E-equivalent to any name on a poset of cardinality less than x. Choose an ele- 
mentary submodel M ofa large structure such that |M| = x, % C Mand Q,o € M. Let 
P=QnNM and let tT=o0NMM. We claim that P, t works as required. 

Indeed, if Gx H Cc Px Pisa filter generic over V, then it is also generic over M, by 
the elementarity of M and the forcing theorem in M M[G, H] F t/G E t/H, and by the 
Mostowski absoluteness between M[G,H] and V[G,H], V[G,H] — t/G E t/H. This 
proves that the name T is E-pinned. If Ris a poset in V of cardinality smaller than x and 
v is an E-pinned R-name and G x H Cc Px Risa generic filter over V, then R,v € M, 
the filter G x H also generic over M, by the elementarity of M and the forcing theorem 
in M M[G,H] F 7=1t/G E v/H, and by the Mostowski absoluteness between M[G, H] 
and V[G,H], V[G,H] § 77/G E a/H. This proves that v EF t fails and completes the 
proof of the claim. 


Choose a poset P on x and an E-pinned name 7 as in the claim. Choose a large enough 
cardinal @ and skolemize the structure (Hg, €, P, tT) of sets whose transitive closures 
have cardinality less than 6. Let T be the theory of the skolemized structure. Let 
j: V = Mp) - M, be an ultrapower embedding associated with some normal mea- 
sure on the measurable cardinal x, and let j,,: V — M,, be its iterations of length n for 
n < o. The ordinals {j,(x): n € w} form a sequence of indiscernibles in the model 
Jw(He). Let S be the theory of the indiscernibles in this structure. Let Y be the space 
of all linear orderings on w, and let Z be the space of all binary relations on w. By 
Propositions and there are Borel functions M: Y > Z,G: YxM > P(o), 
P: Y > wandt: Y > wsuch that whenever y € Y is a linear ordering then M(y) 
is a model of T which is a Skolem hull of indiscernibles of ordertype y satisfying the 
theory S, P(y) is its version of the poset P, and r(y) is its version of the name t, and 
G(y) C PQ) is a filter generic over the model M(y). Note that all models M(y) are 
w-models, so compute the Polish space X correctly. Letk: Y — X be the function 
defined by k(y) = t(y)/G(y), which is Borel by Proposition 2.8.4) It will be enough to 
show that k is a Borel reduction of E,,, to E on the set of y € Y which are well-orders. 

Suppose first that yo, y, € Y are well-orders of the same length. Then the models 
M(jo),; M(y,) are wellfounded and isomorphic. Write N for their common transitive 
isomorph and Q,c for its version of the poset P and the name t. Thus, N F ais an 
E-pinned Q-name. The filters Gv), GQ) C Q are separately generic over N. Let 
GC Q bea filter generic over both countable models N[G(y)] and N[G()]. By the 
product forcing theorem, the filters G(yp) x G and G(y) x G are both Q x Q-generic 
over N. As N F cis an E-pinned name, it follows that N[G(y), G] F o/G(y) E o/G 
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and N[G(,),G] EF a/GQ,) E a/G. By the Mostowski absoluteness between these 
two models and V, and the transitivity of the relation E, o/G(o) = kip) E k(Q,) = 
a/G(y,) follows. 

Suppose now that yo, y, € Y are well-orders of different lengths; say that yo is 
shorter than y,. Let No be the transitive isomorph of M(j), let xo, %, 09 be the versions 
of x, P, and t in the model No, and let Gp C R be the filter generic over No indicated 
by G(y,). Similar notation prevails for subscript 1. Leti: No > N, be the elementary 
embedding obtained by sending the indiscernibles of No to an initial segment of the 
indiscernibles of N,. Note that the critical point of i is exactly x9, soR € N, as R = PB | 
xo. Also, N; F || < *,. Find a filter G C R generic over both the countable models 
No[Go] and N,[G,]. Since No F oo is E-pinned, the Mostowski absoluteness between 
V and No[G, Go] implies that o9/Gy E o9/G holds. Since N, F 9, is not E-equivalent 
to any name on a poset of cardinality smaller than x,, in particular to op, it follows 
from the Mostowski absoluteness between V and N,[G, G,] that 09/G E o,/G, fails. In 
conclusion, k(9) = 09/Gp E 0,/G, = k(y,) fails as required. 


The status of a Borel equivalence relation as pinned/unpinned may be absolute be- 
tween models of ZFC by Corollary 2.7.3, However, if one dares to look at choiceless 
models, a much more colorful picture comes to sight. The simplest description of the 
pinned status occurs in the Solovay model, where it actually obeys a former conjecture 
of Kechris [54, Question 17.6.1]. 


THEOREM 2.8.11. The following holds in the Solovay model derived from a measur- 
able cardinal. Let E bean analytic equivalence relation on a Polish space X. The following 
are equivalent: 

(1) E is unpinned; 
(2) F, <Eor Ey Su E 


PROOF. Let x be a measurable cardinal and let W be the derived Solovay model. In 
W, (2) certainly implies (1) as the proofs that F, E,,, are unpinned work in ZF, and the 
proof that pinned equivalence relations persist downwards in the reducibility orderings 
works in ZF+DC. 

For the implication (1)— (2), assume that W F F is unpinned. There must be a 
poset P and a nontrivial E-pinned name Tt on the poset P, both in W. Both P and t 
must be definable in W from a ground model parameter z € 2”. For simplicity of the 
notation assume that z € V. Return to V. Let Q be the two-step iteration Coll(w, < 
K) * P, and write o for the Q-name obtained from the P-name Tt. There are two cases. 
Case 1. There is a condition q € Q such that the Q | q-name co is E-pinned. In this 
case, we will conclude that E,,, <q E and use the Shoenfield absoluteness to transfer 
the almost reducibility to the Solovay model. To simplify the notation assume that q is 
the largest element of the poset Q. 

Observe that the name o cannot be E-equivalent to any name on a poset of cardi- 
nality smaller than x. Suppose for contradiction that R is a poset of cardinality smaller 
than x and y an E-pinned R-name such that (R, v) E (Q,c). In W, let H C Rbea 
filter generic over V. By Proposition applied over V,W FE P lk t E y/H. This 
contradicts the assumption that V[G] F PIF Vx € XN V[G] 7-7 E x. 

Now, it follows that x(E) > x. By Theorem 2.5.42), since x is a measurable cardi- 
nal, x(E) = oo. By Theorem 2.8.9, E,,, <q EF as desired. 
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Case 2. For every condition q € Q, the Q | q-name co is not E-pinned. In this case, 
we will conclude that F, is reducible to E. Then, a Shoenfield absoluteness argument 
shows that the Borel reduction of F, to E remains a Borel reduction also in the Solovay 
model. 

Fix a countable elementary submodel M of a large structure containing the code 
for E, the posets P, Q and the name t. Write R = Coll(w, < x) NM. Let Z = 2%, and use 
Proposition to find a Borel function G from Z to P(M) such that for every finite 
set a C Z the filters G(z) C R for z € a are mutually generic over M. For every set 
ac Zwrite 22 = U{2? oM[TI,., G(2)]: b C a finite}, M, = M(2@), R, and t, for the 
poset and name in M, defined in the model M(2@) by the formulas ¢$p and ¢,. Similar 
usage will prevail for functions y: @ — I, writing B, = Rygryy ete. 


LEMMA 2.8.12. 


(1) whenever a C Z isa nonempty set then there exists a filter h C R generic over M 
such that 2° (1 M[h] = 22; 

(2) whenever a,b,c C I are pairwise disjoint countable nonempty sets then there 
is a filter hg X hy X h, C R® generic over M such that 2° = 2° \ V[hq] and 
similarly for 2? and 22; 

(3) whenever a, b are distinct countable subsets of I then P, x F, |k 7ty E Tp. 


PROOF. For (1), let S = {k: da €xNM Jb Cc abis finite and k C Coll(w,< a)NM 
is a filter generic over M and k € M[G(z): z € b]} and order S by inclusion. Let K c S 
be a sufficiently generic filter; we claim that h = U K works as desired. Indeed, a 
simple density argument shows that h C R is an ultrafilter all of whose proper initial 
segments are generic over M. By the x-c.c. of Coll(w, < x), the filter h is in fact generic 
over M itself. A straightforward genericity argument using Fact[L.7.14| then shows that 
22 = 2° 1 M[h| as desired. 

(2) follows easily from (1). Let hg,hp,h, C R be any filters obtained from (1); 
we will show that these filters are in fact mutually generic over the model V. Since 
Coll(w, < «)* has x-c.c.c., it is enough to show that for every ordinal a € x, the filters 
hE = ha Nn Coll(w,< a), hf = hy n Coll(w,< a), and h¥ = h, N Coll(w,< a) are 
mutually generic over V. Since the filters hZ, hf and h¢ are coded by reals in the 
models M[h,], M[h,], and M[h,],there are finite subsets a’, b’,c’ of a, b,c respectively 
such that h¢ € M[JJ,_,, gi] etc. The mutual genericity now follows from the general 
Corollary about product forcing. 

(3) is proved in several parallel cases depending on the mutual position of the sets 
a, b vis-a-vis inclusion. We will treat the case in which all three sets an b,a\ b,b\a 
are nonempty. Suppose for contradiction that P, x RB, Ik tg E t. From (2), it follows 
that in V, the triple product Coll(«, < x)? forces Ro, 4X hi, 2} IF 70,1) E 7%,2}. Then, the 
quadruple product Coll(w, < «)* forces in V that Bo Xx By, 2} x Py 42,3} IF To,1; E %1,2; F 
72,3}, in particular Boy x Bo 3} IF %o,1; X 2,3}. In view of (2) again, this means that 
the product Coll(w, < «) x Coll(w, < x) forces Reg X Right |- Tiert E Tight. In other 
words, (Coll(w, < «) * P) x (Coll(w, < x) * P) forces doje, E Oright, contradicting the case 
assumption. 


Write Y = (2°)® = dom(F2). Use the Lusin—-Novikov theorem to find a Borel map 
g: Y — (2°)® such that for every y € Y, g(y) enumerates the set 25). Use Lem- 
mas 2.8.12(1) and to find a Borel map h: Y > P(QNM) such that for every 
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y € Y,h(Qy) C Qis a filter generic over M and rng(g(y)) = 2° N V[ho(y)], where 
ho(y) C R is the filter generic over M obtained from h(y). Letk: Y > X be given by 
k(y) = t/h(y); this is a Borel map by Lemma We will show that k is a reduction 
of F, to E. 

First, assume that yo, y, € Y are F2-related. Then rng(y,) = rng(y,), mg(g(v)) = 
rng(g(y))), soM,, = My,, B,, = 8, and t,, = t,. Let H C B, bea filter generic over 
both countable models M,, [k(yo)] and My, [k(y,)] and let x = 1,,/H. By the forcing 
theorem applied in the model M,, = My, and the fact that z,, is an E-pinned name, 
conclude that x E k(yo) and x E k(y,), so k(x) E k(x,) as desired. 

Second, assume that yo, y,) € Y are not F,-related. Choose a sufficiently generic 
filter Hy) x H, C B, x B,, so that Ho is generic over M,, [k(yo)] and Hy, is generic 
over My, [k(y,)]. As the names 7, and t,, are E-pinned, the forcing theorem in the 
models M,, and M,, implies that k(yo) E t,,/Ho and k(y,) E 1,,/H,. Now, t,,/Ho E 
Ty, /H, fails by Lemma B.8.12(3), so k(yo) E k(y,) must fail as well. This completes the 
proof. 


COROLLARY 2.8.13. The following holds in the symmetric Solovay model derived 
from a measurable cardinal. Let E be a Borel equivalence relation on a Polish space X. E 
is unpinned if and only if F, < E. 


PROOF. This follows from Theorem once we show that the option E,,, <q 
E is not available for any Borel equivalence relation E. This in turn follows easily 
from results on the pinned cardinal x(E) obtained in Section 2.5: x(E) < co by Theo- 
rem B.5.6(1), x(E,,,) = co by Example and the pinned cardinal is monotone with 
respect to the reducibility ordering <,-Theorem B.5.4. 


CHAPTER 3 


Turbulence 


In this chapter, we investigate pairs of generic extensions V[Hg| and V[H,] such 
that V[Hp] nN V[H,] = V. Ina particularly successful application, this allows us to 
restate Hjorth’s concept of turbulence in geometric terms and produce many general- 
izations of the associated ergodicity theorem [59, Theorem 12.5]. 


3.1. Independent functions 


The purpose of this section is to find a practical way of producing many extensions 
which satisfy the condition V[Hj] Nn V[H,] = V without being mutually generic. We 
need a folkloric observation. Recall that for a Polish space X, the poset Py consists 
of nonempty open subsets of X ordered by inclusion; Xgep is its name for the unique 
element of X belonging to all open sets in the generic filter. 


PROPOSITION 3.1.1. Let X,Y be Polish spaces and f : X — Y bea continuous open 
function. Then Px forces f(Xgen) to be a Py-generic element of Y. 


PROOF. It is just necessary to show that for every open dense set D C Y, Py IF 
f(Xgen) € D holds. To this end, let O € FR be a condition. The set f”O C Y is 
open; therefore, it has nonempty intersection with D. Consider the nonempty open 
set O' = (f-\(f’OND))NO C O. For every point x € O’, f(x) € D holds, so 
O' IF f(Xgen) € D as required. 


Now suppose that X, Yo, Y, are Polish spaces and fo: X > Yo and fj: X — Y, are 
continuous open maps. We want to find a criterion implying that Py IF V[fo(Xgen)] 
VI fi(Xgen)] = V. The following turbulence-like definition is central. 


DEFINITION 3.1.2. Let X, Yo, Y; be Polish spaces and fy: X — Yo and f,: X ~ Y 
be continuous open maps. Let k € w be a number. A walk (of points) of length k is a 
sequence (x; : i < k) of points in X such that for each i € k, either fo(x;) = fo(%i41) or 
fiQi) = fii+1) holds. 


DEFINITION 3.1.3. Let X, Yo, Y; be Polish spaces and fy: X — Yo and f,: X —~ Y 
be continuous open maps. The functions fo, f, are independent if for every nonempty 
open set O C X there is a nonempty open set A C Yo such that for all nonempty open 
subsets By, B, C A there is a walk consisting of points in O starting in fj ‘By and ending 
in, fy “By 


It may appear that the definition is not symmetric with respect to the maps fo, fj. In 
fact, the definition is symmetric, and this follows as a small corollary from the following 
central theorem. 
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THEOREM 3.1.4. Suppose that X, Yo, Y, are Polish spaces and fy: X — Yo and 
fi: X > Y, are continuous open maps. The following are equivalent: 


(1) fo. fi are independent; 
(2) Py IF VU fo(Xgen)] AVI Ai Xgen)] = V where Xgen is the Px-name for the generic 
element of X. 


Andy Zucker remarked in personal communication that item (2) can be naturally re- 
stated without reference to forcing as a statement about impossibility of completing 
the functions fo, f, to a nontrivial commutative diagram: whenever gy: Yo — Z and 
8, : Y, > Z are Borel functions to a Polish space Z such that the set {x € X : go(fo(x)) 
= g1(f,(x))} is non-meager, then there is a point z € Z such that {x € X: go(fo(x)) = 
21(f,(x)) = z} is non-meager. 


PROOF. For the (1)—(2) implication, we need a preliminary definition and a claim. 
Let k € w be a number. A walk of open sets of length k is a sequence (O;: i < k) 
of nonempty open subsets of X such that for each i € k, either fo’0; = fo’Oj4, or 


a” _ ”" 
1 O; = fi Oj41- 


CLAIM 3.1.5. Let k € w bea number. Suppose that (x; : i < k) is a walk of points, 
O; C X are open sets such that x; € O;, and D is a finite collection of open subsets of X. 
Then there is a walk (P.: i < k) of open sets such that BC O; holds for each i < k and for 
each U € Dand eachi < k, P is either disjoint from U or a subset of U. 


PROOF. By induction on k. The case k = 0 is trivial. Suppose that the claim has 
been proved for k and (x; : i < k +1) is a walk of points, O; are open sets, and D is a 
finite collection of open subsets of X. Suppose for definiteness that fo(x;) = fo(Xk41)- 
Shrinking O, and O;,,, if necessary, we may assume that fs’O, = fo Ox41. For each 
open set U € D let U' = (J{V c X: Vis open and fo 'fy’V C U} and let E = 
{U’: U € D}. By the induction hypothesis, there is a walk (BR: i < k) of open sets 
such that PB C O; and FP is either disjoint from or a subset of each element of DUE. Let 
Peat = fo fo Be M Ox41 and observe that the walk (BR : i < k + 1) of open sets works as 
required. 


Assume now that the functions fo, f, are independent. Since the models in (2) satisfy 
ZFC, it is enough to show that every set of ordinals in the intersection is actually in V. 
To this end, suppose that to, 7 are Ry, and R,, -names for sets of ordinals. We will abuse 
notation somewhat and write 7, also for the Py-name for T)/ fo (Xgen) and 7, for the B- 
name for 7%/fi(Xgen). Suppose that O C X is a nonempty open set forcing tT) = t,. We 
must find a nonempty open set O’ C O deciding the statement & € 7 for every ordinal 
a. 

Let A C Yo be a nonempty open set standing witness to the independence of the 
functions fo, f,. We claim that for every ordinal a, in the poset Ry,, A IF & € 7% or 
A |F & € 7. Once this is proved, let O’ = On f, 1A and note that O’ decides the 
membership of every ordinal in 7) as desired. 

Suppose towards a contradiction that there exist an ordinal « and nonempty open 
sets By, B, C A such that By Ik & € t and B, lk & € 7. Let (x;: i < k) be a walk 
of points in O such that fo(xo) € Bo and fo(x,) € By. Let U = UW{U: U c X and 
U lk & € mfand U, = U{U: Uc XandU |r & € 7G}. By the claim, there must 
be a walk of open sets (O; : i < k) such that each set O; is a subset of O, Op C fo Bo, 
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Ox C fo By, and each O; is either disjoint from or a subset of Up, and either disjoint 
from or a subset of U,;. This means in particular that each O; decides both statements 
a€tmandae ty. 

Now, since Og IF & € 7 and O, lk & € Ty, there must be a number i € k such 
that O; Ik & € 7 and O;,, IF & € 7. It then must be the case that f5’O;, fo’O;41 C Yo 
are disjoint; therefore, the sets f,"O;, ft’Oi,,; C Y; are equal. This means that the sets 
O;, O;,, must either both force & € 7, or both force & ¢ 1,. In conclusion, one of the 
sets O;, O;,1 forces tT) # 7), a contradiction. 

To see why the negation of (1) implies the negation of (2), letO C X be anonempty 
open set witnessing the failure of (1). For each y € Yo, define the orbit of y to be the set 
of all elements z € Yo such that there is a walk (x; : i < 2k) in O such that fo(x9) = y 
and fo(x2,) = z. Let x € O be a Py-generic and work in the model V[x]. 


CLAIM 3.1.6. The orbit of f(x) is nowhere dense in Yo. 


PROOF. If the orbit were dense in some nonempty open set B C Yo, then in the 
ground model, the set B would show that O is not a witness to the failure of (1). To see 
this, suppose that By, B, C B are nonempty open subsets of B. Working in V[x], find 
walks Wo, W, in O which lead from f(x) to By and B,, invert wy and concatenate with 
w, and get a walk from By to B,. By the Mostowski absoluteness between V[x] and V, 
there must be such a walk in V as well. 


Now look at the set A = {B C Yo: Bis a basic open subset of Yo and B contains no 
element of the orbit of f(x)}. 


CLAIM 3.1.7. A € V[fo(x)]N V[fi(x)]. 


PROOF. In V[x], the set A is defined as the set of all basic open sets B C Yo such 
that there is no walk (x; : i < 2k) in O such that fo(x) = fo(x) and fo(x2;,.) € B. This is 
a II} definition with parameter fo(x) which therefore yields the same set in the model 
Vi foX)]- 

In V[x], the same set A also has an alternative definition: it is the set of all basic 
open sets B C Yo such that there is no walk (x; : i < 2k) in O such that f,(x9) = f(x) 
and fo(x2,) € B. To see this, note that a walk with fo(x,) = fo(x) can be transformed 
into a walk with f,(x9) = f((x) (and also vice versa) by simply adding the point x 
twice to the beginning of the walk. This alternative definition of the set A is again 
TI} with parameter f,(x), so Mostowski absoluteness yields the same set in the model 


VIACI- 


To show that (2) fails, it is enough to argue that A ¢ V. However, ifA € V then JA € 
V is an open dense subset of Yo by Claim and fo(x) ¢ UA. This contradicts 
Proposition B.1.1} the point fo(x) € Y is forced to be R--generic over the ground model, 
so to belong to every open dense set in the ground model. 


3.2. Examples and operations 


Several groups of results in this book depend on an identification of a suitable pair 
of independent maps. The most important example comes from Hjorth’s notion of 
turbulence of group actions. Recall the following standard definition. 
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DEFINITION 3.2.1. [54, Section 13.1] Let I be a Polish group continuously acting 
on a Polish space Y. 


(1) IfU CT,OC Y are sets then a U, O-walk is a sequence (yj: i<k,y: i< k) 
such that for each i < k y; € O holds, and for eachi< ky, € Uand yj, = 
¥; - y; both hold; 

(2) if y € O then U, O-orbit of y is the set of all z € O such that there is a U, O- 
walk starting at y and ending at z; 

(3) the action is turbulent at y € Y if for all open sets U C Tand O C X with 
1 € Uandy € O the U, O-orbit of y is somewhere dense; 

(4) the action is generically turbulent if its orbits are meager and dense and the 
set of points of turbulence is comeager. 


Now, suppose that [ is a Polish group acting continuously on a Polish space Y. Let 
X={(y,¥o.W) ETXYXY: y- Yo = yi} this is a closed subset of [ x Y x Y and Polish 
in the inherited topology. Let fo : X — Y be the projection into the second coordinate, 
fi: X — Y be the projection into the third coordinate, and let ff : X > Ix Y be the 
projection into the first two coordinates. Since the set X can be viewed as a graph of a 
continuous function of any pair of coordinates into the remaining one, these mappings 
are continuous and open. With this notation in hand, we prove: 


THEOREM 3.2.2. Let I be a Polish group continuously acting on a Polish space Y 
such that all orbits are meager and dense. The following are equivalent: 
(1) the action is generically turbulent; 
(2) fo. fi : X — Y is an independent pair of functions; 
(3) By x Py forces V[Xgen] N V[Yeen * Xgen] = V- 


PROOF. For the implication (1) (2), suppose that the action is generically turbu- 
lent. Let O Cc X be a nonempty open set. Find a point 6 € T and open sets U c [and 
Op, O, C Y such that 1 € U, U = U~!, and (6. U x Op X O,) NX C O. Find a point 
y € Og Such that the U, Og-orbit of y is somewhere dense; let A C Y be a nonempty 
open set such that the U, Op-orbit of y is dense in A. We claim that A C Y is an open 
set witnessing the independence of functions fp and fi. 

To see this, let By, B;} C A be nonempty open sets. Concatenating U, O)-walks from 
y to By and By, we can find a U, Op-walk (y;: i < k,y%: i < k) which starts in By and 
ends in B,. Consider the sequence (x; : i < 2k) of points in the open set O Cc X given by 
Xo; = (6, yj, Oyj) and Xzj41 = (6%, Vi, OVi41) ifi < k. It is immediate that this is an walk 
of points in the set O in the sense of Definition confirming the independence of 
functions fo, fi. 

For the implication (2)—(1), suppose that the functions fo, f, are independent. Let 
U CT bean open neighborhood of 1 and Oy) C Y be a nonempty open set. Choose an 
open neighborhood Up C I of the unit such that Up 1. Up C U and let O = {(y, yo, 1) € 
X: y € Ujand yo, y; € Oo}. Suppose that (x; : i < k) is a walk of points in the set O in 
the sense of Definition and x; = (6;,2;,2;); then the sequence (z;: i< k,y:i< 
k) is an U, Op-walk in the sense of Definition where yj, = lifz; = z,, and 
% = 5;,16; if 2; # Zia (in which case z} = z},,). 

Now, ifA C Op is an open set witnessing the independence of fo, f, forO and B CA 
is a nonempty open set, then the set {y € A: there is a walk of points in O from y to 
B} is open dense in A, and by the previous paragraph it is a subset of the set {y € A: 
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there is an U, Op-walk from y to B}. Thus, the set Cy,o, = {y € Y: either y ¢ A or the 
U, O,-orbit of y is dense in A} is comeager. The set of turbulent points then contains 
the intersection (|{Cy,o, : U C Tis a basic open neighborhood of 1 and Op C Y isa 
basic open set} and is comeager. 

The equivalence (2)<+(3) follows from Theorem and the fact that the func- 
tion f, is continuous and open, so the first two coordinates of the Ry-generic point are 
generic for R: x Py by Proposition B.1.1} 


A somewhat similar characterization theorem can be proved for analytic ideals 
ono. 


DEFINITION 3.2.3. [[14] A set I C P(w) is w-hitting if for every countable collection 
of infinite subsets of w there is a set b € I which has nonempty intersection with each 
set in the collection. 


A typical analytic w-hitting ideal is I,, where p is a partition of w into finite sets and 
I D is the collection of all sets a C w such that for some number n € w, for every set 
b € p, |anb| < n. In fact, [49] shows that every Borel w-hitting ideal contains one 
of the ideals [, as a subset in a suitable sense. w-hitting ideals give rise to pairs of 
independent functions in the proof of the following theorem: 


THEOREM 3.2.4. Let I be an analytic ideal on w. The following are equivalent: 
(1) I is w-hitting; 
(2) in some forcing extension, there are points yo, y, € 2” separately Cohen-generic 
over V such that yp =; y, and V[yo| N V[y,] = V. 


PROOF. For the direction (1)—(2), assume that the ideal I is w-hitting. Leth: w® 
— P(w) be a continuous map such that J = rng(h). Let T = {t € w<®: h"[t] is 
w-hitting}. The set T C w<® is clearly closed under initial segment. 


CLAIM 3.2.5. Forallt € T there isn € w such that for all m > n there is z € [T | t] 
such that m € h(z). 


PROOF. Suppose towards a contradiction that the conclusion fails for some node 
tET.Leta=w\Uh"[T | t]; the set a C w is infinite. For each s € w<* \ T let c, be 
a countable collection of infinite subsets of w such that for all z € [s], h(z) has finite 
intersection with one element of c,. Let c = U, er ¢s U {a}; it is not difficult to see that 
for every z € [ft], h(z) has finite intersection with an element of c, contradicting the 
assumption that t € T. 


Now, let X be the closed set of all triples (yp, y,,z) C 2° x 2% x [T] such that 
{n Ew: yo(n) # y,(n)} C h(Z). Let fo, fi : X > 2% be the projections into the first and 
second coordinate. It is not difficult to see that both of these maps are continuous and 
open. In view of Theorem the following claim concludes the proof of (2). 


CLAIM 3.2.6. The maps fo, f, are independent. 


PROOF. Let O C X be an open set. Find ug, u, € 2“ and t € T such that ([ug| x 
[u,]x[t]) NX isa nonempty subset of O. Thinning out further, we may assume that the 
binary strings up, u, have the same length and for all z € [T | t] and every 1 such that 
Uo(L) # u,(D, n € h(z) holds. Let n € w be such that for all m > n there is z € [T [| ¢] 
such that m € h(z). Let v € 2<® be any binary string extending uy of length > n and 
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A = [v]. We claim that the open set A witnesses the definition of independence for 
jo. fi and O. 
Indeed, suppose that wg, w, are two binary strings of the same length extending v. 

To produce a walk from [w 9] to [w,], list all entries on which the strings wo, w, differ 
by {m;: j € i}. Let y € [wo] be any point, and let y; € 2® be the point obtained from 
y by flipping the outputs at all m, fork € j. Thus, y; differs from y;,, only at entry 
m, and y; € [w,]. Let y; € 2 be the point obtained by replacing the initial segment 
Uo C yj; with uj. Also, let z; € [T | t] be any point such that mj € h(z;)). Now, define 
points X2;41,X2j42 € X for j € i as follows: 

* Xo = (Yo, YZ) for any z € [T | ¢]; 

° X2j41 = VY Vjar 3) 

* Xoj42 = Vjt1Vj412) for any z €[T | ¢]. 
Clearly, the sequence (x; : k < 2i) isa walk from [wp] to [w,] as required. 


To prove that (2) implies (1), assume that (1) fails, as witnessed by a countable 
collection {a, : n € w} of infinite subsets of w. Suppose that in some generic extension, 
Yo.) € 2° are =,-related points which are separately Cohen-generic over V. The 
set b = {n € w: yo(n) # y,(%)} belongs to the ideal I; therefore, there is a number 
n € w such that bf a, is finite. It follows that the functions yg [ a, and y, | a, are 
modulo finite equal; therefore, they belong to V[yo] NV [),]. By a genericity argument, 
Yo | An € V holds, so (2) fails. 


3.3. Placid equivalence relations 


The characterization of turbulence in Theorem leads to many Borel nonre- 
ducibility results and cardinal preservation results in the generic extensions of the Solo- 
vay model. To state these results succinctly, the following definitions are helpful. 


DEFINITION 3.3.1. Let E be an analytic equivalence relation on a Polish space X. 
We say that E is placid if, whenever V[H| and V[Hj] are separately generic extensions 
of V (inside some ambient generic extension) such that V[H)] Nn V[H,] = V and x9 € 
V[Ho]| and x, € V[H;,] are E-related points in the space X, then they are F-related to 
some point in V. 


DEFINITION 3.3.2. Let E be an analytic equivalence relation on a Polish space X. 
We say that E is virtually placid if, whenever V[H,| and V[H,] are separately generic 
extensions of V (inside some ambient generic extension) such that V[H)|] NV[H,] = V 
and (Qg, %) € V[Ho] and (Q,,7,) € V[H;,] are E-related E-pins, then they are E-related 
to some E-pin in V. 


In other words, an equivalence relation E is placid if disjoint generic extensions do 
not share any E-classes which are not represented in V. An equivalence relation E is 
virtually placid if disjoint generic extensions do not share any virtual E-classes which 
are not represented in V. The following propositions encapsulate the basic properties 
of the two classes of equivalence relations. 


PROPOSITION 3.3.3. Let E be an analytic equivalence relation on a Polish space X. E 
is virtually placid if and only if for any separately generic extensions V[Hg|, V[H,] such 
that V[Ho| N V[H,] = V and E-related points xy» € V[Ho| and x, € V[H,], xp and x, 
are realizations of some virtual E-class in V. 
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PROOF. The left-to-right implication is immediate from the definitions. For the 
right-to-left implication, suppose that V[H)| and V[Hj,] are separately generic exten- 
sions such that V[H,)] N V[H,] = V and (Q,%) € V[Ho| and (Q,,7%,) € V[H;] are 
E-related pins. Let Ky C Qy and K, C Q, be filters mutually generic over the model 
V[Ho, H,] and let x9 = 1)/Kp and x, = 1,/K,. By the mutual genericity, V[H|[Ko]N 
V[H, |[K,] = V, and the assumption on E gives that x9, x, are realizations of some vir- 
tual E-class from the ground model. It follows that both E-pins are E-related to some 
E-pin from V. 


PROPOSITION 3.3.4. An analytic equivalence relation E on a Polish space X is placid 
if and only if it is pinned and virtually placid. 


PROOF. The right-to-left implication is immediate. If E is a pinned and virtually 
placid equivalence relation and V[H|, V[H,] are separately generic extensions such 
that V[H)]NV[H,] = V, then any E-class represented in both must be represented as a 
virtual class in V by the virtual placid assumption, and this virtual class must be trivial 
by the pinned assumption. This means that E is placid. For the left-to-right implica- 
tion, if E is placid then it must be pinned because if V[H,], VLH,] are mutually generic 
extensions then V[Hyp] N V[H,] = V by the product forcing theorem. To show that E 
must be virtually placid, suppose that V[H|, V[H,] are separately generic extensions. 
By Proposition it is enough to verify that every E-class represented in both ex- 
tensions is a realization of some virtual E-class in V. However, the placid assumption 
even implies that it is a realization of a trivial virtual E-class in V. 


A good example of an equivalence relation which is virtually placid but not placid is 
F,. It is not placid since it is not pinned. 

The following ergodicity theorem is a great generalization of the ergodicity theo- 
rems of Hjorth and Kechris [59, Theorem 12.5], and it is the main motivation behind 
the definition of placid and virtually placid classes of equivalence relations. 


THEOREM 3.3.5. Suppose that a Polish group I acts continuously and in a generically 
turbulent way on a Polish space X such that the resulting orbit equivalence relation E is 
analytic, with all orbits dense. Suppose that F is a virtually placid equivalence relation 
on a Polish space Y. Suppose that h: X — Y isa homomorphism of E to F. Then there 
is a comeager set B C X which is mapped into a single F-class. 


PROOF. Let y €T,x € X bea mutually generic pair of points for the posets A: and 
Py. Theorem B.2.2implies the instrumental equality: V[x]NV[y-x] = V. Since x E y-x 
holds, it must be the case that h(x) F h(y- x) must hold. By the virtual placidity of the 
equivalence relation F, it must be the case that h(x) is a realization of a ground model 
virtual F-class. However, the poset Py is countable, so all virtual classes realized in its 
extension are already represented in the ground model by Theorem Thus, there 
must be a point y € YN V such that h(x) F y. Since the generic point x € X avoids all 
ground model coded meager sets, it must be the case that the set B = h~!([y]z) c X is 
nonmeager. Since this is an analytic set which is invariant under the continuous group 
action all of whose orbits are dense, it follows that the set B is comeager. 


3.4. Examples and operations 


The extent of the classes of placid and virtually placid equivalence relations is best 
explored using the following closure theorems. 
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THEOREM 3.4.1. The class of placid equivalence relations is closed under the follow- 
ing operations: 


(1) Borel almost reduction; 

(2) countable product; 

(3) countable increasing union; 
(4) countable factor; 


The class of virtually placid equivalence relations is closed under the same operations and 
the Friedman-Stanley jump. 


PROOF. In view of Proposition it is enough to show the closure of virtual 
placidity under these operations, since the class of pinned equivalence relations is 
closed under (1-4) by the work of Chapter 2. For virtual placidity, we will prove (1) 
and the closure under the Friedman-Stanley jump. 

For (1), suppose that E, F are analytic equivalence relations on Polish spaces X, Y 
and h: X —> Y isa Borel function which is a reduction of E to Y everywhere except 
for a set Z C X consisting of countably many E-classes. Suppose that F is virtually 
placid and work towards the conclusion that E is virtually placid. Let V[H], V[H,] be 
generic extensions such that V[Hg| N V[H;] = V and let x» € V[Ho] and x, € V[H;] 
be E-related points in X; we need to show that they are realizations of some virtual E- 
class in V. If x9 € Z then this certainly occurs as V contains a countable set of points 
whose E-classes cover Z, and this feature of the countable set persists to V[Hg| by a 
Shoenfield absoluteness argument. If x) ¢ Z then x, ¢ Z; look at the points h(x,) € 
V[Ho]| and h(x) € V[H,]. These are F-related points; since F is placid they realize 
some virtual F-class represented by some F-pin (Q, <a). By a Shoenfield absoluteness 
argument, Q Ik 4x € X \ Z h(x) E o; let t be a Q-name for such a point x € X. Itis 
not difficult to see that (Q, tT) is an E-pin and Xo, x, realize the virtual class of (Q, c). 

For the Friedman-Stanley jump, suppose that E is a virtually placid equivalence 
relation on a Polish space X, V[Hy| and V[H,] are separately generic extensions of V 
such that V[H)| N V[H,] = V and yo, y, © X® are elements in the respective models 
such that [rng(yp)]_ = [rng(y,)]z. Since E is virtually placid, every element of rng(yo) 
is a realization of a virtual E-class from V. Let B be the set of all virtual E-classes in V 
which have realizations in rng(y)). Since B is also the set of all virtual E-classes in V 
which have realizations in rng(y,), it is clear that B € V[Hy)| N V[H,] = V. Thus, the 
points yo, y, € X® are realizations of the virtual E+-class represented by the set B. By 
Proposition we conclude that E* is virtually placid. 


THEOREM 3.4.2. Suppose that T is a Polish group continuously acting on a Polish 
space X and E is the resulting orbit equivalence relation. The following are equivalent: 


(1) Fis virtually placid; 
(2) for every Borel set B C X such that E | Bis Borel, E | B is virtually placid. 


PROOF. (1) immediately implies (2) since E | B is reducible to E by the identity 
map on B. Now suppose that (1) fails, and let P be a poset and rt be a name for an 
element of X such that P x P IF Teg, E tight fails, and let Q be a poset with names Ho, 
H, for filters generic over the ground model such that Q Ik V[H)] 9 V[H,] = V and 
t/Hp = T/Hy,. 
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Let M be a countable elementary submodel of a large structure containing all ob- 
jects mentioned so far. Let M be the transitive collapse of M, and P, Q etc. be the im- 
ages of P, Q etc. under the transitive collapse map. By Proposition QIF V[Hp] Nn 
V[H,] = V holds even in V (as opposed to M). Let B = {x € X: 4H C P generic 
over M such that x = t/H}. We have just proved that E [| B is not virtually placid. 
The proof is completed by a reference to Corollary [2.8.8/ the set B C X is Borel and the 
equivalence relation E | Bis Borel as well. 


The theorem allows the transfer of the virtual placid property from Borel fragments 
of a given orbit equivalence relation to the whole equivalence relation. Consider the 
following attractive corollary: 


COROLLARY 3.4.3. Every equivalence relation classifiable by countable structures is 
virtually placid. 


PROOF. In view of Theorem B.4.1(1), it is only necessary to show that every or- 
bit equivalence relation E obtained from an action of S,, is virtually placid. By Theo- 
rem it is only necessary to show that all Borel fragments of E are virtually placid. 
To this end, consider the transfinite sequence (F, : a € w,) obtained from F, =identity 
on 2” by repeated application of Friedman-Stanley jump, at limit stages taking disjoint 
unions. It is well-known [54, Theorem 12.5.2] that every Borel equivalence relation 
classifiable by countable structures is Borel reducible to F,, for some countable ordinal 
a. Theorem B.4.1] iterated transfinitely shows that each F, is virtually placid. Thus, 
every Borel fragment of E is virtually placid, and so is E. 


There are many Borel placid equivalence relations which cannot be obtained from 
the identity by repeated application of the operations indicated in Theorem The 
following examples deal with equivalence relations associated with ideals on countable 
sets. If a is a countable set and J is an ideal on a, write =; for the equivalence relation 
on the space X = (2”)* connecting points x9, x, if the set {n € a: xXg(n) # x,(n)} 
belongs to J. 


EXAMPLE 3.4.4. Let a = 2<® and let J be the branch ideal: the ideal generated by 
the subsets of a linearly ordered by inclusion. The equivalence relation =; is placid. 


PROOF. Write X = (2°). For every node t € w<® write [t] for the set of all nodes 
in 2<° extending t. Let V[Gp], V[G,] be two generic extensions containing respective 
= ,-related points X9,x,; € X. Assume that V[Gg] N V[G,;] = V and work to find a 
ground model point x € X which is =;-related to both x9, x}. 

Let T = {t € 2“: x, | [t] is not =,-equivalent to any point in the ground model}. 
This is a subtree of w<®. If 0 ¢ T then the proof is complete; thus, it is only necessary 
to derive a contradiction from the assumption 0 € T. First, observe that the tree T 
cannot have any terminal nodes: if t were a terminal node of T then one could combine 
the ground model witnesses for t~0 ¢ T and t~1 ¢ T to find a witness for t ¢ T. 
Second, observe that the definition of the tree T depends only on the =,-class of x9, so 
T EV[Go] NV[G,] = V. Since T is anonempty ground model tree without endnodes, 
it must have an infinite branch y € 2% in the ground model. Since x9 =; Xj, there 
is anumber n € w such that for every t € 2<® such that x(t) # x,(t), either ¢ is 
incompatible with y | v or else t is an initial segment of y. Lete = [y | n] \ {y [ 
m: m > n}and observe that e € V and x, and x, coincide on e, therefore xy [e € V. 
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Ifz € V is any function in 2!!! extending x | e, then z =; Xq | [t], contradicting the 
assumption that y [| n € T. 


A whole class of ideals with placid equivalence relations is isolated in the following 
definition. 


DEFINITION 3.4.5. An ideal I on w is countably separated if there is a countable 
collection A of subsets of w such that for every b € Iandc ¢ I there is a € A such that 
bna=Oandcna €I. 


Countably separated ideals include for example the ideal of nowhere dense subsets of 
the rationals; a characterization theorem is proved in [70]. Note that if is analytic then 
the instrumental property of the set A is coanalytic, and by Mostowski absoluteness it 
will hold in all forcing extensions. 


THEOREM 3.4.6. The equivalence relation =; is placid for every countably separated 
Borel ideal I on w. 


PROOF. Let {a, : n € w} be a countable collection of subsets of w witnessing the 
countable separation of the ideal I. Write X = (2%)®. Let V[Go], V[G,] be generic ex- 
tensions containing respective =;-related points x9, x; € X. Assume V[Gy]N V[G,] = 
V and work to find a ground model point x € X which is =;-related to both x9, x;. 

Consider the set b = {n € w: Xp | a, is I-equivalent to some element of the 
ground model}. The definition of the set b depends only on the =;-equivalence class of 
Xo, therefore the set b belongs to both V[G,] and V[G;,], and by the initial assumptions, 
to V. Let f be the map with domain b which to each n € b identifies the =,-class in 
V which contains x, | a,. Again, the definition of f depends only on the =;-class of 
Xo, so f € V[Go| and f € V[G,], therefore f € V. By the Mostowski absoluteness 
between V and V[Go], there is a point x € X such that for all n € b, x | a, € f(n). We 
will show that x =; Xo holds. 

Suppose towards a contradiction that this fails. Consider the setc = {iE w: x(i) F 
Xo(i)} € I and the set d = {i € w: x9(i) # x,(} E I. By the countable separation of 
the ideal J, there must be anumbern € wsuch that cna, ¢ Ianddna, = 0. However, 
the latter equality shows that x9 [| a, = xX; [| dy,S0X9 | a, € Vandne b. But then 
{i € a,: x(i) # xo(i)} € I by the choice of the point x. This contradicts the fact that 
cna, € I. The proof of the theorem is complete. 


There is a natural operation on analytic ideals which seeks a countably separated clo- 
sure. For the discussion below, let {a,: n € w} be a fixed countable collection of 
subsets of w. 


DEFINITION 3.4.7. Let I be an ideal on w. It is the ideal on w consisting of all sets 
b Cc wsuch that there isc € I such that Vn Cw bNa, €I > cna, #0. 


We will start with some simple observations. It is clear that I+ is an ideal containing I as 
a subset. If I is analytic, then sois I+. Moreover, I is separated by the sequence {a,, : n € 
w} just in case I = I+. We will show that under suitable additional assumption, the 
jump preserves placidity of the equivalence relation =,. 
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DEFINITION 3.4.8. Let I be an ideal on w. I is skew if for every set c C w there isa 
subset c’ C csuch that for every finite setd C w,ifen(),-g @n EI thenc’Nf/),<q An EI 


andifeNf{},_, ad, €Ithenc’ N{),_, dy is finite. 


ned ned 


It is not dificult to see that every F, ideal is skew and every analytic P-ideal is skew. 


THEOREM 3.4.9. If I is a skew analytic ideal on w then It is a skew analytic ideal as 
well. Ifin addition the equivalence relation =, is placid then the equivalence relation =;+ 
is placid as well. 


PROOF. For the first sentence, ifc C wis aset and c’ C c witnesses the skew prop- 
erty for I and c, then c’ also witnesses the skew property for I+ and c. The proof of the 
second sentence is more involved. Write X = (2°)®. Let V[G], V[G,] be generic exten- 
sions containing respective =;+-related points xp, x, € X. Assume V[Gy] N V[G,] = V 
and work to find a ground model point x € X which is =;+-related to both x9, x,. 

Consider the set b = {n € w: Xq | a, is I*+-equivalent to some element of the 
ground model}. The definition of the set b depends only on the =; -equivalence class of 
Xo, therefore the set b belongs to both V[G,] and V[G;,], and by the initial assumptions, 
to V. Let f be the map with domain b which to each n € b identifies the =;+-class in 
V which contains x | a,. Again, the definition of f depends only on the =;+-class 
of x9, so f € V[Go] and f € V[G;], therefore f € V. By the Mostowski absoluteness 
between V and V[Go], there is a point x € X such that for all n € b, x | a, € f(n). We 
will show that x =;+ X9 holds. 

Suppose towards a contradiction that this fails. Consider the setc = {ie w: x(i) F 
Xo(i)} € I* and the set d = {i Ew: xXpo(i) #x,@} E!'. It is now time to use the skew 
assumption on the ideal J. Find a set c’ C c witnessing the skew property of I+. Use 
the definition of the jump to find a set e € I such that for alln € w,d na, € I implies 
ena, # 0. Since the set c’ is positive in the jump, there must be a number n € w 
such that c’ Na, ¢ Iand ena, = 0. The choice of the set c’ shows that c’ N a, is 
in fact I+-positive. The choice of the set e shows that dna, € I. This means that 
Xq | Gy, =r X, | Gy, and by the placid assumption on the equivalence relation =;, 
n € bmust hold. This stands in contradiction with the fact that c’ N ay, soc N ay is 
I*-positive. The proof of the theorem is complete. 


EXAMPLE 3.4.10. Let I be the branch ideal on 2%, and let {a,,: n € w} be an enu- 
meration of the basic open subsets of 2<°. The ideal I is skew. One can start iterating 
the jump for countable ordinals a, at limit stages taking unions. The resulting ideals 
consist of subsets of w<® whose closure in 2” is countable with Cantor-Bendixson rank 
< a. All the resulting equivalence relations are placid. 


3.5. Absoluteness 


The placid and virtually placid classes of equivalence relations are defined in such 
a way that it is not clear whether the membership in them is absolute, and what the 
actual complexity is. This section provides a satisfactory resolution to these questions. 

To reach the absoluteness result, one has to perform a computation of intersections 
of forcing extensions of independent interest. The computation starts with several def- 
initions, below. 
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DEFINITION 3.5.1. Let B be a Boolean algebra. A subalgebra A C B is projective if 
the projection function z: B > A, assigning to each b € B the smallest element of A 
which is > b, is defined for every b. 


A good example of a projection is any complete subalgebra of a complete Boolean al- 
gebra. The point of the current definition is that the property of being projective is first 
order in A, B, so (unlike completeness) transfers from model to model without damage. 
Note that if.A C B is a projective subalgebra, then every maximal antichain of A is also 
a maximal antichain of B; therefore, the intersection of a generic filter on B with A will 
be a generic filter on A. To see this, let D C A be a maximal antichain of A and b € B 
be acondition. Let d € D be an element of A compatible with z(b). Then z(b)—d € A 
is strictly smaller element of A than z(b), so z(b)—d # b holds. This means that d and 
b must be compatible. 


DEFINITION 3.5.2. Let B be a Boolean algebra and Ag, A, C B be projective subal- 
gebras with projection functions 79, 77. 


(1) The projection sequence starting at b € B is the sequence (b, : n € w) defined 
by bo = b, bon41 = Ho(b2n) and bon+2 = 71 (ban+1); 

(2) the pair {Ag, A;} is projective if for each b € B, the supremum of the projection 
sequence starting at b exists in B and belongs to Ag N Aj. 


Again, a good example of a projective pair is a pair of complete subalgebras of a com- 
plete Boolean algebra. The notion ofa projective pair is no longer a first order statement 
about Ag, Aj, B, but it still transfers between w-models of ZFC without damage. 


PROPOSITION 3.5.3. Let B be a Boolean algebra and {Ag, A} be a projective pair of 
subalgebras. Then 
(1) Ag NA, C Bisa projective subalgebra of B; 
(2) if t,t are Ag- and A,-names for sets of ordinals and B | t) = %, then there 
isa Ag N A,-name Tt such that B\|F t = %] = tb. 


PROOF. Let 7, 7, be the projections of B to Ap, A;. Let 7: B > Ag NA, be the 
function which assigns to each b € B the supremum of the projection sequence starting 
from b. It is clear from the definitions that (b) is the smallest element of AgN A; above 
b and (1) follows. 

For (2), first note that for every b € B and every ordinal a, b Ik & € 7) just in case 
m(b) Ik & € t. To see this, by induction on n € w argue that b, lk & € 7. If this 
holds for n = 2k, then use the fact that Tt) is an Ap-name, so b,,; = 7(b,,) must force 
& € t; if this holds for n = 2k + 1, then use the fact that 7, is an A,-name forced to be 
equal to T, So by41 = 7, (b,,) must force & € T. It follows that b Ik & € t just in case 
m(b) IF & € T, so one can let (7(b), &) € t if b Ik & € T. 


The above notions have the slightly unpleasant feature that they do not necessarily 
survive localization well, so an additional local definition is needed. 


DEFINITION 3.5.4. Let B be a Boolean algebra and {Ag, A; } bea pair of subalgebras. 
The pair is locally projective if for every nonzero element b € B, in the algebra B | b the 
subalgebras Ap [|b ={bAa: a€ Ap}andA, [b={bAa: a € A;} form a projective 
pair. 
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The following is the central motivation of the notion of a projective pair of subalgebras: 


PROPOSITION 3.5.5. Let B be a Boolean algebra and Ag, A, be a locally projective 
pair of subalgebras. The following are equivalent: 
(1) BIE VIGN Ap] NV[G N Aq] = V; 
(2) for every b € B, the intersection algebra Ag | bN A, | bhas an atom. 


PROOF. Suppose that (2) fails for some b € B. Write C = Ap [ bN A, | band use 
Proposition to argue that C is a projective subalgebra of B | b,sob IK GnCisa 
C-generic filter, and since C is nonatomic, GNC ¢ V. At the same time, GN C belongs 
to VIG N Ap] N VIG N Aj], so (1) fails. 

Suppose now that (2) holds. Suppose that 79, 7 are Ag- and A,-names for sets of 
ordinals and some condition b € B forces t) = 11. Write C = Ag [ DN A, | band let c 
be an atom of C. To verify (1), it is enough to argue that c decides the membership of 
any given ordinal in ty. However, this follows immediately from Proposition (2) 
applied below b. 


Finally, we are in a position to give a succinct and principled proof of the main abso- 
luteness result of this section. 


THEOREM 3.5.6. Let E be a Borel equivalence relation on a Polish space X. The state- 
ment “E is virtually placid” is absolute among transitive models of set theory containing 
the code for E. 


PROOF. We will show that the statement “E is not virtually placid” is in ZFC equiv- 
alent to the statement “there is a countable w-model M of a large fragment of ZFC 
containing the code for E such that M F E is not virtually placid”. This is an analytic 
statement; therefore, it is absolute among transitive models of set theory. 

Now, the left-to-right implication is immediate: one just needs to take a countable 
elementary submodel of a large enough structure to get the requisite M. The right-to- 
left direction is more interesting. Suppose that M is a countable w-model containing 
the code for E which satisfies that E is not virtually placid. Working in the model M, 
there must be complete algebra B, complete subalgebras Ag, A, C B, and respective 
Ao, A;-names 7,7, for elements of the underlying space X such that first, B x B IF 
(to )iett E (to)rignt» and second, B IF VIG N Ag] N VIG NA,] = V and % E 7%. The 
subalgebras Ay, A, C B form a locally projective pair in M since they are complete. By 
Proposition applied in M in the (1)(2) direction, for every b € B, the algebra 
Ag | DNA, | bhas an atom. Stepping out of the model M, we see that the pair Ag, A; C 
B is a projective pair and for every b € B, the algebra Ag [ bN A, | b has an atom. By 
Proposition applied in the (2)—(1) direction, B Ik VIG N Ap] NV[GN Ay] = V 
holds. Moreover, B IF 7 E 4, and Bx B IF 7(t)iert E ()rignt» Since E is absolute 
between generic extensions of V and generic extensions of M by Borel absoluteness. In 
conclusion, E is not virtually placid in V. 


COROLLARY 3.5.7. Let E be a Borel equivalence relation on a Polish space X. The 
statement “E is placid” is absolute among transitive models of set theory containing the 
code for E. 


PROOF. The placidity of E is a conjunction of virtual placidity and the pinned prop- 


erty of E by Proposition The conjuncts are absolute by Theorem and 
and so is the conjunction. 
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3.6. A variation for measure 


The purpose of this section is to introduce a parallel for turbulence for measure, 
with attendant ergodicity results for measure. Curiously enough, the measure theo- 
retic parallel for turbulence is intimately connected to the concentration of measure 
phenomenon. The following definition is close to the whirly actions of [B8]: 


DEFINITION 3.6.1. Let X be a Polish space with a Borel probability measure u and 
a metric d. Let T be a Polish group acting on X in a measure preserving and distance 
preserving fashion. We say that the action has concentration of measure if for every 
open neighborhood U c I containing the unit and every ¢ > 0 there is 6 > 0 such that 
for every d-ball B C X of radius < 6 and every Borel set C C B of relative p-mass > ¢, 
the set (U -C) NB has relative z-mass > 1/2. 


To formulate the main results of this section, let R: be the Cohen forcing on T and Fi, 
be the random forcing with y, i.e. the forcing with y-positive Borel subset of X, ordered 
by inclusion. The poset f- adds a generic point ge, € I while the poset F, adds a 
random point Xgen € X. 


THEOREM 3.6.2. Suppose that I is a Polish group acting on a Polish space X with a 
Borel probability measure 4 and an ultrametric d in a measure preserving and distance 
preserving fashion. Suppose that the action has concentration of measure. Then Fx F, |r 
V[Xgen | n VYeen Xgen] =V. 

The proof of Theorem hinges on a new walk concept and a proposition. 


DEFINITION 3.6.3. Let U C T be an open neighborhood of the unit and 6 > 0. 
A U, 6-walk is a sequence (x; : i < j) of points in X such that for every i € j, either 
d(x;,Xj41) < 6 or there is y € U such that y - x; = Xj41. 


DEFINITION 3.6.4. Let U C I be an open neighborhood of the unit and D C X be 
a closed set. We say that the set D is U-connected if for any two points x9, x, € D and 
any 6 > 0 there is a U, d-walk from x9 to x, using only points from D. 


The main import of the concentration of measure assumption is that for any open 
neighborhood U of the unit, closed U-connected p-positive sets can be found under 
every stone. 


PROPOSITION 3.6.5. Suppose that the action of T has concentration of measure and 
d is an ultrametric. Then for every open neighborhood U C I of the unit and every p- 
positive Borel set C C X there is a u-positive U-connected compact set D C C. 


PROOF. We will first fix useful terminology. For a symmetric neighborhood V c T 
containing the unit and d-balls By, B, C X of the same radius we say that B, is V-related 
to B, if there is an element y € V such that y - By = B,. Since d is an ultrametric, this 
is equivalent to the statement that there is y € V such thaty- By NB, #0. Aset B 
consisting of d-balls of the same radius will be called V-connected if for any two balls 
Bo, B, € B one can find a sequence of balls in B which starts with By, ends in B,, and 
successive balls in it are V-related. Lastly, for Borel sets B,D C X write g(D) for the 


. . P . «(BaD 
relative measure of D in B, i.e. the ratio HC = ) 


M 
Let U Cc [bean open neighborhood of the unit, and let C C X bea Borel y-positive 
set. Find a symmetric open neighborhood V c I of the unit such that V* C U, and thin 
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down C if necessary to a compact p-positive set. Let ¢) = 1/8 and for eachn € w let 
En41 = 27"-7e,,. Let 6, > 0 be the numbers witnessing the concentration of measure 
of the action for V and ¢,. Thinning down C if necessary, use the Lebesgue density 
theorem to find a d-ball B,,; of radius < 6p such that C C Biyj and wg, (C) > 1/2. 

By recursion on n € @ find finite families B,, of pairwise disjoint d-balls of radius 
< 6, such that for every number n € w B,,,, refines B,, and writing Y(B) = {A € 
Bysi: AC B for every ball B € B,, the following hold: 

+ for every A € Y(B), “a(C) > 2"*72,41; 

* Up(CN UY(B)) > A — 27" )up(C). 

+ the set Y(B) consists of balls of the same radius < 6,,,, and it is V?-connected. 
To begin, set By = {B,,;}. Now, suppose that B,, has been constructed and B € B, 
is a ball; we shall show how to construct the set Y(B) and therefore B,,,,. First, use 
the compactness of the set C to find a finite set Yo of d-balls (subsets of B) of the same 
radius < 5,41 such that CNBC (JY. Let Y, = {A € Yo: ua(C) > 2"*¢,,;}. Thus, 
up(CAU(% \ ¥) S 2"*en41 = En: 


CLAIM 3.6.6. There is a V?-connected component Y, C Y,; such that up(C NU \ 
Y)) < En: 


PROOF. We first show that there is a V?-connected component Y; C Y; such that 
HMp(C NU Y¥5) > €y. If this were not the case, it would be possible to divide Y, into 
sets Y’ and Y” which are both invariant under V-connections, and ug(C Nn LJ Y’) and 
-p(C NJ Y”) are both greater than ¢,. By the concentration of measure assumption, 
the sets V- (CN UY’) and V -(CN JY”) are both of ug-mass greater than 1/2 and 
therefore intersect. It follows that V7 - (CN UY’)n(CnUY”) # 0, contradicting the 
invariance of the sets Y’ and Y” under V?-connections. 

Now, the V?-connected component Y; found in the first paragraph must in fact be 
such that wga(CN U(% \ ¥2)) < én, by an argument identical to the one in the previous 
paragraph with Y’ = Y, and Y” = Y, \ Y5. This completes the proof of the claim. 


Letting Y(B) = Y; completes the construction. The V?-connectedness is clear from the 
choice of Y3, the first item is clear from the choice of Y,(B), and the second item follows 
from some arithmetic: ug(C N U(Y \ ¥)) < 2) = 2772" "12, < 2-"up(C). 

Now, let D = an J Bn. The set D is closed as the d-balls in the sets B, are clopen. 
It is also a subset of C, because each of the balls in B,, has nonempty intersection with 
C, and C is closed. The set D also has positive u-mass; the mass distribution of D is 
governed by the following claim: 


CLAIM 3.6.7. For every n > 2 and every ball B € B,, Up(D) > Ep. 


PROOF. To get the set DN B, we subtracted from C/N B aset of cardinality at most 
Zm>n2™Up(C) by the second item above, so Ug(D) > 1/2uUg(C) > €y by the first item 
above. 


Towards the connectedness of the set D, consider the following claim: 


CLAIM 3.6.8. Let m < n be natural numbers, B € B,, a ball, and xg, x; € BND be 
any points. Then there is a U,6,-walk from Xp to x, using only points in B q D. 


PROOF. This is proved by induction on n — m, which is the reason for the convo- 
luted statement of the claim. The case n — m = 0 is trivial since then d(Xo, x,) < 6). 
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Now suppose that the statement is known for m + 1 < n and proceed to show that it 
is also true form <n. Let By, B, € By,,4, be balls such that x) € By and x, € B,. If 
Bo = B, then the induction hypothesis immediately applies. Otherwise, by the third 
item above, the set Y(B) is V7-connected, so there must be a sequence of balls in Y(B) 
starting at By and ending at B, such that successive balls are V?-connected. Suppose 
for simplicity that this sequence has length 2-i.e. By and B, are V-connected. Fix an 
element y € V? such that y - By = By. 

Since g,(D) and 4g, (D) are both greater than €,,,1, the concentration assumption 
yields that the numbers gp, (V - (DN Bo)) = up, (VV - (DN B,)) are both greater than 1/2. 
It follows that there is a point x € (V -(DNBy)) N By such that y- x € (V- (DN B,)). 
Find points x» € DN B and x, € DNB, and group elements 6,6, € V such that 
Bo -X9 = xand f, - (y- x) = x}. Use the induction hypothesis to find a U, 6,,-walk 
from Xp to xp. Follow it by acting by Boy, € U to get to the point x}, and then use the 
induction hypothesis again to extend the walk from x} to x,. The claim follows. 


Since the numbers 6,, tend to 0 as n tends to infinity and D C B,,;, the claim shows 
that the set D is U-connected and completes the proof of the proposition. 


PROOF OF THEOREM Suppose towards a contradiction that (U, C) is a con- 
dition in the product R x F, which forces V[Xgen] NV [Yen * Xgen] # V. The following 
claim follows from abstract forcing considerations. 


CLAIM 3.6.9. (U,C) IF 2° 1 V[Xgen] NV iNgen * X gen] # 2° NV. 


PROOF. It will be enough to show that F, forces that for every ordinal a and every 
function f : a — 2 in the extension, if f ¢ V then there is a ground model countable 
set b C a such that f | b ¢ V. It will follow immediately that R x F, forces that if 
f € V[Xgen] n Vi%een . Xgen| \ V then f r be V[Xgen] n Vi ¥en . Xgen| \ V for some 
ground model countable set b. This will prove the claim. 

The forcing property of F, in question is well-known; we include a complete proof. 
Suppose towards a contradiction that B € F, and B IF t: & > 2 isa function which is 
not in the ground model, and for every countable set b E V,t [| bE V. Let (Mg : Be 
@,) be an €-tower of countable elementary submodels of a large structure containing 
B,t as elements. For each 6 € w, use the contradictory assumption to find a function 
83: Mgna — 2in the model Mg,, such that some condition below B forces t | Mg = 
& 3. Let Bg C B be the Borel set representing the nonzero Boolean value of the latter 
statement; Bg € Mgi1 holds by elementarity of the model Ma41; but also Bg € Mg 
since tT is forced not to belong to the ground model. Use a counting argument and the 
Lebesgue density theorem to find a basic open set O C X such that the set C = {6 € 
1 + K(BgNO) > ~H(O)}is uncountable. Since the conditions {Bg : 6 € Care pairwise 
compatible, the functions {gg : 8 © C} must form an increasing chain, so in fact the 
conditions {Bg : 6 © C} form a strictly decreasing chain in F,. This contradicts the 
countable chain condition of F,. 


Strengthening the condition (U, C) if necessary, we may find a continuous function 
f iC — 2° and a name Tt in the complete Boolean algebra generated by the name for 
Yeen*Xgen Such that the fibers of f are u-null and (U, C) IF 1a) = T/Ygen*Xgen- Let M 
be a countable elementary submodel of a large structure containing f, 7 in particular, 
and let C’ c C bea set of points F,-generic over the model M. The set C’ is Borel and 


3.6. A VARIATION FOR MEASURE 89 


L-positive. Find open subsets V, U’ of [ such that 1 € V, U’ C U, and U’-V CU. Use 
Proposition to find a V-connected compact p-positive subset D C C’. 

Since the fibers of f are -null, there must be points x9, x, € D such that f(x9) # 
f(x). Find anumber n € w such that f(x,))(n) # f(x )(n). Let Op = {x € D: f(x)(n) 
= f(x9)(n)} and O, = {x € D: f(x)(n) = f(x,)(m)}. These are complementary rela- 
tively open subsets of the compact set D, so they are separated by some distance 6 > 0. 
Use the connectedness of the set D to produce a V, 6-walk from x9 to x,. There must 
be successive points x9, x; on the walk such that f(x9)(n) # f(x;)(n). The two points 
are at a distance > 6 by the choice of 6, so there must be a group element 8 € V such 
that B - xo = x}. 

By the Baire category theorem, there must be an element y € U’ which belongs to 
no meager subset of I coded in the model V[x}] and also to no right 6~!-shift of any 
meager subset of I coded in the model V[x9]. As a result, the point y is #:-generic over 
V[x}] and the point y- is R--generic over the model V[xq]. Both of these points belong 
to the set U. By the product forcing theorem, the pairs (yf, x9) and (y, x;) are both R: x 
F,-generic over the model M, meeting the condition (U, C). However, f(xo) # f(x) 
while t/yBxo = T/yx}, violating the forcing theorem in view of the initial contradictory 
assumption. Theorem follows! 


The main corollaries are encapsulated in the following ergodicity result. 


COROLLARY 3.6.10. Suppose that Tis a Polish group acting on a Polish space X with 
a Borel probability measure pt and an ultrametric d in a measure preserving and distance 
preserving fashion. Suppose that the action has concentration of measure. Suppose that E 
is the orbit equivalence relation, Y is a Polish space, F on Y is an analytic virtually placid 
equivalence relation, and h: X — Y is a Borel homomorphism from X to Y. Then there 
is an F-equivalence class with -positive h-preimage. 


PRooF. Let y € [and x € X be mutually F--generic and F,-generic points, and 
look at the models V[x] and V[y-x]. Since h isa homomorphism of E to F and x E y-x, 
h(x) F h(y- x) must hold. Since F is virtually placid and V[x]n V[y - x] = V holds per 
Theorem 8.6.2 there must be a virtual F-class in the ground model such that h(x) and 
h(y - x) realize it. Since the poset FR: x F, is c.c.c., Theorem shows that all virtual 
classes realized in its extension are in fact repreented in the ground model. Thus, there 
isa ground model element y € Y such that h(x) F y holds. Since x isa F,-generic point, 
it belongs to no analytic ground model coded u-small sets. Thus, u(h~![y]p) > 0 as 
desired. 


Examples of actions with concentration of measure are not easy to identify. The fol- 
lowing examples use F, P-ideals I on w (which are Polish groups with the symmetric 
difference operation and a suitable topology by a result of Solecki [98|]) and their stan- 
dard action on 2% (a- x = y just in case {n € w: x(n) # y(n)} = a}), inducing the 
equivalence relation =;. The action preserves the usual Borel probability measure yu 
on 2® and also the usual minimum difference metric d on 2°. 


EXAMPLE 3.6.11. Let {a,: n € w} be positive real numbers such that 2,,a,, is 
infinite while £,,a2 is finite. Let I be the ideal of all sets b C w such that Z,,<pQp, is finite. 
One can view I as a Polish group I with the complete metric e(y,5) = X{a,: y(n) # 
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6(n)}, continuously acting on the space X = 2® by coordinatewise Boolean addition. 
The action exhibits the concentration of measure. 

To see this, let U be a neighborhood of the unit in T, and ¢ > 0 be a real number. 
Find a real number 7 > O such that the 7-ball in the metric e around the unit is a subset 
of U, and find a number m € w such that 2exp(—7?/8=9°_,,a2,) < e. The concentration 
of measure formula in [86, Theorem 4.3.19] then shows that 6 = 2~ works as required 


in Definition B.6.1) 


COROLLARY 3.6.12. Let I be the usual summable ideal on w. Leth: 2° — X be 
a Borel homomorphism of =; to a virtually placid analytic equivalence relation F ona 
Polish space X. Then there is an F-class whose h-preimage has full f-mass. 


PROOF. By Corollary there is an F-class whose h-preimage has positive u- 
mass. However, the h-preimage is an =;-invariant set, the equivalence relation =; 
includes E, as a subset, and by the usual Eg-ergodicity considerations, the h-preimage 
must in fact have full -mass. 


The concentration of measure for actions fails in many cases. Typically, there is a ho- 
momorphism of the orbit equivalence relation which violates the conclusion of Corol- 
lary and therefore witnesses the failure of the concentration of measure in a 
strong sense. 


EXAMPLE 3.6.13. There is a summable-type ideal J on w and a Borel homomor- 
phism h: 2° > 2° of =, to Eg such that preimages of Ep-equivalence classes are y- 
null. 


PROOF. The key tool is the following: 


CLAIM 3.6.14. For every i € w and every € > 0 there isa numbern € w and sets 
a,b C 2" of the same relative size > = each, such that for every x € aand y € b the set 
{m En: x(m) # y(m)} contains at least i many elements. 

PROOF. Fix i and ¢. Stirling’s approximation formula shows that there isn € w 
such that the size of the set{a Cn: ||a|— | <i+1}is less than ¢2”. Leta = {x € 2”: 


the set {m € n: x(m) = 1} contains at most - — imany elements} and b = {x € 2” : 


the set {m € n: x(m) = 1} contains at least - + 1 many elements}. This works. 


Towards the proof of the example, find a partition w = ae I, into finite sets such that 
for every n € w, the set 2/n contains subsets a,, b, of the same size such that their rela- 
tive size in 2! is greater than 1/2—2~", and if x € a, andy € b, are arbitrary elements, 
then the set {i € I, : x(n) # y(n)} has size at least n. Now, define w(m) = — ifm El, 
andI = {a Cw: Zycqw(n) < co}. Define B = {x € 2%: V°nx | n Ea, Ub,}; thisisa 
Borel set of full mass. For x € B, define hg(x) € 2° by ho(x)(n) = 0 — x [| I, € ay. It 
is not difficult to check that hy : B > 2® isa continuous homomorphism from B to Eo 
such that preimages of E9-classes are of zero mass. The rest of the proof only adjusts 
ho to a Borel homomorphism h defined on the whole space. 

To this end, let C,, for n € w be inclusion increasing compact subsets of B whose 
mass converges to 1. The set ls C,, is K, and the equivalence relation =; is K,, so the 
saturation D = [U,, Cyl=, is Kp as well. Let F C Dx2* be the Borel set of all pairs (x, y) 
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such that for some (equivalently, for all) x’ € B such that x’ =; x, ho(x’) is Eg-related 
to y. F is a Borel set with nonempty countable sections, and by the Lusin-Novikov 
theorem, it has a Borel uniformization h. Extend h to all of 2° by defining h(x) for 
x ¢ D to be an arbitrary fixed element of 2%. It is not difficult to check that h has the 
required properties. 


EXAMPLE 3.6.15. There is a Tsirelson-type [BI] ideal J on and a Borel homo- 
morphism h: B > 2% of =; to Eg such that preimages of Eg-equivalence classes are 
p-null. 


PROOF. We will deal with a certain special kind of Tsirelson submeasures. Let 
a > 0 bea real number and f : w > R* be a nonincreasing function converging to 0. 
By induction on n € w define submeasures v, on w by setting yo(a) = sup,_, fi), 


and v,,,(a) = sup{y,(a), a Dink v,(b)} where the variable b ranges over all finite 
sequences (bo, b;,...b;) of finite subsets of a such that j < min(bp) < max(bo) < 
min(b,) < max(b)) < .... In the end, let the submeasure v be the supremum of v,, for 
n € w. Some computations are necessary to verify that v is really a lower semicontinu- 
ous submeasure on w [BI]. The Tsirelson ideal I = {a C w: lim,, v(a \ m) = 0} turns 
out to be an FE P-ideal [BI]. 

By induction oni € w choose intervals J; C w such that max(/;) < min(Jj;,) and 


ak 


such that min(J;) > i/a and there are sets a;, b; C 2! of the same relative size > —— 
such that for any elements x € a;, y € b; the set{m € I; : x(m) # y(m)hhas size at least 
i/a. This is easily possible by Claim Now, consider the function f defined by 
f(™m) = 1/i for m € (max(jj_), max(J;)] and let v be the derived submeasure and I the 
derived Tsirelson ideal. Observe that with this choice of the function f, for any i € w 
and elements x € aj, y € b; the set {m € I; : x(m) # y(m)} has v-mass at least 1, since 
it has v,-mass at least 1. The rest of the proof follows the lines of Example 


EXAMPLE 3.6.16. Let J be the Rado graph ideal on w. There is a Borel homomor- 
phism h: 2° > 2 from =; to Eg such that preimages of Eg-classes are y-null. 


PROOF. Let G be the Rado graph, interpreted so that w is the set of its vertices; 
then J is the ideal on w generated by J-cliques and J-anticliques. To construct h, by 
induction on n € a find pairwise disjoint finite sets I, C w and sets a,b, C 2!" such 
that 

* each I, is a G-anticlique; 

- ifn #mthenl, XI, CG; 

« for every x € a, and every y € b, the set {t € I, : x(t) # y(t)} has size at 
least n; 

- the sets a,b, C 2!" have the same relative size larger than 1/2 — 2~”. 


This is easy to do using the universality properties of the Rado graph and Claim 
repeatedly. Let B = {x € 2%: Vn x | I, € a, Ub, } and let ho: B > 2® be the Borel 
map defined by ho(x) = 0 ~ x [ I, € ay. It is immediate that the set B has full x-mass 
and the function h isa homomorphism from =; to Eg. The rest of the proof follows the 


lines of Example B.6.13} 


There are numerous questions left open by the development of this section, of which 
we quote two. 
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QUESTION 3.6.17. Can the assumption that d be an ultrametric be eliminated from 
the assumptions of Theorem 


QUESTION 3.6.18. Is there a Tsirelson ideal whose natural action on 2® exhibits 
concentration of measure? 


CHAPTER 4 


Nested sequences of models 


4.1. Prologue 


The purpose of this chapter is to set up a calculus for infinite nested sequences 
of models of ZFC, which turn out to be critical for the treatment of the EF, cardinal. 
As a motivation, we include a simple proof of the fact that E, is not Borel reducible 
to any orbit equivalence relation. It is quite different from the standard one [54 The- 
orem 11.8.1], and it has the advantage that it can be easily adapted to the context of 
inequalities between cardinalities of quotient spaces. 


THEOREM 4.1.1. E, is not Borel reducible to any orbit equivalence relation. 


PROOF. Let Y be the Polish space (2”)® and I be a Polish group continuously act- 
ing on a Polish space Z, inducing the orbit equivalence relation F. Suppose towards a 
contradiction that there is a Borel reductionh: Y — Z of E, to F. Let (x,: n € w) 
be a sequence of mutually Cohen generic points in 2%. For eachn € w let y, denote 
the element of Y for which y(m) is the zero sequence in 2 if m < n, and x,, ifm > n; 
write M, = V[yy]- 

Work in the model Mg. The reinterpretation of the Borel map h in Mp is still a 
reduction of E, to F. For each number n > 0 fix a group element y, © I such that 
Yn * AY) = HO). Let y € T be a point Cohen-generic over V[yp] and look into the 
model V[y - h(yo)]. By a Mostowski absoluteness argument, there must be a point 
y € V[y- h()] such that h(y) F vy - h(y). Since the function h is a reduction of E, 
to F even in the model Mo[y], this point y € Y must be E,-related to yo, so for all but 
finitely many numbers n it must be the case that y(n) = x,. Choose a number n € w 
such that y(n) = x, and look at the model M,,,;. The point yy,,; € is Cohen generic 
over Mo by the invariance of the meager ideal under right shift, and by the product 
forcing theorem it follows that the models My and M,,4;[y7¥,+1] are mutually generic 
over the model M,,,,. Now, the points y,,; and v%41 -NOns1) = Y - AW) belong to 
the model M,,,,[Y7%41] and so does y. Thus, even the point y(n) = x, € 2 belongs to 
this model; however, it is a point of Mj Cohen generic over M,,,;. This contradicts the 
product forcing theorem. 


4.2. Coherent sequences of models 


It is clear from the proof of Theorem that its generalizations will require cod- 
ification of decreasing w-sequences of generic extensions. In addition to the approach 
from Theorem we pay close attention to the intersection model. This is the con- 
tent of the following definitions and theorems. 


DEFINITION 4.2.1. Let (M,,: 1 € w) be an inclusion decreasing sequence of tran- 
sitive models of ZFC. We say that the sequence is coherent if for every ordinal 2 and 
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every natural number n, the sequence (4% M,, : m > n) belongs to M,. Given a co- 
herent sequence of models (M,,: n € w), a sequence (v,: n € w) is coherent if for 
every number m € w, (vu, : n >m) € My holds. 


EXAMPLE 4.2.2. Let R,, for m € w be any partial orders and let (G,, : m € w) bea 
sequence of generic filters on the respective posets R,, added by the countable support 
product |, Rm. LetM, = V[G,, : m > n]. Then (M,,: n € w) isacoherent sequence 
of models. 


EXAMPLE 4.2.3. Let x be a set. By recursion on n € «, define models M,, by letting 
Mg be V and each M,,,, be the collection of all sets hereditarily definable from ordinal 
parameters and the parameter x  M,, in the model M,,. The sequence (M,, : n € w) is 
coherent. 


EXAMPLE 4.2.4. Let « be a measurable cardinal, U a measure on it, andj: V ~ M 
the U-ultrapower, with iterands denoted by j, for every ordinal w. For each n € a let 
My, = jn(V). The sequence (M,, : n € w) is coherent. 


Most of our choice-coherent sequences are sequences of generic extensions in the fol- 
lowing sense: 


DEFINITION 4.2.5. A sequence (M,,: n € w) is generic over V if V is a model of 
ZFC contained in all M,, for n € w and Mg is a generic extension of M. 


The usual abstract forcing arguments (Fact show that if the sequence of models 
is generic over V then all models M,, are generic extensions of V and ifn € m are 
numbers then M,, is a generic extension of M,,. Coherent sequences of models are 
most often formed as generic extensions of the constant sequence (M, = V: n € ) 
using the following definitions and theorem. 


DEFINITION 4.2.6. Let P,Q be posets. A projection of Q to P is a pair of order- 
preserving functions z: Q > Pand &: P > Qsuch that 
(1) 20 € is the identity on P; 
(2) whenever z(q) < p then q < &(p); 
(3) whenever p < z(q) then there is q’ < q such that z(q’) < p. 


As the simplest initial example, let P, R be any posets, let R have a largest element 1p 
and let Q = PxR. Then one can consider the projection of Q to P by setting z(p,r) = p 
and &(p) = (p,1p). An important effect of the demand (3) is that the z-image of the 
generic filter on Q is a generic filter on P. 


DEFINITION 4.2.7. Let (M,, : n € w) be acoherent sequence of models of ZFC. A 
coherent sequence of posets is a sequence (P,, Znm, mn : 2 < mM € w) such that 

(1) For all numbers n < m the maps 7,,,,: P, > Py, and &,,,: P, > P, forma 
projection of P, to P,; 

(2) the functions z,,,, form a commutative system, the same for &,,,,, and for all 
n € w the functions zy, §,, are the identity on P,; 

(3) for every number k € w, the sequence (P,,7nm,émni kK <n < mE o) 
belongs to the model Mx. 


In particular, every commutative sequence of projections is coherent over the constant 
coherent sequence (M, =V: n€w). As the simplest initial example, let (R,: nEw) bea 
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sequence of posets with respective largest elements 1, let PB, be the finite (or countable) 
support product of R,, form > n, and let Z_(p) = p | [m,w) and €,,(p) = (1p: ke 
[n,m))~ p. The sequence (P,, Zym,§mn : 2 < m € w) is coherent over (M, =V: ne 
w). 


THEOREM 4.2.8. Let (M,,: n € w) be a coherent sequence of models of ZFC and 
(Py, nm: P, > Bn émn: Pn > B,: n < m € @) bea coherent sequence of posets. Let 


G C R bea filter generic over Mo, and for eachn € w let G, = &,4G. The sequence 
(M,,[G,]: n € w) is a coherent sequence of models of ZFC again. 


PROOF. Observe that for every number k € w, in the model M,[G;], one can form 
the sequence (G, : n > k) as (3G, : n > k) by the commutativity of the -maps. 
Thus, if A is a limit ordinal larger than the rank of all the posets on the coherent se- 
quence, one can form the relation {(n,x): n > k,x € M,[G,] has rank < A} in the 
model M,[G;,] as the set {(n,7/G,,): n > k andt € M, is a P,-name of rank < A} by 
the coherence of the original sequence (M,, : n € w). 


The critical object for understanding a coherent sequence of models is the intersec- 
tion model M,, = Nn Mn- In Example the intersection model is a model of 
ZFC, and it has been discussed in [55, Theorem 9.3.4]; we will come back to it below- 
Theorem 4.3.5} In the context of general coherent sequences, the intersection model is 
a transitive model of ZF, and the Axiom of Choice may fail in it. This is the content of 
the following theorem and example. 


THEOREM 4.2.9. If (M,,: 1 € w) is a coherent sequence of generic extensions of V, 
then M, = ce M, is a class in all models M,,, and it is a model of ZF. 


PROOF. We will only show that M,, is a class in Mj; it then follows by the same 
argument that M,, isa class in each M, forn € w. To show that M,, is a model of ZF, by 
(51, Theorem 13. 9], it is enough to show that M,, is closed under the Gédel operations 
and it is universal: for every set a C M, there is a set b € M,, such thata C b. 
The closure under the Gédel operations follows from the fact that these operations are 
evaluated in the same way in each model M,,. For the universality, suppose that a C M, 
is a set, choose an ordinal @ such that all sets in a have rank smaller than a, and form 
the set b = V, NM,. Since M,, is a class in each model M,, the set b is in all models 
My, and therefore in M,,. Clearly, a C b, concluding the proof of universality. 

To show that M,, is a class in Mg, let A be a large limit cardinal in V so that Mp is 
a generic extension of V by a poset in WY, and such that ¥ satisfies a large fragment of 
ZFC. Note that then, all the models M,, are also obtained from V as generic extensions 
by posets in Yj. Move to the model Mp. Let f be the function from w to MynV such that 
f(@) = {(P,G): P EVN, G € M, isa filter on P generic over V, and whenever (Q, H) 
is a pair consisting of a poset in V n Y and a filter on Q in M,, generic over V, there 
is a P-name a in V such that o/G = H}. The coherence of the sequence (M,, : n € w) 
shows that the function f can be formed in My. Then, M,, is exactly the collection of 
all sets x such that for every n € w and every pair (P,G) € f(n), x € V[G]. Since V is 
a class in Mg, this shows that M,, is a class in Mo as well. 


EXAMPLE 4.2.10. Let x be a measurable cardinal, with a normal measure U on x 
and the associated ultrapower j: V > M. Let jnm: My > My be the iterands of j for 
n<ms<zw. Thenf),_ M, = M,Ic] holds where c = (jo,(x): n € @) [16,21]. It is 


new 
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well-known and follows from the geometric description of Prikry genericity by Mathias 
[80] that the set c is generic over the model M,, for the Prikry forcing associated with 
the measure jg,,U. 


EXAMPLE 4.2.11. Let cp : @, X w > 2 be a Cohen-generic map, and let c, = cg | 
cw X (w \n). Let M, = V[c,]. In the model M,, = (),, Mn, the chromatic number of 
Gg is greater than 2; thus, the Axiom of Choice must fail in M,,. 


PROOF. Work in V. For each number n € «, let P, be the poset of all finite func- 
tions from w, x(w \ n) to 2 ordered by extension. Note that for each n € w the map cy is 
P,-generic over V. For each ordinal a € w, and anumbern € a, let den be a name for 
the function defined by letting d,,,(m) be 0 ifm € n and the unique value of p(a, m) 
for all conditions p in the generic filter with the pair (a, m) in their domain if m > n. 
Note that d,,, is really a P,-name and it is forced to belong to the intersection model 
M,. 

Now, let p € P be a condition and o be a name such that p Ik o: 2% > 2is 
a function in M,,; we will find an ordinal a € w,, a number n € w and a condition 
strengthening p which forces dao and d,» to differ in an even number of entries if and 
only if o(dao) # G(dgn). This cannot occur if c is a coloring of Go. 

By a standard A-system argument, strengthening p if necessary, we may find an 
infinite set S C w,, conditions p, € P fora € S and a number nv € w such that the 
conditions pg for a € S form a A-system with root p, dom(p,) C #, Xn — 1, and each 
Pq decides the value of o(d,) to be some bit by € 2. Find a condition q < panda 
P,-name Tt such that q Ik o = T; this is possible as o is forced to belong to M,,. Since 
the set S is infinite, it is possible to find an ordinal a € S such that p, is compatible 
with q. Find a condition r € P, such that r < q | @, x (w \ n) and r decides the value 
of t(dzn) to be some specific bit b € 2. Note that py and r are compatible in P, and the 
pair (a,n — 1) does not belong to dom(p,g Ur). Thus, it is possible to strengthen the 
condition pz, Ur to some s € P such that {a} x n C dom(s), and cardinality of the set 
{m En: s(a,m) = 1} is even if and only if b, # b. This completes the proof. 


4.3. Choice-coherent sequences of models 


In most of our examples, we will want to look at sequences of models which have 
a greater degree of coherence. Certain constructions arising from the axiom of choice 
will have to be performed in a coherent way. The following definition records the de- 
mands: 


DEFINITION 4.3.1. Let (M,, : 1 € w) be an inclusion decreasing sequence of tran- 
sitive models of ZFC. We say that the sequence is choice-coherent if it is coherent and 
for every ordinal A there is a well-ordering <, of YN Mp such that its intersection with 
each model M,, belongs to M,. 


In the common case of generic coherent sequences, the choice-coherence can be de- 
tected from the theory of the intersection model as follows: 


THEOREM 4.3.2. Suppose that (M,, : n € w) is a generic coherent sequence of generic 
extensions of V. The following are equivalent: 
(1) (M,, : n € @) is choice-coherent; 
(2) Mz = (), Mn is a model of ZFC. 
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PROOF. For the (1)—(2) direction, assume the choice coherence. Let A be any or- 
dinal. In view of Theorem we only need to produce a well-ordering <* of {nN M,, 
such that <eE M,,. Fix a wellordering < witnessing the fact that (M,: n € ) isa 
choice-coherent decreasing sequence, and note that <*=< NM,, works as desired. The 
genericity assumption is not needed for this direction. 

For the (2)-(1) direction, that M,, is a model of ZFC. Let A be any ordinal. Let 
x > Abe a cardinal such that each model M,, is a generic extension of V by a poset 
of cardinality smaller than A. Let < be a well-ordering of ¥, in V. By recursion on 
n € w build a sequence (P,,G,, tT: n € w) such that P, is <-least poset in Vn Y% 
such that M,, is P,-generic extension of V, G,, C Ff, is a filter generic over V such that 
M,, = V[G,]|, t is the <-least P,-name in V such that t,/G, C P,,, is a filter generic 
over V such that M,4, = V[t,/G,], and G,41 = T/Gp. It is not difficult to see that the 
tail (P,, G,,T : m > m) of the sequence can be recovered from G,,, and therefore the 
sequence is coherent. 

Now, let <, be the following well-ordering of 4% M Mo: first come the elements of 
Yn My, then the elements of 4M Mo \ M,, and then the elements of WN My, \ Mn 
in turn. The elements of 4% nM, are ordered by some well-ordering in M,, which is 
available as M,, is a model of ZFC. The elements of M,, \ My4, are ordered by o,,/G,, 
where o,, is the <-least name in Vn such that o,,/G,, is a well-ordering of WN My. It 
is not difficult to see that <, is a well-ordering of WM My and <, NM,, € M, holds for 
alln € w. 


Most examples of choice-coherent sequences are generic and obtained from the triv- 
ial one (M, = V: n © w) by a coherent forcing which satisfies a certain degree of 
completeness. 


DEFINITION 4.3.3. Let (P,,2ym>§mn: 1 < m € w) be a commutative system of 
projections from posets P, to B, forn < m. 


(1) The diagonal game is the following infinite game between Players I and II, 
in round n Player I plays p,, € B, and Player II responds by q,, < p,. Addi- 
tionally, Pys1 < Zpn+1(Gn). In the end, Player II wins if there is a condition 
r € R such that 7, (r) < q, holds for alln € w. 

(2) The sequence is diagonally distributive if Player I has no winning strategy in 


the diagonal game. 


EXAMPLE 4.3.4. Suppose that (Q,,: m € w) are arbitrary posets, and let P, = 
II m>n Qm be the countable support product with the natural projection maps from RP, 
to P, for n < m. Player II has a simple winning strategy in the diagonal game in this 
setup: set dy = Dn- 


THEOREM 4.3.5. Let (M,, : n € w) bea choice-coherent sequence of models of ZFC. 
Let (P,,7nms§mn: 1 < m € w) bea coherent sequence of posets which is diagonally 
distributive in Mp. Let G C R, be a filter generic over Mg, and let G, = &,4G. Then 


(1) the sequence (M,|[G,,] :  € w) is choice-coherent; 
(2) the models ae M,, and iis M,[G,] contain the same w-sequences of ordinals. 


PROOF. Write M,, = [],, Mn. We start with (1). The main task is to find a poset 
R, € M, anda filter G., C PR, generic over M,, such that (),, Mn[Gn] = M.[G.]- 
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Using the choice coherence of the original sequence (M,, : n € w), we may assume 
that there is a sequence (a, : n € w) such that the underlying set of each poset P, 
is exactly a,. For each condition p € R, the ordinal w-sequence (7,(p): n € @) 
belongs to M,,, since for each number k € a, the tail (7,(p): n > k) is reconstructed 
aS (7kn(Zox(p)): n > k) in the model Mg. Similarly, the set P, = {q € J],,P,: Sk € 
w Vn > k q(n) = Zxr(q(k))} belongs to the model M,,. For elements qo,q, € BP, let 
4 < o if for all but finitely many numbers n € a, q,(n) < qo(n) in the poset P,, and 
conclude that the poset (P,, <) belongs to the model M,,. 

Define a function 7,4: R > PB, by Zom(p) = q where q(n) = 7,,(p), and a func- 
tion 9: PB) > RB by ga0(q) = &ko(q(k)) where k € w is such that for all n > k, 
Ten(q(k)) = q(n). One can also similarly define maps 7, : P, > P, and &,, : RB, > P,. 
It is a matter of trivial diagram chasing to show that the maps form acommuting system 
of projections from P, to P, and moreover 7p, £n € My. Thus, letting G,, = €55Gp, 
one can conclude that G,, C P, is a filter generic over My and therefore over M,,. Also 
G € (),, MnlG,] since G,, can be reconstructed in M,[G,] as G., = &5nG,. In conclu- 
sion, G, € (),, MulGrl- 

Finally, we have to prove that every element of the intersection fils M,,[G,] belongs 
to M,,[G,,]. This is where the diagonal distributivity of the original poset sequence is 
used. Suppose that tr € Mp is a R-name for a set of ordinals and p € R is a condition 
forcing t € {) nMn[Gn]; we must produce a condition p’ < p anda R,-name zt, € M, 
such that p’ Ik t = 1,,/G,,. Consider a strategy by Player I in the diagonalization game 
in which he plays p,, so that py < Pp, ] = T, and there is a P,,,-namet,,; € M,,, such 
that Pp Fp, T = T41/Gy41. This is possible by the assumption on the name t. By 
the diagonalization assumption, Player II has a counterplay with conditions q, < Dy 
such that there is a condition p’ < p for which 7,,(p) < q,, for alln € w. Let t,, be the 
P, | Zow(p’)-name defined by q IF & € 7, just in case &,,9(q) IFp, & € t. The name 
T, can be reconstructed in every model M,, by the definition q Ik & € 1, just in case 
Ean(q) Fp, & € Ty by the choice of the strategy for Player I in the diagonalization game. 
As a result, z, € M,,. It is immediate from the definition of t,, that p’ Ik t = 1,,/G,, as 
desired. 

Now we are ready to construct the requisite well-orderings verifying the choice- 
coherence of the models (M,,[G,,]: n € w). Let A be an ordinal larger than the ranks 
of all the posets P, for n € w. Let < be a coherent well-ordering of , MN My. We will 
now describe a coherent well-ordering <’ of sets of rank < A in the model M,[Go]. In 
this well-ordering, the sets in M,,[G,,] come first, ordered by some well-ordering in the 
model M,,[G,,]. The sets in Mo[Go] \ M,[G,] come next, well-ordered by their <-first 
R-name in the model Mp representing them. The sets in M,[G,] \ M2[G)] come next 
with a similar well-order, and so on. The coherence of the resulting well-ordering <’ 
is due to the fact that for each k € w, the sequence (G,,: n > k) belongs to the model 
M,[G,]. 

(2) is much easier. Suppose that tT € Mp is a R-name for an w-sequence of ordinals 
in the model M,,[G,,] and p € R, is a condition; we must find a condition r < p and 
an w-sequence z € M,, such that r Ik t = Z. Consider a strategy for Player I in the 
diagonal game in which he plays conditions p, © P, and on the side produces P,- 
names t, € My, so that pp < p,% = tTand py IFp, tT = T41 evaluated by the 
7nn+1-image of the generic filter on P,, and also p, decides the value 1,,(n) to be some 
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ordinal z(n). The assumptions on the name t shows that this is a valid strategy. The 
initial assumptions on the coherent sequence of posets show that this is not a winning 
strategy, so there must be a play against it such that in the end there is a condition 
r < pwith 7,(r) < p, for alln € w. Let t,, € M,, be the names produced during that 
counterplay, and let z be the w-sequence of ordinals obtained. The definitions show 
that for all n € ©, Zo,(r) IFp, T = Z. It follows that z € M,, for alln € w, and 
therefore r, z are as required in (2). 


The main feature of choice-coherent sequences of models we use later is the fol- 
lowing theorem connecting them with orbit equivalence relations: 


THEOREM 4.3.6. Let (M,, : n € w) be a generic choice-coherent sequence of models. 
Let E be an orbit equivalence relation on a Polish space X with code in M,, = Ch M,,. If 
a virtual E-class is represented in M,, for every n € w, then it is represented in M.,. 


Note that a virtual E-class is an equivalence class of E-pins. Thus, the theorem says 
that if there are pairwise equivalent E-pins (P,, t,) € M,, for all n € w, then there is an 
£-pin equivalent to them in the intersection model. 


PROOF. Let I be a Polish group continuously acting on the space X, inducing the 
equivalence relation E. Let d be a compatible right-invariant metric onT. Let (Rt) € 
Mg be an E-pin which has an equivalent in the model M,, for every n € w. Let A be 
a cardinal so large that for each n € w, Mg is a generic extension of M,, by a poset of 
cardinality smaller than A, and M,, contains an E£-pin on a poset of cardinality smaller 
than A equivalent to the pin (R,, 7). 

Let : be Cohen forcing on the Polish group I’, with its name Ygey for the generic 
point. Let y € [be a Cohen-generic point, H C R bea generic filter and K C Coll(w, A) 
be a generic filter, mutually generic over Mg; let x9 = t/H. In the model Mo[y, H, K], 
form the model N as the class of all sets hereditarily definable from y-x9 and parameters 
in M,,. The model N is an intermediate model of ZFC between M,, and Mo[y, H], so by 
Fact the model N is a forcing extension of M,,. We will argue that N and M,[H] 
are mutually generic extensions of M,,. 

First note that this will prove the theorem. Let Q,t € M,, be a poset and a name 
and L C Q bea filter generic over the model My[H] such that M,,[L] = N and t/L = 
y -Xq. By the forcing theorem in the model Mp, there have to be conditions p € H and 
q € Lsuch that (p,q) IF 1) E Tt. It is immediate that ct as aname on Q | q is E-pinned, 
and the E-pin (Q | q,t) is equivalent to (R,, 7). This confirms the conclusion of the 
theorem. 

To argue that N and M,[H] are mutually generic extensions of M,,, we use the 
criterion of Proposition In other words, if a € Mo[H] and b € N are disjoint 
subsets of some ordinal x, we must find a set c € M., of ordinals such that a C c 
and bc = 0. Towards this end, move back to the model Mg. Suppose that O c [ 
is a nonempty open set, p € R is a condition, d is a R-name for a set of ordinals, 
and ¢ is a formula with parameters in M,, such that in the poset FR. x R, (O, p) IF 
Coll(w, A) IF VB € a $(B, Yeen * 7) holds. Due to the definition of the model N, it will 
be enough to find a set c € M,, and a condition (O’, p’) < (O, p) which forces a c ¢ 
and Coll(w, A) IF VB € € $(B, Yeen * T) holds. 

Finally, we are in a position to use some coherence arguments. Let < be a coherent 
well-ordering of MjyNnV; i.e. such that the restriction of < to each M, belongs to M,,. We 
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will use the ordering to perform some coherent constructions. A typical construction of 
a coherent sequence (in the sense of Definition proceeds by induction on n € w. 
If (vu, : n € w) is coherent, wy € Mo, and ¢ is some formula with parameters in M,,, 
one can select the <-least w,,; € My, such that M, F $(v,, Wy, Wy41) if it exists; 
then, the sequence (w,, : n € w) is coherent. The routine details of these constructions 
will be suppressed below. 

Find a coherent sequence (P,, 7, : n € w) of pairwise equivalent E-pins on posets 
in Y starting with (R,, 7); ie. for every number n € w it is the case that P, x P,4, lk 
Oy, E oOy41. Find a coherent sequence (7, : n € w) such that for eachn € w, j, isa 
P, X B,4,-name for an element of the group [ such that t, = % - T41. Let D C T be 
a fixed countable dense set in the model M,,, and let 6) € D and > 0 be such that 
the open d-ball B(ép,¢) C Tis a subset of the open set O. Find a coherent sequence 
(Pn On: N € w) such that pp < p, p, € P,, 6, € D, and in the poset P, x P,44, 
(Pns Pntid 'F (Sn «Yas On41) < €-27"-3. Let O, = B(d,,¢/2). The point of these 
definitions is the following claim: 


CLAIM 4.3.7. Let n > 0. The condition (p;: i < n) forces in the product [[ 
following: 


(1) O, Cc Bo; 2) ‘ wN oe Vn-3 
(2) B(So, €/4) + %% «++ Mr—1 © On. 


P the 


i<n 


PROOF. Use the right invariance of the metric d to argue by induction oni € 
n that d(6j41, 50% ---%) is forced to be smaller than ¢ - Bea. In conclusion, 
d(d,, 59% --- %—1) is forced to be smaller than ¢/4. The two items then follow imme- 
diately by the right invariance of the metric d again. 


Now, for every number n € w, in the model M,, form the set c, = {6 € x: inthe 
poset R- x P,, (O;,, Py) IK Coll(w,A) Ik $(8, Yeen * T)}. Finally, let c = limsup, c, = 
{8B ex: 1~nB Ec,}. It is immediate that the sequence (c,, : n € w) is coherent and 
therefore the set c belongs to the model M,,. Let O’ = B(dp,¢/4) and p’ = po. The 
following two claims stated in the model My complete the proof of the theorem. 


CLAIM 4.3.8. In the poset R, p’ lk ac é. 


PROOF. Let p"” < p’ be acondition and 8 € x an ordinal such that p" Ik 6 € a. 
It will be enough to show that for all n > 0, 8 € cy. To this end, fix a number n > 0 
and let (H;: i < n) be a tuple of filters on the respective posets R mutually generic 


over the model Mp such that p; € H; and moreover p” € Ho. Write x; = 1;/H; and 
K = %/ Ai, Hi415 80 Xo = YN +++ Yn—1Xn- 

Let y € O,, bea point P.-generic over the model My[H; : i <n]. Lety’ = yyy, 
..-% '. By the invariance of the meager ideal on I under right translations, y’ € T is a 
point Cohen generic over the model M,[H; : i < n]. By Claim f.3.7(1), y’ € B(do,€) C 
O; moreover, y -X, = 7' - Xo. 

Let K C Coll(w, A) be a filter generic over the model Mo[H; : i < n][y]. The model 
Mo[H; : i < n][y][K] is a Coll(@, A)-extension of both My[y’, Hp| and M,[y, Hy] by the 
choice of A and Fact By the forcing theorem in the model Mg and the initial 
assumptions on the name a and the formula ¢, Mo[H; : i < n][y][K] — $(6, 7’ - x9). By 
the forcing theorem in the model M,, the filter on A: x P, given by y, H,, must contain 
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a condition forcing Coll(w,/) IF $(B,Y - T). However, y,H,, were arbitrary gener- 
ics meeting the condition (O,, p,), so it must be the case that this condition forces 
Coll(w, A) Ik (8, Yeen * TH). This means that B € c, as required. 


CLAIM 4.3.9. In the poset FR; x R,, for every ordinal B € c, the condition (O', p’) forces 
Coll(w, A) Ik $(f, y - 7). 


PROOF. Find a number n > 0 such that 6 € c,. Let H; C PB fori < n be filters 
mutually generic over My containing the conditions p; respectively, with p’ € Ho. 
Write x; = t;/H; and y; = ¥,/Hj, Hiz1; 80 Xo = Yn ---Yn—1Xn- 

Let y’ € O’ bea point R--generic over the model Mo[H; : i < n]. Lety = y'yon - 
Yn_-1; by the invariance of the meager ideal on T under right translations, y € Tis a point 
Cohen generic over the model M,[Hj : i < n]. By Claim .3.7(2), y € O,; moreover, 
YX =Y' Xo. 

Let K C Coll(w, A) be a filter generic over the model Mo[H; : i < n][y]. The model 
Mol[H;: i < n][y'][K] is a Coll(w, A)-extension of both Mp[y', Hp] and M,[y, H,] by 
Fact By the forcing theorem in the model M,, and the definition of the set c,,, 
Mo[H;: i < n\ly'|[K] — $(6, y- x,). By the forcing theorem in the model Mg, the filter 
on & Xx R given by y’, H, must contain a condition forcing Coll(w, A) IF d(B, Ygen * To). 
However, y’, Ho were arbitrary meeting the condition (O’, p’), so it must be the case 
that this condition forces Coll(w, A) Ik $(, Yeen * T) as required. 


EXAMPLE 4.3.10. Consider the equivalence relation E, on X = (2%)®; it is well- 
known not to be reducible to any orbit equivalence relation [54, Theorem 11.8.1]. The 
conclusion of Theorem fails for E,. To see this, choose any partial order Q which 
adds a new point y € 2”. Let P be the full support product of w-many copies of Q, 
and let P, be the product of the copies of the copies of Q indexed by natural numbers 
> n. The posets P, for n € w naturally form a coherent sequence. Let G C P bea 
generic filter, and for each n € w let G, C P, be the restriction of G to conditions in P,. 
Theorem shows that (V[G,,]: n € w) is a choice-coherent sequence of models, 
and that (},, V[G,] contains no new reals compared to V. In V[G,], let x, € X be the 
sequence defined by letting x,,(m) be the zero sequence if m € n and the evaluation of 
y by the n-th coordinate of the generic filter G otherwise. It is clear that the points x,, all 
represent the same E,-class, which is not represented in V and therefore in an V[G,]. 


As a final remark, in general it is necessary to consider virtual E-classes as opposed 
to just E-classes in the statement of Theorem 7.3.6. To see this, start with the trivial 
coherent sequence (M, = V: n © w) and let P, be the countable support product 
of copies of the poset Coll(w, 2”) indexed by natural numbers > n, with the natural 
projections from P, to P,, added. This is a diagonally complete sequence of posets as in 
Example and by Theorem it induces a choice-coherent sequence of models 
(My, |[G,]: m € w) such that the model 1, Mal Gn] contains only ground model w- 
sequences of ordinals. Now, every model M,,[G,,] contains an enumeration of the set 
(2° n V) by natural numbers, and all of these enumerations are F -related. Clearly, 
there is no F,-equivalent of them in the intersection model. Yet, there is a virtual F>- 
class related to these enumerations in the intersection model, and even in the ground 
model V. 


Part IT 


Balanced extensions 
of the Solovay model 


CHAPTER 5 


Balanced Suslin forcing 


5.1. Virtual conditions 


We look at the class of Suslin forcings from an angle quite distinct from the stan- 
dard treatment in (71; in particular, the center of attention is on o-closed Suslin forcings 
as opposed to c.c.c. or proper forcings adding reals. Recall that a preorder on a set is 
just a binary transitive relation containing the diagonal on the set, and define: 


DEFINITION 5.1.1. A Suslin forcing is a preorder (P, <) for which there is a Polish 
space X so that: 


(1) P is an analytic subset of X; 

(2) the preorder relation < is an analytic subset of X?; 

(3) the incompatibility relation {(pp, p}) € P: VqeE Pq £ Do VG & Pi} isan 
analytic subset of X?. 


There are two points regarding the terminology. We do not require a Suslin forcing to 
be a partial order. That is, it does not have to satisfy the property Dg < DP; A Di < Po > 
Po = P,.- In fact, most Suslin forcings we use are preorders and probably cannot be 
presented as Suslin partial orders. The associated preorder equivalence relation on P 
connecting pp with p, if pp < p, and p; < Po, which is normally used to quotient out 
a preorder to a partial order, may not be smooth or even pinned. In a nod to standard 
usage, we still speak about posets, partial orderings etc. even in cases where the Suslin 
presentation of the forcing is merely a preorder; no confusion can result. 


EXAMPLE 5.1.2. Consider the forcing P of countable partial functions from 2° to 2 
with the relation of reverse extension. As stated, it is not a Suslin forcing, since it is not 
an analytic subset of a Polish space. To present it as a Suslin forcing, one has to make 
an innocuous adjustment: P is in fact the set of all functions from to 2” x 2 whose 
range is a function, and order P by setting q < pif rng(p) C rng(q). This adjustment 
results in a preorder as opposed to a partial order. Note that the associated preorder 
equivalence relation is unpinned and bi-reducible with F, in this case. Adjustments of 
this type are performed in the book without mention. 


We also do not require Suslin forcings to be separative. Recall that conditions po, p; € 
P are called inseparable if for every condition q < po, q and p, have a lower bound, and 
vice versa, for every condition q < p,, qand pp have a lower bound. The inseparability 
relation is an equivalence. A preorder P is separative if this equivalence relation is 
the identity [51 Definition 14.8]. Again, a Suslin forcing may be presented as a Suslin 
partial order, but not as a separative partial order, simply because the inseparability 
equivalence relation is not smooth. 
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EXAMPLE 5.1.3. Consider the forcing P of infinite subsets of @ with the relation 
of inclusion. This is a Suslin preorder which is in fact an ordering, but not a separa- 
tive ordering. The inseparability equivalence relation is the modulo finite equality of 
infinite subsets of w, which is bi-reducible with Eo. 


In order to develop the theory of balanced forcing in full generality, we have to discuss 
definable points in the completion of a Suslin forcing P. 


DEFINITION 5.1.4. Let (P, <) be a Suslin forcing and let Ay, A, C P be analytic sets. 

(1) We write XA, < Ap for the statement Vp € PVp; € Ay p < py > AQ < 
P APo € Ao 7 < Po. If p € P then XA, < pstands for XA, < Xf{p}; 

(2) we also write XA, = XA, for the conjunction of ZA, < ZAg and XAy < XA). 


It is not difficult to see that the relation < on analytic sets defined in this way is a 
partial ordering. The notation suggests an interpretation of the ordering in the Boolean 
completion [51, Corollary 14.12] of the separative quotient of P: ZA, < XAg holds just 
in case the supremum of A, is below the supremum of Ag in the completion. We will 
have no opportunity to use the completion per se or the comparison of suprema of sets 
which are not analytic. The following simple absoluteness fact will be used throughout 
the book without mention. 


PROPOSITION 5.1.5. Let (P, <) be a Suslin forcing. Let Aj, A, C P be analytic sets. 
The statement XA, < XAg has the same truth value in all forcing extensions. 


PROOF. The statement XA, < XA, is defined as Vp € PVp, € A, p< pj > AQ< 
P Apo € Ao F < Po- Since the ordering < on P is analytic, this is a II} statement and 
the Shoenfield absoluteness applies to yield the conclusion of the proposition. 


Throughout the rest of the book, we will make use of virtual conditions in Suslin forc- 
ings. Similar to virtual equivalence classes, these are conditions which may not exist in 
the present model of set theory and appear only in some generic extension, yet we have 
a sensible calculus for dealing with them in the ground model. We want the space of 
virtual conditions not to depend on a particular presentation of a given Suslin forcing, 
and to be rich enough to harvest certain critical features. This leads to the following 
definitions. 


DEFINITION 5.1.6. Let (P, <) be a Suslin forcing. 

(1) A P-pair is a pair (Q, tT) where Q is a partial ordering and t is a Q-name for 
an analytic subset of P. If P is clear from the context, we omit it from the 
notation. 

(2) If (Qo, 7%), (Q,, |) are P-pairs, we write (Q,,T,) < (Qo, 7) if there is a Q|-name 
7 for a filter on Qy which is generic over V and such that Q, IF Xt, < X(t/n). 


Clearly, the original ordering < on P naturally embeds into the ordering on pairs by 
the map assigning to each element p € P the pair (Q, tT) where Q is the one-element 
partial order and t is the Q-name for the set {p}. Thus, there is no harm in denoting 
both relations with the same symbol. If Q is a poset and Tt is a Q-name for an element 
of P, we abuse the notation to write (Q, tT) for the pair (Q, 0) where a is the Q-name for 
the singleton set containing only t as element. It is not difficult to see that the relation 
< on pairs is a pre-order. A couple of observations: given a pair (Q, T), a poset R, anda 
condition q € Q, we have (R x Q,T) < (Q,T) and also (Q [ q,T) < (Q,T). In addition, 
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if (Qo, T), (Q|, %]) are P-pairs, then the relation (Q;, 7) < (Qo, %) is upwards absolute 
among all generic extensions. 


DEFINITION 5.1.7. Let (P, <) be a Suslin forcing. 
(1) A P-pair (Q, T) is a P-pin if Q xX Q IF Ute = Utright holds. 
(2) Let (Qo, 7) and (Q;, %)) be P-pins. Define (Qo, t)) = (Qi, %1) if Qo XQy IF Zt = 
XTj. 
(3) Virtual conditions of P are the equivalence classes of =. 


As an initial remark, since any two generic extensions are mutually generic with a 
third, (Q,7) is a P-pin just in case in every forcing extension V[H] and every pair of 
filters Gp, G, C Qin V[H] separately generic over V, t/G) = =t/G, holds. We need to 
verify that the relation = is in fact an equivalence relation. 


PROPOSITION 5.1.8. = is an equivalence relation on P-pins. 


PROOF. It is immediate that = is symmetric and reflexive. For the transitivity, 
suppose that (Q),%) = (Qi,t%) = (Qo,T); we need to show that (Q,™) = (Qo, 7) 
holds. Let Gp C Qo, Gz C Q) are mutually generic filters and A, = t%/G, and t)/Gp; we 
must show that V[Gp, G,] F ZAz = XAg. Let G, C Q, bea filter generic over V[Go, G2] 
and let A, = 7,/G,. By the assumption, V[Gp, G,] F ZA, = XAg and V[G,, G,] F ZA, = 
XA. By the Shoenfield absoluteness, V[Gp, G,, G,] F XA, = ZA, = XAg, in particular 
XA, = XAp. By another application of the Shoenfield absoluteness, the inequality 
XA, = ZAg transfers from V[Go, G,, G2] to V[Go, G]. 


Throughout the book, we denote virtual conditions of P by symbols such as po, py. 
The class of virtual conditions of P is very large. One good way of organizing it is to 
notice that the ordering < on P-pairs quotients down to a natural ordering on virtual 
conditions as in the following definition. 


DEFINITION 5.1.9. Let (P, <) be a Suslin forcing and jo, p, be virtual conditions 
of P. We write p; < po if there are P-pins (Qo, t)) and (Q,, 7) representing py) and p, 
respectively such that (Q), 4) < (Qo, T%). 


The following proposition restates the definition in terms of generic extensions; it is 
routine and left to the patient reader. 


PROPOSITION 5.1.10. < is a preorder on virtual conditions of P. In addition, for 
virtual conditions po, p, the following are equivalent: 
(1) Pi S Bo: 
(2) for any (equivalently, some) P-pins (Qo, tT) and (Q,, T) representing po and p, 
respectively and every forcing extension V[H] containing filters Gy C Qo and 
G, C Q, separately generic over V, X(1/G,) < X(t)/Go) holds. 


We frequently identify conditions with virtual conditions. A condition p € P is iden- 
tified with (the =-class of) the P-pin (Q,t) where Q is a one element poset and T is 
the Q-name for the set {p}. In a typical usage, p is a virtual condition, V[G] is some 
forcing extension, and p € PM V[G] is a condition in this extension. The expression 
p < pis then interpreted in the model V[G] as an inequality between the P-pin asso- 
ciated with p and the virtual condition p. The latter becomes, literally speaking, the 
unique =-class in V[G] containing the P-pins in p in the ground model. In view of 
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Proposition the preordering of virtual conditions is absolute among all generic 
extensions. The seemingly awkward calculus of virtual conditions is immediately clar- 
ified with a couple of examples of familiar Suslin forcings. 


EXAMPLE 5.1.11. Let P be the poset of all countable functions from 2 to 2, ordered 
by reverse inclusion. Let f be any function from 2% to 2, perhaps uncountable. Let 
Q = Coll(w, f) and let t be a Q-name for the set of all conditions p € P such that 
f C p. The pair (Q,T) is a P-pin. It is clear that distinct functions f generate distinct 
virtual conditions in P. The ordering of the associated virtual conditions corresponds 
to reverse inclusion of functions. 


EXAMPLE 5.1.12. Let P be the poset of infinite subsets of w, ordered by inclusion. 
Let F be a nonprincipal filter on w. Let Q = Coll(w, F) and let t be a Q-name for the set 
of all conditions p € P which diagonalize the filter F, i.e. Va € F p\ ais finite. The pair 
(Q,T) is a P-pin, since the valuation of t does not depend on the choice of the generic 
filter on Q. It is not difficult to see that distinct nonprincipal filters generate distinct 
virtual conditions. The ordering of the associated virtual conditions corresponds to 
reverse inclusion of filters. 


The above examples are quite special. The class of all virtual conditions is typically too 
broad to allow any informative classification of all virtual conditions, as the following 
proposition shows. 


PROPOSITION 5.1.13. Suppose that (P, <) isa a-closed Suslin forcing such that below 
any element p € P there are two incompatible ones. Then the equivalence = has proper 
class many equivalence classes. 


PROOF. Leth: 2<® > P bea function such that for every t € w<°, the conditions 
h(t~0) and h(t~1) are incompatible and stronger than h(t). Let g: w > w? bea bijec- 
tion. For every ordinal a, consider the Coll(w, a) name T,, for the set of all conditions 
p © P such that for every n € wo there is (exactly one) string t(p,n) € 2” such that 
p < h(t), and the binary relation g’{n € w: t(p,n + 1)(n) = 1} is isomorphic to a. 
It is not difficult to see that the pair (Coll(«, a), 7,,) is a P-pin; in fact the evaluation of 
Ty yields the same analytic set no matter what the generic filter on Coll(w, ~) is. The 
P-pins obtained in this way are =-inequivalent; in fact, for distinct ordinals a # £, 
Coll(w, a) x Coll(w, 6) IF any condition in t, is incompatible with any condition in 
Tg. 
In contrast to Proposition virtual conditions in a certain class normally allow 
a neat classification by natural combinatorial objects. These are the balanced virtual 


conditions of the next section, which are central to the technology developed in this 
book. 


5.2. Balanced virtual conditions 
We start with a key definition of a balanced pair. 


DEFINITION 5.2.1. Let (P,<) be a Suslin forcing. Let Q be a poset and 7 a Q- 
name for an analytic subset of P. We say that (Q, t) is a balanced pair in P for all pairs 
(Ro, 9), (R1,) < (Q,T), it is the case that Ro X Ry lk App € =) Ip) EJ APE PpP< 
Po> Pi- 
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V[Ho]  / P ~ Ce 


FIGURE 5.2.1. A balanced virtual condition p < p. 


Note that if o is any Ro X Ry-name for a lower bound of Zoo, Xo in the poset P, then the 
pair (Ro X Rj, c) is a common lower bound of the pairs (Rg, dg), (Ri, 0). The following 
proposition restates the notion of a balanced pair in terms of the generic extension as 
opposed to the forcing relation. This restatement is more natural than the original 
definition, and it will be used throughout the book. See Figure 


PROPOSITION 5.2.2. Let (P, <) be a Suslin forcing. Let Q be a poset and t a Q-name 
for an analytic subset of P. The following are equivalent: 


(1) (Q,T) is a balanced pair; 

(2) whenever V[H,] and V[H,] are mutually generic extensions, Go, G; C Q are 
filters generic over the ground model in the respective extensions and pg < T/Go, 
P, < t/G, are conditions in P in the respective extensions V|Ho|, V|H,]|, then 
Po» P; are compatible in P. 


EXAMPLE 5.2.3. Let P be the poset of countable functions from 2” to 2, ordered by 
reverse inclusion. If f : 28 — 2 is a total function, then (Coll(«, 2”), f) is a balanced 
pair. To see this, suppose that V[H], V[H,] are mutually generic extensions and pp € 
V[Ho] and p, € V[H,] are functions containing f as a subset. By the product forcing 
theorem (Fact |L.7.8), dom(pp) N dom(p;) = 2° NV must hold. It follows that po U py 
is a function and therefore a common lower bound of the conditions po, p,. Note that 
(Coll(w, 2%), f) is a P-pin. Every partial function from 2° to 2 yields a P-pin as per 
Example However, only the P-pins associated with total functions are balanced, 
as will become clear in Example below. 
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Balanced pairs are used in all our consistency proofs via the following technical propo- 
sition. 


PROPOSITION 5.2.4. Suppose that (P, <) is a Suslin forcing, (Q,T) a balanced pair, 
x is an inaccessible cardinal such that |Q| < x, z € V is a parameter, and ¢ a formula 
with two free variables. Then either Q |k Coll(w,< x*) Ik t Ikp W[G] E ¢(2,G) or 
Q IK Coll(w, < x) IK t IEp W[G] E =G(Z, G) where W is the symmetric Solovay model 
derived from the first two steps of the iteration and G is the P-name for the generic filter. 


PROOF. Suppose towards contradiction that the conclusion fails. Then, by the 
homogeneity properties of Coll(w, < x) (Fact there must be pairs (Ro, 09) and 
(R,, 01) below (Q, Tt) such that |Ro|,|R1| < *«, 09,0, are names for conditions in P, and 
Ro IK Coll(w, < x) Ik oo IEp W[G] F $(Z, G) and R, IF Coll(w, < x) Ik a IEp W[G] F 
=$(Z, G). By the balance assumption on the pair (Q, T), Ro XR, IF op, a, are compatible 
in the poset P; let 7 be an Rp X Ry-name for a lower bound. Let Hy C Rp and H, C Rj be 
filters mutually generic over V, let K C Coll(w, < x) bea filter generic over V[Hp, H, |, 
and work in the model V|Hp, H,, K]. 

It follows from the homogeneity properties of the collapse poset again that the 
model V[Ho, H;, K] is a Coll(w,< x)-extension of both V[H)] and V[H,]. The cal- 
culation of the model W does not depend on the Coll(w, < x)-generic filter. Writing 
Po = %/Hp and p, = 9,/H,, the forcing theorem in the respective models V[H,]| and 
V[H,] shows that in V[Hp, Hy, K] po |KEp W[G] F $(Z, G) and p, Ikp W[G] F 74(2, G). 
However, the conditions po, p; € P are compatible, 7/Hp, H, being their lower bound. 
This is a contradiction. 


The class of balanced pairs is greatly simplified by introducing the following equiva- 
lence relation on it: 


DEFINITION 5.2.5. Let (P, <) bea Suslin forcing. If (Qo, t)) and (Q,, t,) are balanced 
pairs, we say that (Qo, t]) =, (Q), 7%) if for all pairs (Ro, a9) < (Qo, 7) and (Rj,0,) < 
(Q,, 7) it is the case that Rp X Ry Ik App € 09 Ap) E FAP EP P< Po, Pj. 


PROPOSITION 5.2.6. The relation =p is an equivalence on balanced pairs. Moreover, 
if (Q, T) is a balanced pair and (R,a) < (Q,T), then the pair (R, a) is balanced and =p- 
related to (Q,T). 


PROOF. It is immediate that the relation =, is symmetric and contains the diago- 
nal. To see the transitivity, suppose that (Qo, 7%) =p (Q),%]) =p (Qy, %) holds; it must 
be shown that (Qo, 79) =p (Qo, T) follows. To this end, let (Ro, gg) and (R2, 02) be pairs 
stronger than (Qo, 7) and (Q), 7) respectively. Use the the assumptions to find an 
Ro X Q,-name 7 for a common lower bound of some conditions in og and t,. Then 
(Ro X Q1,) < (Q,,%). By the initial assumptions again, Ry x Q; X R IF 7 is compat- 
ible with some condition in o,. By a Mostowski absoluteness argument between the 
Ro X Rz-extension and the Rp x Q, x R2-extension, Rp X Rz IK App € op AP. € n5p E 
P p < Po, P2, proving the transitivity of =,. The second sentence of the proposition 
follows directly from the definitions and the fact that < is a preorder on pairs. 


EXAMPLE 5.2.7. To elaborate on Example let P be the poset of countable 
functions from 2 to 2, ordered by reverse inclusion. If (Q, tT) is a balanced pair, then for 
every point x € 2” in the ground model, it must be the case that Q forces f(x) € dom(r) 
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and in fact Q has to decide the value of t(X) as well-otherwise it would be easy to 
violate the balance of the pair. Let f: 2” — 2 be the total function given by Vx € 
2° Q IK r(X) = f(X) and note that (Q, t) < (Coll(w, 2”), f), so (Q, T) =, (Coll(w, 2”), f) 
by Proposition Thus, the balanced classes for P are exactly classified by total 
functions from 2% to 2. 


One of the main concerns of this book is the classification of balanced classes for var- 
ious Suslin forcings (P,<). The following theorem is the basic contribution in this 
direction. 


THEOREM 5.2.8. Let (P,<) be a Suslin forcing. Every =p)-class contains a virtual 
condition. The condition is unique up to virtual condition equivalence. 


PROOF. Let (Qo, 7) be a balanced pair; by Proposition §.2.6 we may assume that 
T) isa name for a single element of P. Consider the poset Q, = Coll(w, P(Q)) and the 
name 7, for the analytic set {p € P: for some filter G C Q meeting all open dense sets 
enumerated by the Q,-generic, p = t/G}. It is clear that (Q), 7) is a P-pin. We will first 
show that the pair (Q,, 7) is balanced and =,-related to (Qo, 7). 

To prove the balance, assume towards a contradiction that it fails, as witnessed 
by some pairs (Ro, d),(R1,%) < (Q|,%)). Passing to a condition in Ry and R, and 
strengthening the names oo, 0, ifnecessary, we may assume that do, o) are in fact names 
for elements of the poset P and that Rp x R, IF 09,0, are incompatible in the poset P. 
Strengthening the pairs further if necessary, using the definition of the name 7,, we 
may assume that (Rg, do), (R1,01) < (Qo, 7) holds. At this point, the balance of the 
pair (Qo, 79) shows that Rg X R, lk og, 0, are compatible in the poset P, contradicting 
the initial assumptions on Ro, Ry. The =,-equivalence of (Qo, 7) and (Q,, 7) is proved 
in a similar way. 

To show the uniqueness of the P-pin (Q,, 7,) up to virtual condition equivalence, 
suppose that (Q,, t) is another P-pin which is an element of the =,-class of the bal- 
anced class of (Qo, 7); we must show that Q; x Q, Ik Xm = Xt. Suppose towards 
contradiction that this fails. Then passing to conditions in Q, and Q, if necessary, we 
may find a Q; X Q)-name o for a condition in P forced to be below some element of 7, 
and incompatible with all elements of t, (or vice versa). As the pairs (Q,, 7) and (Q), t) 
are =)-related and (Q; X Q3,0) < (Q,,7%), it must be the case that Q; X Q x Q, lk a 
is compatible with some element of 1, as evaluated according to the generic on the 
right copy of Q. Looking at the two copies of Q> in the product, this contradicts the 
assumption that (Q), 7) is a P-pin, ie. Q, x Q) IF UH) = 2()right- 


QUESTION 5.2.9. Let (P, <) be a Suslin forcing. Is it necessarily the case that the 
equivalence relation =, has only set many classes? Is it necessarily the case that every 
balance class has a representative on a poset of cardinality smaller than 2,,,? 


It is now time to state the central definition of this book. 


DEFINITION 5.2.10. Let P be a Suslin forcing. P is balanced if for every condition 
p € P there is a balanced virtual condition below p. 
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A definition of this sort immediately raises a question: which Suslin forcings are bal- 
anced? We should immediately douse the flames of entirely misguided hopes: 


PROPOSITION 5.2.11. The following Suslin forcings do not have any balanced virtual 
conditions and therefore are not balanced: 
(1) nonatomic c.c.c. posets; 
(2) nonatomic tree posets; 
(3) posets of the form P(w)/I where I is a countably separated Borel ideal on w. 


Here, a tree poset on a Polish space X is an analytic family of closed subsets of X closed 
under nonempty intersections with closures of basic open sets, ordered by inclusion. 


PROOF. For (1), suppose towards a contradiction that (P, <) is a Suslin c.c.c. poset 
and (Q,T) is a balanced pair. For every maximal antichain A C P, its maximality is 
a coanalytic statement and therefore absolute to the Q-extension. Thus, Q IF every 
element of t is compatible with some element of A. The balance of t immediately 
shows that there can be only one element of A with which some condition of t is com- 
patible, and the largest condition in Q identifies this element. It follows that the set 
{peP: QlF =r < phisa filter on P which meets all maximal antichains, an impossi- 
bility in nonatomic posets. 

For (2), suppose towards a contradiction that (P, <) is a tree poset on a Polish space 
X and (Q,T) is a balanced pair. For every basic open set O C X, the statement TN 040 
must be decided by the largest condition in Q by the balance of rt. This decision cannot 
be positive for two disjoint basic open subsets of X by the balance of rt again. Thus, t 
would have to be forced by Q to be a singleton (even a specific singleton in the ground 
model), an impossibility in nonatomic tree posets. 

For (3), suppose towards a contradiction that I is a countably separated ideal on w 
as witnessed by a countable separating set A C P(w), meaning that for every b € I and 
c €é I there isa € A such that bna = Oand cna ¢ I. Suppose that (Q, T) is a balanced 
pair in the poset P(w)/I; so t is a name for an I-positive subset of w. By the balance of 
T, for every set a € A it must be decided by the largest condition in Q whether tN d € I 
or not. Let B = {a € A: Ql tN 4a ¢ I}. Use the balance of the name T to argue 
that any intersection of finitely many elements of B is an infinite set. Let b C w be an 
infinite set such that for every a € B, b \ ais finite. Use the density of the ideal I to 
argue that thinning out the set b if necessary, we may assume that b € I. It is now 
immediate that no set a € A can separate the I-small set b from the I-positive set t in 
the Q-extension: ifa € A \ B then tna € Tis forced, andifa € B then bna # 0. This 
is a contradiction. 


Most balanced Suslin forcings used in this book are o-closed. There are o-closed posets 
which are not balanced, such as the one which adds a maximal almost disjoint fam- 
ily in P(w) by countable approximations, cf. Theorem There are some posets 
which are balanced and in ZFC even collapse X,, cf. Theorem 8.8.2, Even such posets 
are valuable; remember that they prove their worth in the choiceless symmetric Solo- 
vay extension. The balanced status of certain posets is nonabsolute, see for example 
Theorem or 8.6.6. Thus, even though typically the balanced virtual conditions 
correspond to traditional objects of combinatorial set theory, the balanced status is a 
complicated matter. There is only one general preservation theorem, which is never- 
theless extremely useful for obtaining consistency results: 


5.2. BALANCED VIRTUAL CONDITIONS 113 


THEOREM 5.2.12. Let P = IL, P, be a countable support product of Suslin forcing 
notions. Balanced virtual conditions in P are exactly classified by sequences (p, : n € w) 
where for every n € , py, is a balanced virtual condition in P,. 


PROOF. On one hand, if (Q,,7,) are balanced pairs for each n € w, the name 
for the sequence (7, : n € w) in the product Q = ne Q, is balanced for the poset P 
essentially by the definitions. The choice of the support in the product Q is immaterial. 
On the other hand, if Q is a poset and t = (7, : n € w) is a balanced Q-name for the 
poset P, it must be the case that each of the names 1, for n € w is balanced for the 
poset P,. It equally easy to see that equivalent balanced names for P give equivalent 
balanced names on each coordinate, and sequences of balanced names on the posets P, 
which are coordinatewise equivalent yield equivalent balanced names for the product 
forcing. 


COROLLARY 5.2.13. The countable support product of balanced Suslin forcings is 
balanced. 


One issue that is constantly present in this book is the lack of absoluteness of the no- 
tions surrounding balance. As long as Question remains open, it will also be 
necessary to relativize the definition of a balanced poset to Vy. where x is an inacces- 
sible cardinal. One may think that with suitable large cardinal hypothesis on x, one 
could use reflection to show that relativization is unnecessary. The best result we have 
in this direction is: 


PROPOSITION 5.2.14. Let (P, <) be a Suslin forcing. Let x be a X,-reflecting cardinal. 
The following are equivalent: 
(1) P is balanced; 
(2) YF P is balanced. 


PROOF. The argument uses a simple absoluteness claim: 


CLAIM 5.2.15. If M is a transitive model of ZFC, (Q,T) is a pair in M, M F (Q,T) is 
balanced, and P(Q) Cc M, then the pair (Q,T) is balanced in V. 


PROOF. Workin V. Suppose that the conclusion fails, as witnessed by posets Ro, R; 
and names og, 0; on Rg X Q and R, X Q respectively. Take an elementary submodel N 
of a large enough structure such that Q C N and |N| = |Q|. The posets Rj NN,R, AN 
and names og NN and g, NN still witness the failure of of the balance of the pair (Q, Tt): 
if Go C (Ro NN) X Qand G, C (R,; NN) X Q are mutually generic filters, pp = o/Go 
and p, = 0,/G, € P, then N[Gp, G,] F po, p) € P are incompatible conditions by the 
forcing theorem applied in the model N, and by the Mostowski absoluteness between 
N[Gpo, G,] and V[Gp, G;], this is still true in V[Gp, G,]. Now, the assumption P(Q) Cc M 
shows that the posets Rg NN, R,; NN and names oy) N N and o, NN have isomorphic 
copies in the model M, obtaining the failure of balance of the pair (Q, tT) in M. 


Now, Claim applied to M = V, immediately yields the implication (2)—(1). For 
the converse, suppose that P is balanced, p € P, and find a balanced pair (Q, t) below 
p. We have to deal with the unseemly possibility that |Q| > x holds. A brief review of 
the definition of balance reveals that the statement “(Q, tT) is a balanced pair below p” 
is II,. Applying the initial assumption on the cardinal « we see that %. Fthere is is a 
balanced pair below p. Since the condition p € P was arbitrary, (2) follows. 
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5.3. Weakly balanced Suslin forcing 


There is an interesting generalization of balanced Suslin forcing which can realize 
additional effects in extensions of the symmetric Solovay model. The basic definitions 
can be stated as a minor variation of the work done in the previous sections. 


DEFINITION 5.3.1. Let (P, <) be a Suslin forcing. A pair (Q, tT) is weakly balanced 
if any pairs (Ro, 09), (R1,0%) < (Q,T) have a common lower bound in the ordering of 
pairs. 


It is immediate that every balanced pair is weakly balanced. Weakly balanced pairs are 
equipped with a rather obvious equivalence. 


DEFINITION 5.3.2. Let P be a Suslin forcing and (Qo, 7) and (Q,, 7) are weakly 
balanced pairs. Say that the pairs are equivalent and write (Qo, %])) =wp (Q1,%) if any 
pairs (Ro, 09) < (Qo,T)) and (Ry,0,) < (Q),t) have a common lower bound in the 
ordering of pairs. 


The weak balance and its associated equivalence are faithful extensions of the notion of 
balance and its associated equivalence. This is the content of the following proposition. 


PROPOSITION 5.3.3. Let (P, <) be a Suslin forcing. 
(1) The relation =,p is an equivalence relation on weakly balanced pairs; 
(2) the class of balanced pairs is invariant under =, equivalence; 
(3) the relations =, and =,» coincide on balanced pairs. 


PROOF. (1) is immediate from the definitions. For (2), suppose towards a con- 
tradiction that (Qy, 7) and (Q,, 7%) are =,,,-equivalent pairs and (Qo, 7) is balanced, 
while (Q), 7) is not. The latter statement is witnessed by some pairs (Rog, dp), (Ri, 0) < 
(Q,, 7). Passing to a condition in Rg and R, if necessary, we may assume that Ry XR, IF 
X09, ZO, are incompatible in P. 

Use the =,,)-assumption to find a lower bound (So, 79) of (Qo, 7) and (Rg, do), and 
also a lower bound (So, 1) of (Qo, T])) and (Rj, 0). By the balance of the pair (Qo, ty) it 
follows that Sy x S; IF X79, Zn, are compatible in P. The Ro-generic filter added by So 
and the R,-generic filter added by S, will be mutually generic in the Sp x S,-extension 
by Corollary and the associated sums Xp, Xo, will have a lower bound in the 
So X S,-extension. This contradicts the initial assumptions on Rg, Rj. 

For (3), it is clear that =, is a subset of =,,, on balanced pairs. For the opposite 
inclusion, suppose towards a contradiction that (Qo, T)) and (Q,, 7) are balanced, =,,,- 
equivalent, and =,-inequivalent pairs. Let (Ro, 09) < (Qo, 7) and (Ry,0,) < (Q),%) 
witness the =,-inequivalence. Passing to a condition in Rg and R,, we may assume that 
Ro X R, IF Xo, XQ, are incompatible in P. Use the initial assumptions to find a lower 
bound (S, 7) of (Qo, 7) and (Rj, 7). Since the pair (Qo, 7) is balanced, Rp XS IF Lop, = 
are compatible in P. The R,-generic filter introduced by S is mutually generic with the 
Ro filter by Corollary and the associated sums Xoo, Xo, will have a lower bound 
in the Ry x S-extension. This contradicts the initial assumptions on Rg, Rj. 


PROPOSITION 5.3.4. Let P be a Suslin forcing. Every =, p-class contains a virtual 
condition. The virtual condition is unique up to =-equivalence. 


PROOF. Let (Qo, tT) be a weakly balanced pair; strengthening 7 if necessary, we 
may assume that 7 is in fact a name for an element of P. Let x be an ordinal such that 
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P(Q) c \%, let Qg = Coll(w, Y) and let 7, be the Q;-name for the set {p € P: there 
is a filter G C Qo G meeting all the dense subsets of Qy in VY such that p = t)/G}. 
It is clear that the pair (Q,, 7,) is a P-pin. We will show that the pair (Q,, 7) is weakly 
balanced and =,,)-related to (Q), 7). 

For the weak balance, suppose that (Rg, do), (Ri, 01) < (Q;, %) are pairs. Strength- 
ening the pairs if necessary, using the definition of the definition of Q; we may assume 
that (Ro, do), (Ry, 0) < (Qo, %) holds. The weak balance of (Qo, 7)) then guarantees the 
existence of a lower bound of the two pairs. The proof of (Qo, T) =wp (Q1, 71) is similar. 

For the uniqueness part, suppose that (Qo, 7) and (Q,,7) are P-pins which are 
both =,p-related to (Q, tT); we must show that they are =-related. Suppose towards a 
contradiction that this fails. Then, in the Q; X Qo-extension, there must be an element 
p € P which is below some element of t) and incompatible with any element of 7, 
(or vice versa). By a Mostowski absoluteness argument, this element p will maintain 
its incompatibility property in every further forcing extension. Let 09) be a Q; X Qp- 
name for this element, let 0, be a Q,-name for any element of t,, and observe that the 
pairs (Q, X Qo, dp) and (Q;, a) witness that the the pairs (Qo, 7) and (Q,, 7) are =wp- 
unrelated, contradicting the initial assumptions. 


Unlike balanced virtual conditions, weakly balanced virtual conditions can be actually 
recognized in the ordering of virtual conditions by a natural first order property. 


PROPOSITION 5.3.5. Let P be a Suslin forcing. Let (Q,t) be a P-pin. The following 
are equivalent: 
(1) (Q, tT) is weakly balanced; 
(2) (Q,T) is an atom in the ordering of virtual conditions. 


Recall that an element p of a partial order is an atom if every element compatible with 
p is in fact above p. 


PROOF. For (1)(2) direction, let (R, a) be a P-pin which is not above (Q, Tt); we 
must show that it is incompatible with (Q,7). Suppose towards a contradiction that 
it is compatible, with a lower bound (S, v). In the R x Q extension, the inequality 
xt < Xo must fail, so there is a R X Q-name pp for an element of P which is below Xz 
but incompatible with Xo. There is an S x R X Q-name py, of P which is below Zy, and 
therefore also below Xo and =r. Use the weak balance of the pair (Q, T) to find, in some 
generic extension, filters Hy) X Gp C RX Q and K, X H, XG, CS X RX Q separately 
generic over V such that the conditions pp/Hp X Gp and p,/K, x Hy XG, are compatible 
in P, with a lower bound p. Note that the sums Xo/Hy and Xo/H, in the completion 
of the poset P must coincide, as (R, a) is a P-pin. However, the condition p should be 
incompatible with the former and below the latter by the forcing theorem. This is a 
contradiction. 

For the (2)—(1) direction, suppose that (Q, tT) is a P-pin which is an atom in the or- 
dering of virtual conditions. To prove the weak balance, suppose that Rg, R, are posets, 
09,0, are Ry X Q and R, X Q-names for elements of P stronger than 1, and let (7%, qo) 
and (n, q,) be conditions in the products. To find the instrumental generic filters, let 
x be an ordinal such that P(Rp x Q) and P(R; x Q) are both subsets of V%., and for 
each index i € 2 consider the Coll(w, ¥.)-name y; for analytic subsets of P defined by 
xX ={peP: there isa filter G C Rp x Q meeting all open dense subsets of R, x Qin 
VY such that (r,,q,) € G and p = o/Gt. 
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It is not difficult to see that (Coll(w, Y), %) and (Coll(w, Y.), 71) are both P-pins. 
They are also both < (Q, rT) by their definitions. By the assumption on the P-pin (Q, rT), 
they must both be =-equivalent to (Q, tT). This means that in the Coll(w, Y.)-extension, 
there must be conditions pp € 7% and p; € 7, which are compatible in P. Reviewing 
the definition of the names 7, and 7, we get the filters Gy C Hyp X Ky and G, C H, x K, 
separately generic over V such that (19, qo) € Go, (nh, G1) € Gy, and o9/Gp and o,/G, are 
compatible conditions in P as desired. 


Finally, we record the central definition of this section. 


DEFINITION 5.3.6. A Suslin forcing P is weakly balanced if below every condition 
p € P there is a weakly balanced virtual condition stronger than p. 


CHAPTER 6 
Simplicial complex forcings 


6.1. Basic concepts 


Many examples of o-closed Suslin partially ordered sets in this book are presented 
in the same way: 


DEFINITION 6.1.1. Let X be a set. 


(1) Aset X of finite subsets of X is a simplicial complex if it is closed under subset; 

(2) aset A C X isa K-set if [A]<* C XK; it is maximal if it is not a proper subset 
of another K-set; 

(3) the poset Py C X” consists of countable K-sets ordered by reverse inclusion; 

(4) Aga is the P,-name for the union of all sets in the generic filter. 


Unless specifically stated otherwise, we will tacitly assume that every singleton belongs 
to K. When the simplicial context K is understood from the context, we put P = Py 
in this section. The poset P is obviously o-closed. By an elementary density argument, 
the set Agen is forced to be a maximal K-set. The poset P can be naturally presented as 
a Suslin forcing by replacing the countable K-sets with their enumerations by natural 
numbers, and replacing the reverse inclusion ordering by reverse inclusion of ranges 
of the enumerations. We will neglect this innocuous step in this section as it merely 
complicates the notation. 

Nearly every poset considered in this book can be presented as a poset of the form 
P, for a Borel simplicial complex K on a Polish space X. To see this, for a poset Q let K 
be the simplicial complex of the finite subsets of Q which have acommon lower bound. 
Under suitable assumptions on definability and existence of lower bounds (which are 
invariably satisfied), the posets Q and P, are naturally forcing equivalent. However, 
this point of view rarely brings any new insight. In this chapter, we deal with simplicial 
complexes that are in some way algebraically natural, and such that their algebraic 
structure leads to a classification of balanced virtual conditions. 


6.2. Fragmented complexes 


Many simplicial complexes in this chapter share a novel abstract regularity prop- 
erty which enables the classification of balanced virtual conditions in Theorem 
below. 


DEFINITION 6.2.1. A Borel simplicial complex XK on a Polish space X is fragmented 
if there are Polish spaces Y, Z and a Borel function f : K > [Y x Z]*° such that 


(1) for each a € K, f(a) is a countable partial function from Y to Z; 
(2) bc ain X implies f(b) c f(a); 
(3) foranya,b€ K,aUb € X ifand only if f(a) U f(b) is a function. 
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The function f is called a fragmentation. For any K-set A C X, we write f(A) = 
Ute): b = [A]s*o}. 


Note that conditions po, p; € Py are compatible just in case f(pg) U f(p1) is a function. 
The Suslin forcings derived from fragmented simplicial complexes are balanced. The 
following theorem provides a classification of balanced virtual conditions. In this gen- 
erality, the classification is bound to be rather uninformative, and it has to be reviewed 
in all specific cases to extract more useful information. 


DEFINITION 6.2.2. Let K be a fragmented Borel simplicial complex on a Polish 
space X, with a Borel fragmentation f : K > [Y x Z]*. A partial function g: Y > Z 
is a master function if in the Coll(w, 2”)-extension, g is inclusion maximal among all 
functions f(p) | V as p ranges over all conditions in Py. For each master function g, 
let c, be the Coll(«, 2”)-name for the set of all conditions p € P such that g C f(p). 


THEOREM 6.2.3. Let K be a fragmented Borel simplicial complex on a Polish space 
X, with a Borel fragmentation f : K > [Y x Z]®0. Let P = Py. 
(1) For every master function g, the pair (Coll(w, 2”), ag) is balanced; 
(2) for every balanced pair (Q, T) there is a master function g such that the balanced 
pairs (Q, t) and (Coll(w, 2), og) are equivalent; 
(3) distinct master functions yield inequivalent balanced pairs. 
In particular, the poset P is balanced. 


PROOF. For (1), let g: Y — Z bea master function. For eachi € 2 let Q; bea 
poset and o; be a Q;-name for a condition such that Q; IF § C f(o;). We must show that 
Qo XQ, IF op, o, are conditions compatible in P. Note that by a Mostowski absoluteness 
argument between the Qp-, Q,-, and Coll(w, 2”)-extensions, Q; Ik § = f(o;) | V for 
i= 0,1. Let Hp C Qy and H, C Q, be mutually generic filters and write py = o9/Ho 
and p, = 0o,/H,. Assume towards a contradiction that the conditions po, pj € P are 
incompatible, and let ag C po and a; C py, be finite sets such that ag Ua, ¢ K. Then 
f(ao)Uf(a,) is not a function, and there must be a point y € dom(f(aj)) Ndom(f(a,)) 
such that f(ap)(y) # f(a,)(). By the product forcing theorem, it must be the case that 
y & V. But then, y € dom(g), so g(y) = f(ao)(y) = f(a,)Q), contradicting the choice 
of the sets dg, ay. 

For (2), let (Q, tT) be a balanced pair; strengthening if necessary, we may assume 
that t is in fact a name for a condition in the poset P. Replacing Q with Q x Coll(a, 2”) 
and strengthening t further if necessary, we may assume that Q Ik Vp < t f(p) [V= 
f@ | V. Note that this property of t will remain true in all further forcing extensions 
by a Mostowski absoluteness argument. Let g = {(y,z) € (YXZ)NV: QlE fMGQ) = 
2}. We claim that g is a master function. Since clearly Q x Coll(w, 2%) IF t < Zag, this 
will prove (2) by reference to Proposition 


CLAIM 6.2.4. QlF § = f(z) | V. 


PROOF. If this failed, then there would have to be a point y € Y and conditions 
do: 41 € Q such that either qo Ik » € dom(f(r)) and q; Ik » ¢ dom(f(r)), or qg IF 
f@MO) € Op and q; IF f(7)Q) € Oj. In either case, let Gp, G, C Q be filters mutually 
generic over V and containing the respective conditions qo, q,. Write pp = t/Gp and 
P, € t/G, € P and use the balance assumption to argue that po, p; are compatible 
in P; in other words, pg U p, is a K-set. Consider the two cases introduced above. In 
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the former case, y € dom(pg) and y ¢ dom(p,), and then the common lower bound 
of Po, Pp; Violates the assumption on the maximality of pp = t/Go. In the latter case, 
f(@o)U f(p1) is not a function, violating the assumption that pg U p; isa K-set. These 
contradictions complete the proof of the claim. 


Suppose now towards a contradiction that g is not a master function. Then there must 
be a Coll(w, 2”)-name o such that Coll(w, 2%) Ik § Cc f(o) and § # f(c) | V. Let 
Gp C Qand G, C Coll(w, 2”) be filters mutually generic over the ground model. Write 
Po = t/Gy and p, = t/G,. By the product forcing theorem, dom(f(p9))Nndom(f(p,)) C 
V. By the claim, f(po) U f(p;) is a function. By the fragmentation property of the 
function f, the conditions pg, p,; are compatible in the poset P, and their lower bound 
violates the assumption on the maximality of pp = t/Gp. This contradiction shows 
that g is a master function and completes the proof of (2). 

(3) is immediate. The existence of master functions is not immediate, so the last 
sentence of the theorem requires work. Suppose that p € P isacondition. Let x = |2°| 
and let {y, : a € «} be an enumeration of the space Y. By transfinite recursion on 
a € @, build build K-sets A, such that 


* p=Ay) CA, C... and |Ag| < |e] + Xo; 

+ for limit ordinals a let A, = UJ ack Ag; 

* for every ordinal a € x, if Coll(w, 2”) forces the existence of a condition q € P 
with f(A.) C f(q) and y, € dom(f(q)), then y € f(Aa+1). 


We have to indicate how the successor stage of the recursion is passed. Let a € x 
be any ordinal and t be a Coll(w, 2”)-name for a condition in P such that f(A,) C 
f@ and y, € dom(f(z)) is forced. Let M be a countable elementary submodel of a 
large structure containing K, f, Tt, Ag and yg. Use Proposition to find a perfect 
collection {G,: z € 2°} of filters on Coll(w, 2”) mutually generic over the model M. 
For each z € 2” let q, = t/G,. We will find z € 2° such that f(q,) U f(Ag) isa 
function. Since by the forcing theorem y, € dom(f(q,)) holds, the recursion can then 
successfully proceed with Ay, = Ag U qz. 

For each z € 2” let c, = dom(f(q,)) \M C Y. By the mutual genericity and the 
product forcing theorem, if Zp, z, € 2® are distinct elements then c,, N cz, = 0. Since 
the set dom(f(A,)) C Y has cardinality < |a| + No < |2°|, a counting argument yields 
z € 2 such that c, N dom(f(A,)) = 0. We claim that f(q,) U f(Ag) is a function as 
desired. To see this, let y € dom(f(q,)) be any point. If y ¢ M then y ¢ dom(f(Aq)) 
by the choice of the point z. Ify € Mand y € dom(f(A,)) then by the forcing theorem, 
there must be a condition r € G, which forces y € dom(q,). Since f(A,) C f(t) is 
forced as well, it follows that r Ik f(7)()) = f(A,)(), so f(qz)(y) = f(Ag)(y) holds by 
the forcing theorem applied in M. In either case we see that f(q,) and f(A.) cannot 
disagree at y, so f(q,) U f(Ag) is a function as desired. 

At the end of the recursion, let g = Le f(Aq). First argue that g is a master func- 
tion. To this end, let G C Coll(w, 2) be a generic filter and move to V[G]. There is 
a condition q € P such that g C f(q), namely q = U Ac: In addition, if q € Pisa 
condition such that g Cc dom(f(q)) and y € dom(f(q)) n V is an arbitrary point, then 
there is an ordinal a € x such that y = yg and then y € dom(f(Ag41)) C dom(g) 
holds by the third item of the recursion hypothesis. It follows that g = f(q)NV, so gis 
indeed a master function. Finally, we have to see that XO, < pis forced to hold in the 
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separative quotient of P. For this, note that the set o, is open and whenever a condition 
q belongs to it then f(p) C g C f(q), so the conditions p, q are compatible in P. 


The class of fragmented simplicial complexes is rather broad and abstract. We now 
present a long list of examples. The initial examples are grouped into two commonly 
occurring classes. The classes are identified by the properties of the following natural 
graph on the simplicial complex. 


DEFINITION 6.2.5. Let K be a simplicial complex on a set X. Ty is the graph on 
K connecting sets dp, a; if ag Nay = 0, dg Ua, ¢ K, and all proper subsets of ag U a, 
belong to XK. 


DEFINITION 6.2.6. A simplicial complex KX is locally countable if every seta € K 
has only countably many [,-neighbors. 


THEOREM 6.2.7. Suppose that X is a locally countable Borel simplicial complex on 
a Polish space X. Then K is fragmented and in the poset P = Px, 
(1) for every maximal K-set A C X, the pair (Coll(w, A), A) is balanced; 
(2) for every balanced pair (Q,t) there is a maximal K-set A C X such that the 
balanced pairs (Q, t) and (Coll(w, A), A) are equivalent; 
(3) distinct maximal K-sets yield inequivalent balanced pairs. 
In particular, the poset P is balanced. 


PROOF. To identify the fragmentation, for each seta € K let f(a) be the countable 
partial function from K to 2 defined by f(a)(b) = 1 if b C aand f(a)(b) = Oif there 
is a setc C a such that {b,c} € Ty. To show that f is a fragmentation, suppose first 
that ag,a, € K are sets and dg Ua, ¢ K. Let b C ap U aq, be an inclusion-minimal 
set which is not in K. Let by C dg and b, C ay, be disjoint sets such that bg U by = b. 
It is immediate that f(a9)(bo) = 1 and f(a,)(bo) = 0; in other words, f(ag) U f(a) is 
not a function. Suppose now that ap,a, € K are sets and ag Ua, € K. To show that 
f(@o) Uf (a) is a function, suppose for definiteness that b € K isaset and f(ag)(bo) = 
1 holds, and argue that f(a,)(bp) = 0 is impossible. By the definition of the function 
f. f(a,)(bp) = 0 would mean that there is a set b} C a, such that {bp,b,;} € XK, in 
particular b) Ub, ¢ K. Since bg C dg holds, we arrive at b) Ub; C ag Ua, € K, 
contradicting the closure of K under subset. 

Write T = [y. For (1), suppose that A C X is a maximal K-set and let g = f(A); 
in view of Theorem 6.2.3(1), it is enough to show that g is a master function. Suppose 
towards a contradiction that in some extension, there is a condition p € P such that 
g C f(p) and there is some a € K NV such that a € dom(f(p)) \ dom(g). Then either 
a C por there is b C psuch that {a, b} € T. In the former case, a C A by maximality of 
K,so a € dom(g). In the latter case, the set a has only countably many I’-neighbors, 
and by the Mostowski absoluteness all of its neighbors are in V. In consequence, b € V 
and b C A by the maximality of A, so a € dom(g) again. 

For (2), let g be a master function. Write A = {a € dom(g): g(a) = 1}. We will 
first argue that A is a maximal K-set. Move to a generic extension in which there is a 
condition p € P such that g C f(p); strengthening the condition p if necessary we may 
assume that for each x € X NV \ p there is a finite set b C p such that bU {x} € K. 
Since pis a K-set and A C p, A must be a K-set as well. Now letx € XNV\Abea 
point. Since x ¢ A, x ¢ p holds as well, and there must be an inclusion-minimal finite 
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set b C psuch that bU{x} € K. Observe that {{x}, b} e T. Since {x} has only countably 
many I-neighbors, by the Mostowski absoluteness b C V follows. Now, b C p, so 
f(p)(b) = 1, and by the maximality assumption on the master function g, g(b) = 1. It 
follows that b C A, so A is a maximal K-set. 

Now, by (1), (Coll(w,.A), A) is a balanced pair. Also, Coll(w, 2”) IF Lo, < A holds 
by the definition of the set A. By Proposition the balanced pairs (Coll(w, A), A) 
and (Coll(w, 2”), o,) are equivalent. The argument is concluded by a reference to The- 
orem 6.2.3(2). 

(3) is clear, and the last sentence follows from the fact that every K-set can be 
extended to a maximal K-set by the Zorn—Kuratowski lemma. 


Locally countable simplicial complexes are typically designed to perform a certain co- 
herent job on locally countable structures. We choose several representative examples 
from a host of possibilities. 


EXAMPLE 6.2.8. Let X be a Polish space and E be a countable Borel equivalence re- 
lation on X. Let K be the simplicial complex of finite subsets of X consisting of pairwise 
E-unrelated elements. The graph I, connects any pair of distinct E-related singletons 
and contains no other edges; therefore, the simplicial complex X is locally countable. 
The poset BR, adds an E-transversal. The balanced virtual conditions are classified by 
E-transversals by Theorem 


For the following example, recall the notion of a perfect matching of a graph; this is 
just a set of edges such that each vertex gets exactly one edge in the set adjacent to it. 
For a locally finite bipartite graph I, the existence of a perfect matching is equivalent 
to Hall’s marriage condition [43]: for every finite set a of vertices on one side of the 
bipartition, the set of neighbors of a has cardinality at least that of a. 


EXAMPLE 6.2.9. Let I’ be a locally finite bipartite Borel graph on a Polish space X 
satisfying the Hall’s marriage condition; view I as a subset of [X]?. Let K be the sim- 
plicial complex of all finite subsets of lr which can be completed to a perfect matching. 
Then X is a Borel locally countable simplicial complex: given a finite set a C T, the 
membership of a in K can be detected by checking all fragments of a in the compo- 
nents of I’, which are countable. The balanced pairs are classified by maximal K-sets 
which are precisely the perfect matchings of I. 


For the following example, recall the notion of an end of an infinite connected graph 
[41]]. If the graph in question is in addition acyclic, an end can be identified with an 
orientation of the graph in which every vertex gets exactly one edge flowing out of it. 


EXAMPLE 6.2.10. Let I be a locally finite acyclic Borel graph on a Polish space 
X with all components infinite; view I as a symmetric subset of X2, Let K be the 
simplicial complex of all finite subsets a Cc T such that for each I’-path-connectedness 
class c C X the set anc’ can be extended to an end. It is immediate that K is a Borel 
locally countable simplicial complex. The balanced virtual conditions are classified 
by maximal K-sets, which are orientations of the graph T in which every vertex has 
exactly one point in its outflow. 


EXAMPLE 6.2.11. Let I be a locally countable Borel graph on a Polish space X of 
chromatic number < n for some finite n € w. Let K be the simplicial complex of all 
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finite partial T-colorings by at most n colors which can be completed to a total coloring 
by at most 1 colors. Then X is a locally countable simplicial complex: given a finite 
coloring a, the membership of a in XK can be detected by checking all fragments of a 
in components of l which are countable. The balanced pairs are classified by maximal 
K-sets which are precisely the total I’-colorings. 


The next class of examples is broader than the locally countable simplicial complexes. 
Appropriately, the classification of balanced virtual conditions is more vague. 


DEFINITION 6.2.12. A Borel simplicial complex K on a Polish space X has Borel 
coloring number §, if there is a Borel orientation of Ty, in which every vertex has count- 
able outflow. 


In particular, every locally countable Borel simplicial complex has Borel coloring num- 
ber X,. Classification of balanced virtual conditions here uses the following notion. 


DEFINITION 6.2.13. Let K be a simplicial complex on a set X. A K-set A C X is 
weakly maximal if for every x ¢ A and every countable set B C X there is a finite set 
b CX \ Bsuch that (AN B) U bis a K-set while (AN B) Ub U {x} is not. For a weakly 
maximal set A C X let t, be the Coll(w, 2”)-name for the analytic set of conditions 
p € PB, such that A Cc X and for all ground model points x € X \ A, p U {x} is not a 
K-set. 


In particular, every maximal K-set is weakly maximal. The opposite implication is far 
from true, as Example shows. 


THEOREM 6.2.14. Let K be a Borel simplicial complex on a Polish space X with Borel 
coloring number &,. The complex K is fragmented and in the poset P = Px, 
(1) for every weakly maximal K-set A C X, the pair (Coll(a, 2”), 4) is balanced; 
(2) for every balanced pair (Q,T) there is a weakly maximal K-set A C X such that 
the balanced pairs (Q, tT) and (Coll(w, 2”), 4) are equivalent; 
(3) distinct weakly maximal K-sets yield inequivalent balanced pairs. 
In particular, the poset P is balanced. 


PROOF. Write T = Ty. Let I be a Borel orientation of the graph [ in which each 
vertex receives countable outflow. To identify the fragmentation, for each set a € K let 
f(@ be the countable partial function from K to 2 defined by f(a)(b) = 1ifb C aand 
f(a)(b) = Oif there is a setc C asuch that (c, b) € I’. To show that f isa fragmentation, 
suppose first that aj, a, € K are sets and ay Ua, ¢ K. Let b C ag Ua, be an inclusion- 
minimal set which is not in K. Let by C dg and b, C a, be disjoint sets such that 
by Ub, = b. Suppose for definiteness that (bp, b}) € I’. It is immediate that f(ao)(bo) = 
1 and f(a,)(bo) = 0; in other words, f(ag) U f(a,) is not a function. Suppose now 
that ag,a, € K are sets and ag Ua, € K. To show that f(a)) U f(a,) is a function, 
suppose for definiteness that b € K is a set and f(ag)(by) = 1 holds, and argue that 
f(a)(bo) = 0 is impossible. By the definition of the function f, f(a,)(b)) = 0 would 
mean that there is a set b; C a, such that {bp, b,} € K, in particular by Ub, ¢ K. Since 
bo C ap holds, we arrive at b) Ub, C ay Ua, € K, contradicting the closure of K under 
subset. 

For (1), we must first show that Coll(w, X) Ik t4 # 0. By a Mostowski absoluteness 
argument, it is just enough to produce some generic extension in which there is a K- 
set p C X such that for allx Ee XNV,ifx € Athenx € pandifx ¢ A then pU {x} 
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is not a K-set. To do this, let Q be the poset of nonstationary subsets of [X]*° and let 
j: V > Mbe the Q-name for the associated generic ultrapower. In particular, M is an 
w-model of ZFC containing j”X as an element, represented by the identity function; 
this set is forced to be countable in M. Now, consider a product of copies Q, of Q 
indexed by elements x € X \A, with mutually generic filters G,, C Q, and in the model 
V[G, : x € X \ A] consider the generic ultrapower embeddings j, : V > M,. By the 
weak maximality of A and elementarity, for each x € X \ A there is a setc, € M, 
disjoint from V such that A Uc, is a K-set, and A Uc, U {x} is not. We claim that 
p=AU U.. cy is a K-set; this will complete the proof. Suppose towards a contradiction 
that this is not the case, and find finite setsa C Aanda, C c, for x in some finite index 
set I such that a U lg a, ¢ K and a, are inclusion-minimal possible. Let xp be any 
element of I such that a,, # 0, let b = a,,, and letc = aU Ufa, : x © I\ {xo}}. It 


is clear that {c, b} € I. Let I be a Borel orientation of P with countable outflows, and 
assume for definiteness that (c, b) € T. Write M = VIG,: x EX \ (AU {xo})]. By a 
Mostowski absoluteness argument between M and V[G,: x € X \ A], it must be the 
case that b, along with all other points of the countable T'-outflow of c, belongs to M, 
sob € MN V[G,,] = V. This contradicts the initial choice of the sets a, C cx. 

Now, for the balance part, suppose that V[Hj] and V[H,] are mutually generic 
extensions of V, and pp € V[Ho| and p, € V[H;,] are conditions such that for all 
x EXNV,ifx € Athenx € py andifx ¢ Athen ppU{x} is not a K-set, and similarly for 
p,. We must show that p)Up, isa K-set. Suppose towards a contradiction that this fails, 
and let ag C pp and a, C p, be finite sets such that agUa, ¢ K. Passing to an inclusion- 
minimal example of this form if necessary, we may assume that {ayg,a,} € I. Let i 
be a Borel orientation of T with countable outflows, and assume for definiteness that 
(ap, a1) € I. By a Mostowski absoluteness argument between V[H,] and V[Hp, Hj], it 
must be the case that a,, as much as all other points of the countable T-outflow of do, 
belongs to V[H,], so a, € V[H,] N V[Ho] = V. It follows that ay C A C Ppp, and this 
contradicts the assumption that ag Ua, ¢ K. 

For (2), let (Q, t) be a balanced pair; strengthening t if necessary we may assume 
that itis a Q-name fora single K-set. Replacing Q with QxColl(w, X) and strengthening 
the condition t if necessary, we may assume that Q Ik Vx € X” x € Tor there isa CT 
such that {x}Ua ¢ K. By a balance argument (Proposition 5.2.4), for each point x € X, 
either QlF X¥ E€ rorQ lk da Cc t{x}Ua ¢ K holds. Let A C X be the set of all points 
x € X for which the first option prevails. Then Q I+ A = tN V and therefore A is a K- 
set; in view of (1) and Proposition it is enough to show that A is a weakly maximal 
K-set. Let x € X \A and b C X be countable. Observe that Q Ik de Ct {x}Uc EK; 
note that for such set c, (AN b)U(c \ b) is still a K-set. Use the Mostowski absoluteness 
argument to find a set c with these properties in the ground model; this confirms that 
A is a weakly maximal X-set. 

Finally, (3) is obvious. For the last sentence, any condition p € P can be extended 
to a maximal K-set, which then represents a balanced virtual condition stronger than 
p by (1). 

EXAMPLE 6.2.15. Let X be a Polish space and let f : X > [X]*° bea Borel set 
mapping. Let K be the simplicial complex on X consisting of all finite f-free sets a C 
X. Note that the graph [, consists of all pairs {{x}, {y}} such that either x € f(y) or 
y & f(x). Let E, be any Borel orientation of Ty, such that ({x}, {y}) € ee ify € f(x). It 
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is immediate that every vertex in K receives countable outflow. The poset The poset P, 
adds a maximal f-free set and Theorem applies to classify the balanced virtual 
conditions. 


EXAMPLE 6.2.16. Let X be a Polish space, let [ be a Borel graph on X and let n > 2 
be a number. Let K be the simplicial complex on I consisting of sets a C T which 
do not contain any clique on n vertices. To analyze the graph Ty, fora € K write v, 
for the set of vertices mentioned in some edge in a; formally, v, = |) a. Suppose that 
{a, b} € Ty; we claim that either vg € vp or Up C Ug holds. Indeed, by the minimality of 
aub, the set vg Uv, has cardinality n. If there were vertices x € vg \Up and y € Up \ Ug, 
then the edge {x, y} could not belong to aUb, so aUb could not be a clique, contradicting 
the initial assumptions on a and b. 

Let i be any Borel orientation of the graph Ty such that (a, b) € i implies vp C 
Ug. It is immediate that each vertex a € K has finite outflow. The poset Ry adds a 
maximal subgraph of I’ containing no clique on n vertices and Theorem applies 
to classify the balanced virtual conditions. 


In the last example, consider the case ! = [X]*. The definition of a weakly maximal set 
in this case shows that truly every K-set (including the empty set) is weakly maximal. 
Thus there are possibly many more balanced virtual conditions in the case of complexes 
with Borel coloring number &, than in the case of locally countable complexes. 

Another large class of fragmented simplicial complexes comes from modular ma- 
troids; it is introduced in Section 6.3) below. 


6.3. Matroids 
Many useful simplicial complexes are in fact matroids. 


DEFINITION 6.3.1. [2, Chapters VI and VII] Let X be a simplicial complex on a set 
X. K is a matroid if it has the exchange property: for any sets a,b € K, if |b] > |a| then 
there is x € b\ asuch that au {x} € K. 


Note that if K is a Borel simplicial complex on a Polish space X, then the statement that 
XK is a matroid is coanalytic and therefore absolute for all transitive models of ZFC. To 
begin our treatment of matroids from forcing point of view, we record several standard 
definitions of matroid theory. 


DEFINITION 6.3.2. Let K be a matroid on a set X and let a C X be a finite set. 
(1) rk(a), the matroid rank of the set a, is the largest cardinality of a set b C ain 
K; 
(2) cl(a), the matroid closure of the set a, is the set {x € X: rk(aU x) = rk(a)}. 
If the set a is infinite, we let rk(a) = sup{rk(b): b € [a]<*} (possibly an infinite 
value, oo) and cl(a) = U{cl(b): b € [a]S*>}. 


Note that the exchange property implies that all inclusion-maximal sets b C a in K 
have the same cardinality. The exchange property also implies that the closure opera- 
tion cl is idempotent: cl(a) = cl(cl(a)). The sets a and cl(a) have the same rank. A 
finite set a C X belongs to the matroid just in case that for every x € a, x ¢ cl(a\ {x}). 
A common alternative axiomatization of matroids uses several properties of the clo- 
sure operator and the language of pre-geometries. The axiomatization we choose to 
use makes the complexity computations easier. 
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The following definition records a class of matroids which is particularly well- 
behaved from model-theoretic as well as balanced forcing point of view. 


DEFINITION 6.3.3. Let K be a matroid on a set X. 


(1) K has countable closures if the matroid closure of any finite set is countable; 
(2) K is modular if for any finite sets ag,a, C X and any x € cl(ag Ua,) there 
are elements X) € cl(ag) and x, € cl(a,) such that x € cl(Xo, x). 


An uneventful complexity calculation shows that if K is a Borel matroid on a Polish 
space X then both items (1) and (2) above are Il} statements and therefore absolute 
among all forcing extensions by a Shoenfield absoluteness argument. 


THEOREM 6.3.4. Let K be a Borel modular matroid with countable closures on a 
Polish space X. Let B C X bea Borel set and write £ = K | B. Then £ is fragmented and 
in the poset P = P,, 

(1) for every maximal £-set A C B, the pair (Coll(w, A), A) is balanced; 
(2) for every balanced pair (Q,T) there is a maximal L-set A C B such that the 
balanced pairs (Q, t) and (Coll(w, A), A) are equivalent; 
(3) distinct maximal L-sets yield inequivalent balanced pairs. 
In particular, the poset P is balanced. 


PROOF. We start with a standard claim which does not depend on the modularity 
assumption. 


CLAIM 6.3.5. Ifa € K isa set and x € cl(a) then there is inclusion-smallest set 
b C asuch that x € cl(b). 


PROOF. Suppose towards contradiction that this fails. Then, there must be sets 
bo, b; C asuch that x € cl(bg) N cl(b,) and x ¢ cl(by N b,). The latter condition 
implies that (bp N b,) U {x} € K. Find an inclusion-maximal set c C b, U {x}in K 
containing (by M b;) U {x}. By the exchange property, |c| = |b,|, so there is a unique 
element x, € b, \c. By the idempotence of the closure operation, x; € cl((by UD) \ 
{x,}). This contradicts the assumption that a € K holds. 


For the fragmentation, for each a € K let f(a) be the function with domain cl(a) 
which to each x € cl(a) assigns the inclusion smallest set b C a such that x € cl(b). 
This is well-defined by the claim; we need to verify that f is in fact a fragmentation of 
K. Suppose first that ag,a, € K are sets such that ag Ua, € K. If x € cl(ag)Ncl(a,) 
is any element, then by the claim applied to a = agUa, we conclude that the inclusion- 
smallest set b C dg such that x € cl(b) is equal to the inclusion-smallest set b C a, 
such that x € cl(b) as it must be a subset of ag N ay. It follows that f(ag) U f(a;) isa 
function. Suppose now that ag,a, € K are sets such that ag Ua, ¢ K. Find a point 
y € a, \ dy such that y € cl(dp U (a, \ {y}). Use the modularity assumption to find 
points x» € cl(ag) and x, € cl(a, \ (ag U {y})) such that y € cl(xo, x,). The last 
formula means that rk(x9, x1, y) < 3, SO Xg € cl(x,,y) C cl(a, \ ao). It follows that 
f(ao)(%o) # f(a, )(Xo) as the former is a subset of ag and the latter is a subset of a, \ ao. 
Thus, f(ag) U f(a,) is not a function as required. 

It immediately follows that £ is a fragmented simplicial complex as well; the re- 
striction of f to £ is a fragmentation for £. Now, for (1), suppose that A C Bisa 
maximal £-set. Let g = f(A); by Theorem it will be enough to show that gis a 
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master function. To this end, let C = dom(g). The maximality of the set A implies that 
C = cl(B), where the closure is taken in the matroid K. This means that no element 
x € (BN V) \ Ccan appear in dom(f(p)) for any condition p € P with g C f(p)) in 
any generic extension. It follows immediately that g is inclusion-maximal among all 
functions f(p) | V for p € Pin the Coll(w, 2”)-extension. Thus, g is a master function. 

For (2), by Theorem it is enough to consider the case where (Q, tT) has the 
form (Coll(w, X), tz) for some master function g. Let A = LU rng(g) c B. In view of 
(1) and Theorem §.2.3(2), it is enough to show that A C B is a maximal L-set. First 
of all, A C B is indeed a K-set since the Coll(w, 2)-extension, it is a subset of any 
condition p € P for which g C f(p). Second, A must be maximal. Otherwise, there 
would be a point x € B\ A such that A U {x} is a K-set. It is not difficult to see that 
the pair (x, {x}) would belong to f(A U {x}) but not to f(A). This would contradict the 
maximality demand on the function g. 

(3) is clear. The balance of the poset P follows from (1) and the fact that any £-set 
can be extended to a maximal £-set by an application of the Zorn—Kuratowski lemma. 


EXAMPLE 6.3.6. (Linear matroid) Let X be a Borel vector space over a countable 
field ®. Let K be the simplicial complex of finite linearly independent subsets of X. 
Then X is a Borel modular matroid with countable closures, so fragmented by Theo- 
rem 6.3.4, The forcing PR, is balanced and the balanced virtual conditions are classified 
by the bases of the space X. 


EXAMPLE 6.3.7. (Graphic matroid) Let X be a Polish space, let! c [X]* be a Borel 
graph on X, and let £ be the simplicial complex on I of finite acyclic subsets of f. Then 
£ is arestriction of a modular matroid to a Borel set. To see this, view [X]<*° as a Borel 
Boolean group with the symmetric difference operation and a vector space over the 
binary field. Note that for a finite set b C [X]<*°, the sum of all its elements in the 
group is the set {x € X: |{a Eb: x € a}| is odd}. Let K be the simplicial complex of 
linearly independent subsets of [X]<*°. Then X is a linear matroid as in Example 
and £ = K | T. To see the latter equality, note that the sum of any cycle (viewed as a 
set of edges) is empty, so a cycle is not linearly independent. On the other hand, the 
sum of an acyclic finite set of edges cannot be empty as there are vertices which belong 
to exactly one edge in the set; therefore, acyclic sets of edges are linearly independent. 
As a result, the forcing P, is balanced and the balanced virtual conditions are classified 
by spanning acyclic subgraphs of I. 


The final class of simplicial complexes investigated in this section deals with matroids 
which are particularly simple from the descriptive set theoretic view. An important 
point is that these matroids are not in general fragmented. 


DEFINITION 6.3.8. A simplicial complex K on a Polish space X is Gs if it is a Gs 
subset of [X]<*o, where the latter set is equipped with the topology inherited from the 
hyperspace K(X) of compact subsets of X with the Vietoris topology. 


THEOREM 6.3.9. Let K be a Gs matroid ona Polish space X. Write P = Px. 


(1) IfA Cc X isa maximal K-set, then the pair (Coll(w, A), A) is balanced in the 
poset P; 
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(2) whenever (Q, Tt) is a balanced pair in P then there is a maximal K-set such that 
the balanced pairs (Q, t) and (Coll(w, A), A) are equivalent; 
(3) distinct maximal K-sets yield inequivalent balanced pairs. 


In particular, the poset P is balanced. 


PROOF. For (1), suppose that Ry lk og C X isa finite set such that A Ugg is a K-set, 
and similarly for R,,0,; we must show that Ry x R; Ik og Uo, € K. Suppose towards a 
contradiction that this fails; rearranging the names op, o, and passing to a condition in 
Ro, R, if necessary, we may assume that Rp lk og NV =Oand Rg X Ry lH Ua, EK. 
Since the matroid K is Gs, Proposition implies that there is a ground model set 
b € K such that Ry IK gp Ub € K. Thus, Ro IK Ax € a9 x Ecl(bU a \ {x}). Use the 
maximality of the set A C X to find an inclusion-minimal finite set a C A such that 
b c cl(a). By the idempotence of matroid closure, Ro IF Ax € og x € cl(GU ap \ {x}). 
This contradicts the initial assumption on the name op. 

For (2), let (Q, T) be a balanced pair. Replacing Q with Q x Coll(w, X) and strength- 
ening t if necessary, we may assume that Q Ik Vx e XNV x Ee Tor{x}UTis nota 
K-set. By a balance argument (Proposition 5.2.4), for each x € X it must be the case 
that either Q Ik ¥ € tor Q lk {X} UT is not a K-set. Let A C X be the set of those 
points x € X for which the former case prevails. Since Q Ik t < A, in view of (1) and 
Proposition 5.2.6 it will be enough to show that A C X is a maximal K-set. 

Certainly, A C X is a K-set since it is forced to be a subset of a K-set tr. Now 
suppose that A C X is not maximal and pick a point x ¢ A such that A U {x} is still a 
K-set. Passing to a condition of Q if necessary, we may find a finite seta C A anda 
Q-name o for a finite subset of t such that Q forces X € cl(dUc) and x € cl(b) for any 
proper subset b C dUo. Let 7 be a Q-name for an inclusion-maximal subset of aU{x}Uo 
which is in K and contains aU {x}. Thus, Q forces n # aU{x}Ua ando C cl(n) by the 
exchange property of the matroid. Let Hy, H, C Q be filters mutually generic over V 
and write pg = t/Ho, bp = o/Ho, and cg = n/Ho, and similarly for p,, by,c,. It will be 
enough to show that a U bp Ub; ¢ KX, since this will contradict the initial assumption 
of balance of the name t and the resulting compatibility of conditions po, p, € P. 

Note that x € cl(aU bo) holds. By the idempotence of the closure, it follows that 
b; \c; C cl(aU by Uc,) holds. Since a U bp Uc, is a proper subset of a U by U by, this 
shows that the latter set is not free and completes the proof of (2). 

Finally, (3) is obvious. The last sentence of the theorem follows from a straigh- 
forward application of the Kuratowski-Zorn lemma-every K-set can be extended to a 
maximal K-set. 


EXAMPLE 6.3.10. [48] (An algebraic matroid) Let X be a Polish field over a count- 
able subfield ®. Consider the Borel simplicial complex XK of finite subsets of X which 
are algebraically free over ®. Thus, a finite set a C X is not in K just in case it is a 
solution to a nontrivial polynomial with coefficients in F. There are only countably 
many such polynomials and for each of them, the set of solutions is F,. Thus, the sim- 
plicial complex K is Gs. The simplicial complex X is well-known to be a matroid [77] 
(85, Theorem 6.7.1]. Asa result, the poset Py is balanced by Theorem The poset 
adds a transcendence basis to the field X as the union of the generic filter. 
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6.4. Quotient variations 


Many simplicial complex forcings are naturally connected with Borel equivalence 
relations. One can define a quotient variation of fragmentation where the fragmenta- 
tion function returns partial countable functions from one quotient space to another, 
instead of countable functions from a Polish space to a Polish space. However, in the 
quotient context, existence of the master functions is not guaranteed and closer analysis 
of special cases is necessary. Rather than going through the rather abstract fragmen- 
tation motions, we directly identify two general schemas for defining useful quotient 
simplicial complexes and their associated posets: collapse posets for quotient cardinals 
and uniformization posets for quotient spaces. 


DEFINITION 6.4.1. Let E,F be Borel equivalence relations on Polish spaces X, Y 
with uncountably many classes each. Let Kg 7 = K be the simplicial complex on the 
set (X X Y) UY consisting of finite sets a such that for all (xX, yo), (X1, V1) € a, X1 E Xo 
if and only if y, F yo holds, and for all (x9, yo), 2 € A, Vo F yz fails. Clearly, K is an 
(Ex F)UF-quotient complex. The associated poset P, is referred to as the E, F-collapse 
poset. 


IfA C (X x Y) UY isa generic set, the part AN (X x Y) is an injection from X/E to 
Y/F, while the part ANY is the complement of the range of AN(X xY). Balanced virtual 
conditions are neatly classified by injections from the virtual E-quotient space X** to 
the virtual F-quotient space Y**. Recall that every virtual E-class and every virtual F- 
class are realized in the Coll(@, 2,,,) extension by Theorem Ifg: X* > Y** is 
an injection, let t, be the Coll(«, 2,,, )-name for the set of those elements p € Py such 
that for each pair (c, d) € g, there is a pair (x, y) € p such that x € X isa realization of 
the virtual E-class c and y € Y isa realization of the virtual F-class d. Moreover, if d is 
a virtual F-class not in the range of g, then p is required to contain an element y € Y 
which is a realization of the virtual F-class d. 


THEOREM 6.4.2. Let E, F be Borel equivalence relations on respective Polish spaces 
X,Y with uncountably many classes. Let P be the E, F-collapse poset. 


(1) For every total injection g: X** > Y™, the pair (Coll(@, 14, ), Tg) is a balanced 
P-pin; 

(2) for every balanced pair (Q,T) there is a total injection g: X** — Y** such the 
pair (Coll(, 1,,, ), Tz) is equivalent to (Q, T); 

(3) distinct injections as in (1) yield inequivalent balanced pairs. 


The poset P is balanced if and only if A(E) < AF) holds. 


PROOF. Write R = Coll(w,1,,,). For (1), the pair (Coll(«, 2,,,), 7) is clearly a 
P-pin. For the balance, let V[Ho|, V[H,] be mutually generic extensions of the ground 
modeland pp € V[Ho] and p; € V[H;] be conditions in the analytic set t,/Hp = T,/Hj; 
we must show that pp, p; € P are compatible. 

To see this, suppose for example that (x9, yo) © Do. (X1,¥1) © Pi, and Xo E x1; we 
must show that yp E y,. By a mutual genericity argument, the points x9, x, must be 
realizations of the same virtual E-class c in the ground model. Since both po, p, are 
K-sets, the definition of the name 7, shows that both yo, y; must be realizations of the 
virtual F-class g(c) and therefore y,) F y, as desired. 


6.4. QUOTIENT VARIATIONS 129 


Similarly, if (x9, yo) € Po and yz € p;, we need to show that yp F y, fails. Suppose 
towards acontradiction that yg F y, holds. Bya mutual genericity argument, the points 
Yo, ¥2 are representations of the same virtual F-class d in the ground model. Now, if 
d © rng(g) then p, cannot be a K-set, and ifd ¢ rng(g) then pp cannot be a K-set. 
There are no other options, and this contradiction completes the proof of (1). 

For (2), let g: X** > Y** be the collection of all pairs (c,d) € X** x Y** so that 
RxXQ I (x, y) € t for some realizations x, y of the virtual classes c, d. It will be enough 
to show that g is a total injection from X** to Y** and the pair (Q,T) is equivalent to 
{R, Tg). 

To see that dom(g) = X** and g is an injection, let c € X** be an arbitrary virtual 
E-class. Use the balance of the pair (Q, tT) to show that there must be a unique virtual 
F-class d € Y** such that R x Q IF (x,y) € t for some realizations x, y of the virtual 
classes c, d. Use the balance of the pair (Q, T) again to show that for every virtual F-class 
d € Y**, there either must be a virtual E-class c € X** such that R x Q IF (x, y) € t for 
some realizations x, y of the virtual classes c, d, or it must be the case that RXQ IF yet 
for some realization y of the virtual class d. 

To see that (R, t,) is equivalent to (Q, 7), strengthen t if necessary so it is a name 
for an actual element of P and notice that in the R x Q extension, tT € Tg holds. The 
equivalence then follows from Proposition 

Finally, (3) is obvious and the last sentence immediately follows. 


COROLLARY 6.4.3. Let E, F be Borel equivalence relations on respective Polish spaces 
X,Y with uncountably many classes. The E, F-collapse poset is balanced if and only if 
AE) < ACF). 


The collapse posets exemplify an important phenomenon: a o-closed Suslin forcing 
whose balanced status cannot be decided in ZFC. There are Borel equivalence relations 
E, F for which the status of the inequality A(E) < A(F) cannot be decided in ZFC (as 
can be seen for example from the combination of Corollaries and and for 
them the balanced status of the corresponding collapse forcing is undecidable as well. 


DEFINITION 6.4.4. Let E C F be Borel equivalence relations on a Polish space X. 
Let K = Kz p be the simplicial complex ofall finite sets a C X such that for xp, x, € X, 
Xq E x, is equivalent to x) F x,. We will refer to the associated poset PR, as the E, F- 
transversal poset. 


It is immediate that the simplicial complex Kz is a Borel E-quotient complex. The 
terminology comes from the examples below; the posets of this type are used to uni- 
formize various relations in products of quotient spaces. The first order of business 
is to classify balanced virtual conditions. Call a total function f from the F-quotient 
space to the virtual E-quotient space a virtual selection function if for every F-class c 
the functional value f(c) is a virtual E-class which is (forced to be) a subset of c. For a 
virtual selection function f let tr be the Coll(w, 2,,, )-name for the set of all conditions 
p in the uniformization poset such that for each F-class c represented in the ground 
model, p contains some point x € X which is a realization of the virtual E-class f(c). 
It is not difficult to see that the pair (Coll(@, 1,,, ), t¢) is a P-pin. 
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THEOREM 6.4.5. Let E C F be Borel equivalence relations on a Polish space X and 
suppose that F is pinned. Let P be the E, F-transversal poset. Then 
(1) for every virtual selection function f, the pair (Coll(, 2,,, ), Tt) is balanced; 
(2) for every balanced pair (Q,T) there is a virtual selection function f such that the 
pairs (Coll(, 2,,, ), Tp) and (Q, T) are equivalent; 
(3) distinct virtual selection functions yield nonequivalent balanced pairs. 
In particular, the poset P is balanced. 


PROOF. To see (1), let V[Hy] and V[H,] be mutually generic extensions of the 
ground model and pp € V[Ho] and p; € V[.H;] be conditions in the set t¢/Hp = tr/Hy; 
we have to show that po, py € P are compatible. To this end, suppose that x») € po and 
X1 € p, are points; we must show that if x9 F x, then xg E x, holds. A mutual gener- 
icity argument shows that x9, x, are realizations of the same virtual F-class c. By the 
definition of the name Tf, it must be the case that xg, x; are both realizations of the 
virtual E-class f(c) and therefore E-related. 

For (2), suppose that (Q,T) is a balanced pair. To find the total function f, let 
c be an F-class. There must be a virtual E-class f(c) such that Q Ik for some point 
x € TN ¢x isa realization of f(c); otherwise, one could find conditions qg,q, € Q 
and names for strengthenings 79, t, of tT and names Xg, X, for elements of ¢ such that 
(doo U) IFexe 7(Xo)tert F (X1)rignt- This would violate the balance of the pair (Q, 7) 
as (do. 41) IK %,7 © P are incompatible conditions. Let f: c + d, be the resulting 
function. 

To see that (R, ty) is a balanced pair equivalent to (Q, T), strengthen t if necessary to 
ensure that t is a name for an actual element of P, and observe that Q x Coll(w, 2 ai IF 
T € Tp. The equivalence of the two balanced pairs then follows from Proposition 5.2.6, 

Finally, (3) is obvious. The balance of the poset P is now a trivial application of the 
Axiom of Choice: every condition p € P can be extended to a maximal set A C X such 
that E | A = F [ A. Let f be the function which to each F-class c assigns the E-class 
cA, and observe that the pair (Coll(«, 1,,, ), t¢) is balanced by (1) and is below p. 


EXAMPLE 6.4.6. A poset introducing a transversal to a pinned Borel equivalence 
relation F on a Polish space X. Just let E be the identity on the space X and consider 
the EF, F-transversal poset. The generic set is an F-transversal. By Theorem the 
balanced virtual conditions are classified by F-transversals. 


EXAMPLE 6.4.7. A poset introducing a complete countable section to a pinned 
Borel equivalence relation G on a Polish space Y. Let X = Y® and let B C X be the 
Borel set of all elements x € X whose range consists of pairwise G-related points. Let 
F be the Borel equivalence relation on X connecting points x, x, if either they are 
equal or else they are both in B and their ranges are subsets of the same G-class. Let 
E =F20F. It is not difficult to check that E C F are Borel equivalence relations on 
X and F is pinned. Consider the associated E, F-transversal poset. The generic set is a 
countable complete section of the relation E. In view of the fact that virtual F,-classes 
are classified by nonempty subsets of Y, Theorem says that balanced virtual con- 
ditions are classified by arbitrary sets A C Y which have nonempty intersection with 
every G-class. 


Numerous examples of uniformization posets arise in the context of countable Borel 
equivalence relations. If E is a countable Borel equivalence relation on a Polish space 
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Y and P is a poset adding a choice of a structure of some type on each E-class with 
countable approximations, then P can be represented as a transversal poset in the sense 
of Definition 6.4.4. The following example spells out the details. 


EXAMPLE 6.4.8. Let G be a countable Borel equivalence relation on a Polish space 

Y. Let B c Y® bea Borel set such that 

(1) for every z € B, rng(z) C Y consists of pairwise G-equivalent elements; 

(2) for each y € Y there is z € B such that rng(z) C [y]g. 
Let E, F be the equivalence relations on Y® defined by Zp, F 2, if z9(0) G z,(0), and 
Zo E z, if mg(zo) = rng(z,). The assumptions on the set B show that E [| B C F [ 
B; clearly, F is Borel reducible to G, so it is pinned. The EF, F-transversal poset can 
be viewed as a poset of all countable partial functions on the G-quotient space which 
assign to each G-class c a subset of it whose enumeration is in B, ordered by reverse 
inclusion. Theorem shows that the balanced virtual conditions are classified by 
total functions on the G-quotient space which assign to each G-class c a subset of it 
whose enumeration is in B. 


EXAMPLE 6.4.9. Let G be a countable Borel equivalence relation on a Polish space 
Y with all equivalence classes infinite. Let P be the poset of all countable functions on 
the G-quotient space assigning to each equivalence class a Z-ordering on it; the poset P 
serves to introduce a (discontinuous) Z-action on Y such that G is its orbit equivalence 
relation. Example 6.4.8|casts P as a transversal poset and classifies the balanced virtual 
conditions. 


EXAMPLE 6.4.10. Let X = ((2”)®)? and consider the Borel set B C X consisting of 
all pairs (yo, y,) € X such that rng(x9) Nrng(x,) = 0. Let F be the equivalence relation 
connecting points (yp, y,) and (Zo, Z;) if they are either equal or both in B and yo Fz 
Zo. Let E be the equivalence relation F, x Fz intersected with F. The resulting E, F- 
transversal poset is designed to add a function assigning to each nonempty countable 
set a single nonempty countable set disjoint from it. However, the equivalence relation 
F is not pinned, so Theorem §.4.5does not apply to show that the uniformization poset 
is balanced. Indeed, in ZF one can prove that existence of a maximal Ky --set implies 
the existence of an w,-sequence of pairwise distinct F,-classes. To see this, let A C X 
be such a maximal set, suppose cy C 2” is an arbitrary nonempty countable set, and by 
transfinite recursion on a € w, define c, as the unique nonempty countable set such 
that for some enumerations yo of (J pea B and y, of cy it is the case that (yp, y,) € B. 
It is clear that the sets c, for a € w, are nonempty and pairwise disjoint and therefore 
distinct. Finally, note (Theorem that in balanced extensions of the symmetric 
Solovay model there are no uncountable sequences of distinct equivalence classes of 
Borel equivalence relations such as F3. 


If the larger equivalence relation F in Definition 6.4.4jis not pinned, additional assump- 
tions are necessary for the E, F-transversal poset to be balanced. One class of examples 
of this type is captured by the following theorem. For Borel equivalence relations E C F 
ona Polish space X write X;", X;* to be their respective virtual quotient spaces. A func- 
tion f : X;° > X;* is a virtual E, F-selection function if for every virtual F-class c, the 
virtual E-class f(c) is forced to be a subset of c. For each E, F-selection function f let ty 
be the Coll(«, 2,,,)-name for the set of all countable subsets a C X such that for each 
virtual F-class c, a contains a realization of the virtual E-class f(c). 
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THEOREM 6.4.11. Let E C F be Borel equivalence relations on a Polish space X such 
that each F-class consists of countably many E-classes. Let P be the E, F-transversal poset. 
Then 


aK 


(1) for every virtual E, F-selection function f : Xf 
(Coll(w, 2,,, ), tf) is balanced; 

(2) for every balanced pair (Q,T) there is a virtual selection function f such that the 
balanced pairs (Q,T), (Coll(w, 2... ), Tf) are equivalent; 

(3) distinct virtual selection functions yield nonequivalent balanced pairs. 


— Xp", the ordered pair 


In particular, the poset P is balanced. 
PROOF. The argument hinges on a simple claim of independent merit: 


CLAIM 6.4.12. Let V[H] be a generic extension of V, and in V[H] let c be an F-class 
which is a realization of a ground model virtual F-class. Then c is a union of realizations 
of ground model virtual E-classes. 


PROOF. Suppose towards a contradiction that this fails. Then in V there has to be 
a poset P and a P-name t for an element of the space X such that t is F-pinned, but 
below no condition of P is t E-pinned. Let M be a countable elementary submodel 
of a large structure containing E,F,P,z and use Proposition to find a perfect 
collection {g, : y € 2”} of filters on POM mutually generic over M. Let x) = t/gy € X. 
For distinct binary sequences y,z € 2%, M[g,,g,] F xy F x, and 7x, E x, by the 
forcing theorem applied in M. By the Mostowski absoluteness for the model M[g,, g7], 
it follows that x, F x, and 7x, E x, holds in V. However, this means that the unique 
F-class of the points x, for y € 2° contains perfectly many pairwise E-unrelated points, 
contradicting the initial assumptions on the equivalence relations E, F. 


Now, for (1) suppose that V[H)], V[H,] are mutually generic extensions containing 
respective conditions po, p; below t;; we must show that po, p; are compatible. This is 
to Say, Po U p, isa Kg p-set; in other words, if x9 € pp and x, € p, are F-related points 
then they are in fact E-related. To see this, by a mutual genericity argument XQ, x; are 
realizations of some virtual F-class c; by the definition of the virtual condition te; they 
must be realizations of the virtual E-class f(c) and therefore must be F-related. 

For (2), first use a balance argument (Proposition and Claim to argue 
that for each virtual F-class c there must be a unique virtual E-class d which is forced to 
be a subclass of c and such that Q Ik t contains a realization of d. Let f : Xf" — XR" be 
the function recording the correspondence c + d and observe that Q x Coll(@, 2,,,) IF 
T < ty holds. (2) then follows by a reference to Proposition 

Finally, (3) is obvious. The balance of the poset P follows from the axiom of choice: 
every condition p € P can be extended to a virtual selection function by virtue of 


Claim 


EXAMPLE 6.4.13. Let be a Borel graph on a Polish space X which contains no odd 
length cycles such that the G-path connectedness equivalence relation F on X is Borel. 
We wish to add a 2-coloring of the graph I. To this end, let E be the Borel equivalence 
relation on X relating x to yifx E y holds and some (equivalently, every) l-path from x 
to y is of even length. It is clear that every F-class consists of exactly two E-classes. The 
E, F-transversal poset selects exactly one E-class from each F-class and therefore adds 
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a bipartization of the graph T. Balanced virtual conditions are classified by functions 
which select exactly one virtual E-class from each virtual F-class. 


EXAMPLE 6.4.14. Let F be the F,-equivalence relation on the space X = (2%). Let 
E be the equivalence relation on X connecting points xp and x, if mg(x9) = rng(x,) 
and xX,(0) = x,(0). Clearly, every F-class consists of only countably many E-classes. 
An £, F-transversal can be viewed as a function which selects a single element from 
each nonempty countable subset of 2”. It is instructive to inspect the balanced virtual 
conditions provided by Theorem An inspection reveals that a balanced virtual 
condition is a function which to each nonempty subset of X assigns one of its elements, 
i.e. a selection function on P(X). In consequence, the existence of balanced virtual 
conditions for P is in ZF equivalent to the statement that the space 2“ can be well- 
ordered. 


CHAPTER 7 


Ultrafilter forcings 


Many applications of the axiom of choice rely on nonprincipal ultrafilters on w and 
their combinatorial properties. In this section, we will show that in several cases, natu- 
ral attempts to add an ultrafilter result in balanced forcings and moreover the resulting 
generic ultrafilter can be characterized in a simple way. The following definition and 
proposition play a central role in several arguments. 


DEFINITION 7.0.1. Let U be a nonprincipal ultrafilter on a set dom(U). An infinite 
set a C dom(U) in some forcing extension diagonalizes U if for every b € U, a \ bis 
finite. 


PROPOSITION 7.0.2. Let U be a nonprincipal ultrafilter on dom(U). Suppose that 
Qo, Q; are posets and Tp, T, are respective names for infinite subsets of dom(U) which di- 
agonalize U. Then Qo X Q, lk 1) N 7, is infinite. 


PROOF. The most appealing argument uses the general Proposition [1.7.9 on prod- 
uct forcing extensions. Let Hp, H, C Qo, Q, be mutually generic filters and let ag = 
T)/Hp and a, = t,/H,. Suppose towards a contradiction that the intersection ag N a, is 
finite. By Proposition there are sets by, b; C dom(U) in the ground model such 
that dg C bo, ay C by, and by N by is finite. At most one of the sets bg, b; belongs to 
the ultrafilter U. If, say, b) ¢ U, then w \ bg € U, violating the assumption that ay 
diagonalizes the ultrafilter U. 


7.1. A Ramsey ultrafilter 


The most elementary attempt at adding a nonprincipal ultrafilter is the poset P of 
infinite subsets of w ordered by inclusion. Here, the classification of balanced virtual 
conditions is particularly appealing and simple. 


DEFINITION 7.1.1. Let U be a nonprincipal ultrafilter on w. The symbol ty, de- 
notes the Coll(w, U)-name for the analytic collection of all infinite sets a C w which 
diagonalize the ultrafilter U. 


THEOREM 7.1.2. Let P be the partial order of infinite subsets of w, ordered by inclu- 
sion. 
(1) The pair (Coll(w, U), ty) is a balanced virtual condition for P for every non- 
principal ultrafilter U on w; 
(2) If (Q,t) is a balanced pair for P, then there is a nonprincipal ultrafilter U such 
that (Q, T) is equivalent to (Coll(w, U), ty); 
(3) distinct nonprincipal ultrafilters yield inequivalent balanced virtual conditions. 


In particular, the poset P is balanced. 
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PROOF. For (1), note that the pair in fact is a virtual condition: in Coll(w, U), the 
set U is countable, so ty is an analytic subset of P, and the evaluation of ty does not 
depend on the particular generic filter on the collapse poset. The balance of the pair 
follows immediately from Proposition applied to U. 

For (2), first use the balance of the name T to note that for every set a C , it must 
be the case that either Q Ik t C dup toa finite set, or Q Ik tN dis finite. Let U be the set 
of all a C w for which the first option occurs. It is immediate that U is a nonprincipal 
ultrafilter on w. The equivalence of (Q,7) with (Coll(w, U), ty) is immediately clear 
from Proposition 

For (3), note that if Up, U, are distinct ultrafilters on w then there is a seta C w 
such that a € Up andw\a € U,. Thus the balanced names ty, and ty, represent 
incompatible virtual conditions as the former is below a and the other is below  \ a. 

To prove the last sentence of the theorem, for any infinite set a C w there is a 
nonprincipal ultrafilter U containing a as an element. A reference to item (1) then 
completes the argument. 


7.2. Fubini powers of the Fréchet ideal 


The most natural attempt to force an ultrafilter which is not a P-point with a o- 
closed subset is encapsulated in the following definition. 


DEFINITION 7.2.1. For the duration of this section, write J to be the ideal on wx w 
which is the Fubini product of the Fréchet ideal on w with itself. That is,a seta C wxw 
belongs to the ideal J just in case a has only finitely many infinite vertical sections. The 
FinxFin poset P is the partial order of I-positive sets, ordered by q < pifq\ p EI. 


It is not difficult to see that P is a c-closed forcing; the sets in the generic filter on P form 
an ultrafilter disjoint from I. This ultrafilter, by virtue of the partition of the domain set 
w X w into the J-small vertical sections such that every transversal is again in I, isnot a 
P-point; its rich combinatorial properties were investigated for example in [12,102]. 

It turns out that the poset P is balanced, and the balanced virtual conditions allow 
a simple classification. Let w* be the set of all nonprincipal ultrafilters on w. Let W be 
an ultrafilter on the set @ x w* which contains no set n x w* for any number n € a. 
Write ty, for the name on Coll(w, P(w x w*)) for the set of all conditions p € P such 
that there is a set {(nj,U;): i € w} C (w x w*)” diagonalizing the ultrafilter W, the 
numbers n; for i € w are pairwise distinct, and the set p C w X w has the following 
property: only the vertical sections p,, for some i € w are nonempty, and each vertical 
section p,, is infinite and diagonalizes the ultrafilter Uj. 


THEOREM 7.2.2. Let P be the FinxFin poset. 


(1) For every ultrafilter W on the set w x w* containing no set n x w* forn € a, the 
pair (Coll(w, P(w x w*)), Ty) is balanced in P; 
(2) for every balanced pair (Q,c) there is an ultrafilter W on the set w x w*, con- 
taining no set n X w* for n € w, such that the balanced pairs (Q,c) and 
(Coll(w, P(w x w*)), Ty) are equivalent; 
(3) distinct ultrafilters give rise to inequivalent balanced virtual conditions. 
In particular, the poset P is balanced. 


PROOF. Towards (1), suppose that V[H], V[H,] are mutually generic extensions 
containing respective sets po, p) C @Xw such that there are sets ay = {(n?, U;’): i € a} 
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and a, = {(nj,U;'): i € w} in the respective models which diagonalize the ultrafilter 
W, and the vertical sections (po),,9 diagonalize the ultrafilter U? for all i € w, and 


the vertical sections ( Pin} diagonalize the ultrafilter U; for all i € w as well. It will 
be enough to show that pg, p; are compatible in the poset P; i.e. the set pp N p, has 
infinitely many infinite vertical sections. 

To this end, use Proposition for the sets dg, a, and the ultrafilter W to see 
that dg N a is infinite. This means, that the set b = {n € w: AU (n,U) € ag Nay;}is 
infinite. For each number n € b, the vertical sections (po), and (p;), diagonalize the 
same ultrafilter U on w for which (n, U) € ag N a, holds. By another application of 
Proposition [7.0.2, the set (Pp), N (P1)n is infinite. It follows that po N p, ¢ I as desired. 

Towards (2), strengthen o if necessary so that o isa name for an actual single con- 
dition in the poset P as opposed to an analytic set of conditions. Replacing Q with a 
poset collapsing the cardinality of P(w)” to No and strengthening the name c if nec- 
essary we may assume that Q forces that for every n € @, if the vertical section o,, is 
infinite, then for every set a C w in the ground model, either o, C aorg,na = 0 
modulo finite. Let U;, be the name for the set of all sets a C w in the ground model for 
which the former alternative prevails; define U,, = 0 if the vertical section a, is finite. 
Passing to a condition in Q and strengthening o again, we may assume that either Q 
forces that for all n € w such that o, is infinite U, ¢ V holds, or Q forces that for all 
n € w such that o,, is infinite U,, € V holds. 

Now, the former alternative is impossible as it contradicts the balance of the pair 
(Q,T). To see this, let Hp, H, C Q be mutually generic filters and let pp = o/Hy and 
P1 = o/H,. To reach the contradiction, we will show that all vertical sections of py N p; 
are finite. Suppose not, and let n € w be such that (po), N (P1)y is infinite. Then 
U,,/Hpy = U,/H;, which by the product forcing theorem implies that U,/Hy € V and 
violates the former alternative assumption. 

Thus, the latter alternative prevails, and the set 7 = {(n,U,): o, is infinite} is 
forced to be a subset of (wx w*)”. Strengthening o again, we may assume that Q forces 
that for every set b C w X w* in the ground model, either 7 C b ory Nb = 0 modulo 
finite. 


CLAIM 7.2.3. For every set b C w Xw*, either Q Ik n c b modulo finite, or Q IK nnb 
is finite. 

PROOF. Suppose towards a contradiction that the conclusion fails for some set 
b C w X w*. Then, there must be conditions qo, q, € Q forcing the former and lat- 
ter alternative respectively. Let Hp, H,; C Q be mutually generic filters containing the 
conditions qo, q; respectively. Write pp = o/Hp and p, = o,/H,; we will reach a con- 
tradiction by showing that all but finitely many vertical sections of the set pg N p, are 
finite, violating the balance assumption on a. 

Write cy = n/Hp and c, = n/Hy. By the contradictory assumption, the intersection 
Co Nc, is finite. Let n € w be a natural number which is not in the finite projection 
of the set cg Nc, to w; we will show that (pg N D1), is finite. Either (pp), or (P1)n, are 
finite sets, in which case we are done, or both (pg), and (p,),, are infinite. In the latter 
case, there are ultrafilters Uj, U; on w in the ground model such that (n, Uj) € cp and 
(n, U,) € cy. Since the number n is not in the projection of cg Nc, to w, the ultrafilters 
Up, U; must be distinct. Since (pg), diagonalizes Up and (p,),, diagonalizes U,, the 
intersection (Po), N (Pi) must be finite in this case as well. 
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Let W be the set of all subsets of b C w X w* for which Q lk n C b modulo finite; 
by the claim, this is an ultrafilter on w x w*. The definitions show that Coll(w, P(w x 
w*)) x Q lk o € Tg. Then, Proposition shows that the balanced pairs (Q, a) and 
(Coll(w, P(w x w*)) are equivalent as desired. 

Item (3) is immediate. For the last sentence, suppose that p € P isa condition. Let 
a={n€w: py, isinfinite}; the set ais infinite. Foreachn € w let U, be anonprincipal 
ultrafilter on w containing p,, as an element. Let W be a nonprincipal ultrafilter on the 
set w x w* containing the set {(n, U,,): n € a}. Itis not difficult to see that the balanced 
pair (Coll(w, P(w x w*)), Ty) is below the condition p, proving the balance of the poset 
RP; 


7.3. Ramsey sequences of structures 


There is a family of forcings present in several papers concerning the Rudin-Keisler 
order on ultrafilters with strong Ramsey-type properties [24]. The family is param- 
etrized by sequences of structures tied by a partition property as in the following defi- 
nition. 


DEFINITION 7.3.1. A Ramsey sequence of finite structures isa sequence A = (A, : n 
€ w) of finite structures in the same language, with pairwise disjoint domains, such 
that 


(1) for every natural number n € w, A,,, contains an isomorphic copy of A,; 
(2) for every k < n € w there is m > n such that the structural Ramsey property 


Am 7 (An)o* holds. 


For each Ramsey sequence A = (A,,: n € w) of finite structures, we will use the fol- 
lowing notation. dom(A) stands for he dom(A,,). Given a number n € w, the symbol 
D,, stands for the set of all finite sets d such that for some m € w, d C dom(A,,) and 
Am | dis isomorphic to A,. For every set p C dom(A), the symbol p4” stands for 
P(p) NM D,. Each Ramsey sequence of finite structures has a natural o-closed poset 
associated to it. 


DEFINITION 7.3.2. LetA = (A, : n € w) bea Ramsey sequence of finite structures. 
Let P, denote the poset of all sets p C dom(A) such that p4” is nonempty for each 
n € w. The ordering is defined by q < pif q € p modulo finite. 


It is not difficult to use the Ramsey property of the sequence A to see that a generic filter 
on Py, is in fact an ultrafilter on dom(A); the combinatorial properties of this generic 
ultrafilter are the reason for the study of these posets in [8]. The posets of the form 
P, are balanced. The balanced virtual conditions are parametrized by sequences of 
ultrafilters as opposed to single ultrafilters in the case of P(w) modulo finite. 


DEFINITION 7.3.3. LetA = (A, : n € w) bea Ramsey sequence of finite structures. 
An A-sequence of filters is a sequence (Ff, : n € w) such that 


(1) for every number n € «a, F, is a filter on the set D,; 

(2) for all numbers n, m € w and every selection (a; : i € n) of sets in the respec- 
tive filters F for i € n, there is a set d € D,, such that d4i C a; holds for all 
ien. 
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If F = (F,: n € w) is an A-sequence of ultrafilters, define the Coll(w, 2”)-name tp for 
the set of all conditions p € P such that for every n € w and every set a € F,, p4n Ca 
modulo finite. 


THEOREM 7.3.4. Let A = (A, : n € w) be a Ramsey sequence of finite structures. 
(1) For every A-sequence F of ultrafilters, the pair (Coll(w, 2”), t;) is balanced in 
the poset P,; 
(2) for every balanced pair (Q,c) there is a A-sequence F of ultrafilters such that 
the balanced pairs (Q, a) and (Coll(w, 2”), t) are equivalent; 
(3) distinct A-sequences of ultrafilters yield inequivalent balanced pairs. 
In particular, the poset Py is balanced. 


PROOF. Write P = P,. For the first item, it is necessary to argue that in fact 
Coll(w, t;) Ik tz # 0. To see this, work in the Coll(w, 2) extension, for each num- 
ber n € w let D,, = dom(F,) and fix an enumeration (ai, : i € w) of all elements of F,. 
By induction on n € w, repeatedly using item (2) of Definition [7.3.3] build sets d, € Dy, 
such that for every i € n the set da! is a subset of N; on a! . It is immediate that the 
condition p = Ls d, € Pis an element of tp. 

For the balance, suppose that Ro, R; are posets and oo, o; are their respective names 
for conditions in P such that Ry forces that for every n € w and every seta € F,, 
of " ¢ amodulo finite holds, and similarly for R,,0,. We have to show that Rp x Ry; 
forces the conditions og, 0, to be compatible in P, which is the same as to say that Rp XR 
forces the intersection og N 9, to contain a copy of A,, for every number n € w. To this 
end, note that the sets of ” and of are forced to diagonalize the ultrafilter F,. By 
Proposition their intersection is forced to be infinite, in particular nonempty. 

For the second item, we use a simple claim. 


n 


CLAIM 7.3.5. Let p € P bea condition, n € w be a number, and let a C Dy bea set. 
Then there is q < p such that either q4" C aor gq’ na=0. 


PROOF. For each k € w find a number m, € w such that Am, > (A, yo". Find 
pairwise disjoint finite sets d, C pin Dj, for each k € w. Use the partition property to 
find sets d;, C d;, such that d;, € D, and (dj,)4” is either a subset of a or disjoint from 
a. One of the options prevails for infinitely many numbers k. For definiteness, assume 
that the set b = {k € w: (d,)4” Cc afis infinite. Let q = ies d,, and observe that 
qd < p works. 


Now let (Q, <a) be a balanced pair. Replacing Q with Q x Coll(w, 2”) and repeatedly 
strengthening p using the claim, we may assume that for every n € w and every set 
a C Dy, 04” is forced to be either a subset of a or disjoint from a modulo finite. By 
a balance argument (Proposition 5.2.4), it must be the case that either Q IK 04" c a 
modulo finite, or Q Ik o4" nd = 0 modulo finite. Let F,, be the collection of all sets 
a C D, for which the former option prevails. It is clear that F, is an ultrafilter and 
that F = (F,: n € w) is an A-sequence. Since Q x Coll(w, 2”) IF o € Tp, by the 
first item and Proposition it must be the case that the balanced pairs (Q, co) and 
(Coll(w, 2), t-) are equivalent balanced pairs. 

The third item is immediate. The last sentence of the theorem is not an entirely 
formal consequence of the previous work. It needs the following application of the 
axiom of choice. 
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CLAIM 7.3.6. Every A-sequence of filters can be extended to a A-sequence of ultrafil- 
ters. 


PRooF. Order the A-sequences of filters by coordinatewise inclusion: F < G if 
for every n € w, F, C G, holds. It is immediate from the definitions that every <- 
chain has an upper bound-the coordinatewise union of the A-sequences of filters in 
the chain. By an application of Kuratowski-Zorn lemma, every A-sequence of filters 
can be extended into a <-maximal one. It only remains to prove that any <-maximal 
A-sequence of filters is in fact a sequence of ultrafilters. 

Let F be a <-maximal A-sequence of filters, let n € w be a number, and let b c D, 
be a set; we claim that either b or its complement belongs to F,,. Suppose towards a 
contradiction that neither is the case. By the maximality of F it must be the case that 
the sequences G°,G! of filters obtained from F by adding b (or the complement of b, 
respectively) to the filter F, are not A-sequences. This must be witnessed by some sets 
(a? : i © k) and (aj : i € k) for some number k € w respectively, and some number 
m & w: these are sets in F such that there is nod € D,, such that for allie k,i #n 
d4i c a? and d4” c a®nb, and there isnod € D,, such that for alli € k,i # nd4i C a} 
and d4” c a}, \ b. Since F is a sequence of filters, for all i € k a? na} € & holds. Let 
m' € w bea number such that Aj, > (A,,)“" holds. Since F is a A-sequence, there is 
d' € Dy such that for alli € k, (d’Y4i c a? Na; holds. Use the partition assumption 
to find a aset d C d’ in D,, such that either d4” C b or d4n 1 b = 0. The condition q 
violates the choice of either the sets (aj, : i € k) or the sets (a) : ie k). 


Now, suppose that p € Pisa condition. Consider the sequence F of filters F, generated 
by sets cofinite in p4”. Clearly, F is an A-sequence. By the claim, F can be extended to 
a A-sequence G of ultrafilters. Then (Coll(@, 2”), t¢) is a balanced pair which is easily 
seen to be below p as required. 


For every Ramsey sequence A = (A, : n € w), the poset Py introduces an ultrafilter on 
the set Dp as the set of all subsets a C Dp such that for some condition p € P in the 
generic ultrafilter, p4° C a. Claim together with an obvious density argument 
show that this formula indeed defines an ultrafilter U on Dp, which will be referred to 
as the P,-generic ultrafilter. It is clear that the generic filter on Py can be reconstructed 
from U, and therefore the potential for confusion is minimal. The combinatorial and 
Rudin-Keisler properties of the generic ultrafilter have been the main reason for the 
study of the partial orders of the type P, [8]. It is not difficult to see that it is a P-point. 


EXAMPLE 7.3.7. Let A be the sequence (A, : nm € w) where A, is the linear order on 
n many elements. The Ramsey theorem implies that this is in fact a Ramsey sequence 
of structures. The P,-generic ultrafilter is a P-point which is weakly Ramsey and not a 
Q-point [8, Theorem 4.9]. 


EXAMPLE 7.3.8. Let k € w and let A be a sequence enumerating all ordered finite 
graphs which contain no clique of cardinality k. The fact that this isa Ramsey sequence 
of structures follows from [84]. The P,-generic ultrafilter is a P-point U such that U > 
(U, k)* but not U > (U,k + 1)* [8, Theorem 4.11] 
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7.4. Semigroup ultrafilters 


In this section, we show that in a natural forcing connected with a countable semi- 
group, balanced virtual conditions exist and are classified by idempotent ultrafilters. 
This connects the theory of balanced forcing extensions with Ramsey theory and dy- 
namics. 


DEFINITION 7.4.1. Let I be a countable semigroup. The poset A; is defined as 
follows. The conditions of FR: are elements of ’. The ordering is defined by q < pif 
there are nonempty finite sets a,, C w for all n € w such that max(a,) < min(a,,1) 
and Ine<q, P(™) = q(7), where the products are always taken in the increasing order. 


It is not difficult to see that given a condition in F,, shifting its entries to the left and/or 
changing finitely many entries does not change the separative quotient equivalence 
class of the condition. It follows that the separative quotient of FR. is a o-closed poset. 
The purpose of the poset F; is clear from the following definition and proposition. 


DEFINITION 7.4.2. Let A be a collection of subsets of [. A sequence p € F; diag- 
onalizes A if for every set b € A there is n € w such that for every nonempty finite set 
ac@\n, Imeqgp(m) € b holds. The sequence p € F; sorts out A if for every set b E A 
there isn € w such that for every nonempty finite set a C w \n, [meqgp(m) € b holds, 
or for every nonempty finite seta C w\n, Imegp(m) ¢ b holds. If b € A and the 
former alternative occurs, we say that p accepts b, if the latter alternative occurs then 
p declines b. 


PROPOSITION 7.4.3. For every condition p € FR; and every countable set A C P(T), 
there is a condition q < p which sorts out A. 


PROOF. Let A = {b, : n € w}. Byinduction onn € w build a descending sequence 
Pn Of conditions in FR: such that p = pp and for all n € w, for all nonempty finite sets 
a C w it is the case that IL mea Pniitm) € b, holds, or for all nonempty finite sets 
a C wit is the case that [T,,, eq Pnti(m) € by holds. To perform the induction step, 
use Hindman’s theorem on the partition ,, of nonempty finite subsets of w defined by 
(2) = 1if [1 neq Pn(™) € by, holds. 

In the end, let q € A: be defined by q(n) = p,(n) and observe that the conclusion 
of the proposition is satisfied. 


Suppose that G C F is a generic filter. By Proposition and a density argument, 
the set U C PCL) of all sets b C T such that some condition p € G accepts b, is an 
ultrafilter. Also, G can be recovered from U as the set of all conditions p € FR; such that 
for all n € w, the set wes p(m): a C wis a nonempty finite set and min(a) > n} 
belongs to the ultrafilter U. 

It turns out that balanced virtual conditions in the poset R: correspond to a well- 
known concept from topological dynamics and Ramsey theory. 


DEFINITION 7.4.4. [45, Section 4.1] Let (I, -) be a countable semigroup. 
(1) For ultrafilters U,U, onT, let -U, ={AcCT: fyel: f6eT:y-de 
A} EU} € Up} 
(2) an ultrafilter U on T is an idempotent if U- U = U. 


It turns out that - is a semi-continuous operation on the space fT of all ultrafilters on 
I. The fundamental Ellis-Numakura theorem [45, Section 2.4] says that every closed 
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subsemigroup of 6T contains an idempotent ultrafilter. The idempotent ultrafilters 
have an alternative diagonalization description. 


PROPOSITION 7.4.5. Let U be an ultrafilter on T. The following are equivalent: 


(1) in Coll(w, A(L)) extension there is a condition in F; diagonalizing U; 
(2) for every countable subset of U, there is a condition in R: diagonalizing it; 
(3) U isan idempotent. 


PROOF. For the implication (1)-(2), if U’ c U is a countable set, then in some 
forcing extension there is a condition p € P which diagonalizes U and therefore U’. 
By a Mostowski absoluteness argument between the ground model and the forcing 
extension, there must be a condition p € P diagonalizing U’. 

For the implication (2)(1), consider the partial order Q = [P(U)]*° modulo the 
nonstationary ideal. Let G C Q be a filter generic over V and let j: V — M be the 
generic ultrapower. Then M is an w-model which is possibly illfounded. Moreover, M 
contains the set j” U as the equivalence class of the identity function on [P(U)]®, and 
MF j"U Cc Uisacountable set by the Los theorem. Thus, if the ground model satisfies 
(2), then by elementarity M (and V[G] as well) contains a condition p € P which 
diagonalizes j” U and therefore U. The existence of such a condition then transfers to 
any Coll(w, P(L)) extension of the ground model. This confirms (1). 

(3) implies (2): this is the content of Galvin-Glazer theorem or its folkloric varia- 
tion for countable sets, [45, Chapter 5]. Finally, the negation of (3) implies the nega- 
tion of (2). To see this, if U is not an idempotent, there must be a set A € U such that 
A€U-U. This means that the set B={y ET: {65 ET: y-5 € A} € U} belongs to U. 
Consider the countable set including A, B, as well as all the sets Cy ={6ET: y-6¢A} 
for y € B; we will show that it cannot be diagonalized. Suppose towards a contradic- 
tion that some condition p € F- does diagonalize it. This means that there is mp € y 
such that for all k > m > mo, p(m) € Band p(m) - p(k) € A. There must be also 
some ky € w such that for all k > ko, p(k) € Cyvm,). Then p(mp) - p(Ko) should belong 
simultaneously to A and to the complement of A, which is a contradiction. 


Finally, the statement of the classification theorem for the balanced virtual conditions 
in the poset A: is at hand. 


DEFINITION 7.4.6. Whenever (I, -) is a countable semigroup and U is an ultrafil- 
ter on I, let ty denote the Coll(w, P(T))-name for the (nonempty analytic) set of all 
conditions diagonalizing U. 


THEOREM 7.4.7. Let (I, -) be a countable semigroup. 


(1) Whenever U is an idempotent ultrafilter then (Coll(w, P(T)), ty) is a balanced 
virtual condition; 

(2) every balanced pair is equivalent to (Coll(w, P(L)), ty) for some idempotent ul- 
trafilter U; 

(3) distinct idempotent ultrafilters give rise to inequivalent balanced virtual condi- 
tions. 


In particular, the poset F- is balanced. 
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PROOF. For (1), note that by Proposition [7.4-5, ty is a name for a nonempty set jsut 
in case U is an idempotent ultrafilter. (1) then follows immediately from the following 
claim: 


CLAIM 7.4.8. Let U be an ultrafilter on T and (Qo, T)), (Q), %) are posets and their 
respective names for elements of F; diagonalizing U. Then Qy XQ, IF t, t are compatible 
in Bs. 

PROOF. Let qo € Qy and q, € Q, be conditions andn € w bea natural number. We 
must find an element y € I and conditions qj < qo and qi < q, and finite nonempty 
sets dg, a, C w with minimum larger than n such that go IF ¥ = Umea to(m) and qj IF 
¥ = Umea, m1 (™). The compatibility of 7, 7 is then granted by a genericity argument. 

Let Ag C Tbe the set of all y € I such that there exists a finite nonempty set a C w 
with minimum greater than n and a condition q’ < qo in Qp forcing ¥ = HpeqT)(m). 
Since 7) is forced to diagonalize U, it must be the case that Ag € U. Similarly, let 
A, CT be the set of all y € I such that there exists a finite nonempty set a C w with 
minimum greater than n and a condition q’ < q, in Q, forcing ¥ = I eqt%](m). Since 
T, is forced to diagonalize U, it must be the case that A; € U. Choose y € Ay N A, and 
choose qo < qo, 9; < q and sets ag, a; witnessing the membership of y in Ag, A;. This 
completes the proof. 


For (2), suppose that (Q, 7) is a balanced pair. Without loss of generality we may 
assume that Q collapses the size of P(T) NV to No. Strengthening 7 in the Q-extension 
repeatedly by an application of Proposition we may assume that 7 sorts out P(T)N 
V. Let o be the Q-name for the collection of all sets in P(T) N V which Tt accepts. 


CLAIM 7.4.9. The membership of every set A C T ino is decided by the largest con- 
dition in Q. 


PROOF. If not, then there is a set A C I. and conditions qo, q, € Q such that qo IF 
A €ocandq, IK T\A &o. Plainly, the condition (qo, q,) forces in the product Q x Q 
that Test, Tight are conditions incompatible in F-, contradicting the balance assumption 
on the name tT. 


Let U = {A CT: QIFA € o}. This is an ultrafilter on I. By Proposition [7.4.5, 
it is an idempotent ultrafilter. By Claim the pair (Q,t) is equivalent to 
(Coll(w, P(T)), tz). (2) follows. 

(3) is immediate. To prove the last sentence, note that for every condition p € 
F;, the Ellis-Numakura theorem yields an idempotent ultrafilter U such that for all 
n € o, the set 1) Lees p(m): a C wis a nonempty finite set and min(a) > n} be- 
longs to U. Then Coll(w, P(L)) Ik Xty < p by the definition of the ordering RA, so 


(Coll(w, P(T)), tz) is a balanced virtual condition below p. 


EXAMPLE 7.4.10. Let I be the group of finite subsets of w with the symmetric differ- 
ence operation. Consider the poset FR: below the natural initial condition p € T° which 
assigns the singleton set {n} to each number n € w. The generic ultrafilter added by the 
poset is known as the stable ordered union ultrafilter as introduced in [[11l]. The stable 
union ultrafilters are studied in many places in the literature, including the study of 
the R--extension of the symmetric Solovay model [23]. 


CHAPTER 8 


Other forcings 


In this chapter we gather partial orders which do not fit in the previous chapters. 


8.1. Coloring graphs 


Given a Polish space X and a Borel hypergraph I c [X]<*, one can consider the 
task of forcing a I-coloring c: X — o. In principle, this is a very difficult task and 
we do not have a general way of resolving it. A natural poset to consider is the poset 
Py where X is the Borel simplicial complex on X x w consisting of finite partial T- 
colorings. The basic disadvantage of this poset is that not all maximal -sets are total 
T-colorings, and there are elements of R, which cannot be extended to total I-colorings; 
just consider a clique on w + 1 and a partial countable coloring assigning the color n 
to each number n € w. Thus, we have to restrict the posets Py in some way to get the 
desired effect. This is not always straightforward, and the resulting posets are usually 
not simplicial complex posets in the sense of Definition6.1.1] The most natural attempt 
is the following. 


DEFINITION 8.1.1. Let X be a Polish space and let T c [X]<*° be a Borel graph 
on a Polish space X. The I-coloring forcing FR; is the partially ordered set of all partial 
countable functions p: X — w which can be extended to a I-coloring of the whole 
space X. The ordering is that of reverse inclusion. 


It is immediate that the poset F., if nonempty, forces the union of the conditions in the 
generic filter to be a total -coloring with countably many colors. However, it is not at 
all clear whether the poset R: is Suslin, o-closed, or balanced. In an interesting large 
class of Borel graphs I’, these questions have a smooth resolution. Recall that a graph 
T on vertex set X has coloring number x if there is a well-ordering < of X such that for 
each vertex x € X the set {y € X: y < x andy T x} has cardinality smaller than x 
[28]. If f has coloring number x, then a straightforward transfinite recursion argument 
yields a -coloring of X with x or fewer colors. The coloring number looks like a very 
complex notion especially in the case of infinite cardinals x, but in fact there is a simple 
characterization of analytic graphs of uncountable coloring number [[I]]. 


THEOREM 8.1.2. Let I be a Borel graph on a Polish space X with countable coloring 
number. Then FR; contains a dense subset which is a Suslin Xo-distributive poset. More- 
over, 

(1) for every total T-coloring c: X > w the pair (Coll(w, X), ¢) is balanced; 
(2) for every balanced pair (Q, T) there is a total coloring c such that (Q, T) is equiv- 
alent to (Coll(w, X), ¢); 
(3) distinct colorings yield inequivalent balanced virtual conditions. 
In particular, the poset F- is balanced. 
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PROOF. Fix a well-ordering < on the space X such that for every element x € X, 
the set {y € X: y < x and {x,y} € IT} is finite. We start with a humble observation 
which will be used in several places below. 


CLAIM 8.1.3. Let M be a countable elementary submodel of a large countable struc- 
ture containing <. Then every y € X \ M is T-connected with at most finitely many 
elements of X NM. 


PROOF. Suppose that y € X \ M isa point. Then for every x € M <-greater than 
y, {x, y} € T holds: if {x, y} € T then y belongs to the finite set of all points <-smaller 
than x and connected with x and by elementarity it would have to belong to the model 
M, which is not the case. Thus, the only points of M connected to y in I are <-smaller 
than y, and there are only finitely many points like that by the definitory property of 
the ordering <. 


Let P be the poset of all partial countable T-colorings p: X — w such that for all 
points y € X \ dom(p), the set {x € dom(p): {x,y} € T} is finite. The ordering on P 
is that of reverse extension. The following two claims show that P has the properties 
required in the second sentence of the theorem. 


CLAIM 8.1.4. P is a Suslin Xo-distributive poset. 


PROOF. We first need to show that the set of all (enumerations of) conditions in 
P is Borel. Use Claim to conclude that for every countable set a C X, the set 
b = {fy € X: 3~x € a {x,y} © T}is countable. By the Lusin-Novikov theorem, 
there are Borel functions {f;: i € w} from X® to X such that for every z € X®, the 
list {f,(z) : i © w} includes all points in X which are I’-connected with infinitely many 
points of rng(z). Now we can evaluate the complexity of the set of enumerations of 
conditions in the poset P. A function r: w > X x w is an enumeration of a condition 
in P just in case rng(r) is a function and a I-coloring, and, writing s: w — X for the 
first component function of r, for every i € w if fj(s) is [-connected to infinitely many 
points in rng(s), then fj(s) € rng(s). This is a Borel condition. 

To show that the poset P is Suslin, note that two conditions po, p) € P are com- 
patible just in case they are compatible as functions: then pg U p, will be their lower 
bound. To argue for the No-distributivity, let p € P be a condition and let {D; : i € w} 
be a countable collection of open dense subsets of P. To find a condition q < pin the 
intersection (|, D;, let M be a countable elementary submodel of a large structure con- 
taining p,T, < and {D;: i € w} and use the elementarity of M to build a sequence p; 
for i € w by recursion so that 

* P=Po=> Pi => Pi = --- are all conditions in M; 
* Diz, € D; and dom(p;,,) contains the i-th element of Mm X in some fixed 
enumeration. 


In the end, let q = LU, p; and use Claim B.1.3| to argue that q € P as desired. 


CLAIM 8.1.5. P is a dense subset of B-. 


PROOF. It is first necessary to show that P is a subset of Ff. To this end, let p € P. 
Let {b, : k € w} be a collection of pairwise disjoint infinite subsets of ~andc: X > w 
be a total T-coloring. Let d: X — w be the function defined as follows: d(x) = p(x) if 
x € dom(p), and otherwise let d(x) be the smallest number in b,,,,.) which is different 
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from the finitely many numbers {p(y): y € dom(p) and {x, y} € I}. It is not difficult 
to verify that d is a total T-coloring extending p, so p € Fh. 

For the density, suppose that p € # is acondition. Letc: X > w bea total I- 
coloring extending p. Let M be a countable elementary submodel of a large structure 
containing p,c, and <. By ClaimB.1.3, the set {y € X : 4°x € M {x, y} € T}is a subset 
of M. Thus, the function q = c | M is acondition in P extending p as desired. 


For the classification of the balanced virtual conditions, we need a claim: 


CLAIM 8.1.6. Let Ro, R, be posets and no, , be respective Ro- and R,-names for ele- 
ments of X \ V. Then 
(1) Ro forces no to be T-connected with at most finitely many elements of the ground 
model; 
(2) RoX Ri IF {yom} ET. 


PROOF. For the first item, suppose towards a contradiction that this fails as forced 
by some condition r € R. Let M be a countable elementary submodel of a large struc- 
ture containing all relevant information, let g C Ro NM be a filter generic over the 
model M, and let y = no/g € X. By the forcing theorem, M[g] satisfies that y is T- 
connected with infinitely many elements of X NM. By the Mostowski absoluteness for 
the model M[g], y is indeed connected with infinitely many elements of M, and this 
contradicts the conclusion of Claim 

For the second item, suppose towards a contradiction that this fails as forced by 
some condition (7,7) in the product. Let M € N be countable elementary submodels 
ofa large structure containing all relevant information. In the model N, there are filters 
{g; : i © w} on the poset Rj N M which are mutually generic over the model M. By a 
mutual genericity argument applied in M, the points x; = 79/g; € X are pairwise 
distinct elements of N. Now, leth C R, NM bea filter generic over the model N 
containing the condition 7 and let y = n,/h € X\N. By the forcing theorem in M, it is 
the case that M[G,, h] F {x;, y} © T for each i € w. By the Mostowski absoluteness for 
the models M[g;, h], it is in fact the case that y is T-connected with each x; fori € w. 
This, however, contradicts Claim applied to N. 


Now, for item (1) of the theorem, let c: X — IT bea total I-coloring. Note that 
Coll(w,X) Ik & € P by Claim B.1.6(1). To see that the pair (Coll(w,X), é) is balanced, 
suppose that Ro, R; are posets and op, 0, are Ro- and R,-names for elements of P ex- 
tending c; we must show that the product Ro x R, forces og, 0, to be compatible in P; in 
other words, og U 9, is a function and a I-coloring. To verify that oo U 9, is a function, 
use the product forcing theorem to conclude that dom(o9) N dom(a,) is forced to be a 
subset of the ground model, and both oy | V and o, | V are forced to be equal to ¢. To 
see that 0) U g, is aI’-coloring, use Claim 8.1.3(2). This completes the proof of (1). 

To argue for item (2), suppose that (Q, T) is a balanced pair. Strengthening t if nec- 
essary we may assume that Q Ik X NV € dom(p). By a balance argument (Propo- 
sition 6.2.4), for each x € X there must be a specific number c(x) € w such that 
Q lk t(®) = c(x). It is not difficult to check that c: X — wo isa total I-coloring 
and Q x Coll(w, X) IF t < é (2) then follows from Proposition 5.2.6. 

(3) is immediate. The last sentence now easily follows: if p € FR is a condition 
then by the definition of FR. it can be extended to a total T-coloring c: X — w which 
then yields a balanced virtual condition below p by (1). 
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EXAMPLE 8.1.7. Let n < 3 be a number, let D C R be a countable set of positive 
reals converging to 0, and let Ip, be the graph connecting two points of R” if their 
distance belongs to D. The graph Ip, has countable coloring number by [[65, Theorem 
7], and therefore the poset F-,,, is balanced. 


EXAMPLE 8.1.8. Let D C R be a countable set of positive reals and consider the 
graph Ip connecting two points of the plane if their distance belongs to D. The graph Ip 
does not contain an injective homomorphic copy of K3,.,,; by [28] it must have count- 
able coloring number, so the poset F,,, is balanced. If D is the set of all positive rationals 
then the graph contains infinite cliques, so its chromatic number is infinite. If D is an 
algebraically independent set, then it is not known whether the chromatic number is 
finite or infinite; Bukh [15] conjectured the former. 


8.2. Coloring hypergraphs 


Chromatic numbers of hypergraphs offer additional challenges. We consider coloring 
posets for hypergraphs with a certain degree of redundacy in their hyperedges. 


DEFINITION 8.2.1. Let m > 1 be a natural number. We say that a finitary Borel 
hypergraph I c [X]<*o on a Polish space X has redundancy (at least) m if for every 
finite set b CX, the set {c € [X]S™: bUc €T}is countable. 


We first deal with hypergraphs of large redundancy. For them, the coloring poset is 
very simple. We use the following definition. 


DEFINITION 8.2.2. Let m > 1 be a number and I c [X]<*° be a Borel hypergraph 
on a Polish space X of redundancy m. We say that a set a C X is I-closed if for every 
finite set b C aand every set c € [X]§” such that bUc ET, c C aholds. 


As in Claim the Lusin-Novikov theorem shows that the set of (enumerations 
of) countable [-closed sets is Borel. In addition, every countable subset of X can be 
enlarged to a countable I’-closed set. 


DEFINITION 8.2.3. Let I be a Borel hypergraph on a Polish space X of arity 4 and 
redundancy 2. The coloring poset for T is the poset P consisting of countable partial 
T-colorings p such that dom(p) C X is a I’-closed set. The ordering is that of reverse 
inclusion. 


As a simple but essential observation, note that if p € P is a condition,a C X isa 
countable I’-closed set containing dom(p) and q: a > w isa function such that p C q 
and q | a\ dom(p) is an injection, then q is a T-coloring and therefore q < p. Asimple 
genericity argument then shows that P forces the union of the generic filter to be a total 
T-coloring from X to w. 


THEOREM 8.2.4. Let I be a Borel hypergraph on a Polish space X of arity 4 and 
redundancy 2. Its coloring poset P is o-closed and Suslin and moreover, 


(1) for every T-coloring c: X — a, the pair (Coll(w, X), ¢) is balanced; 

(2) for every balanced pair (Q, o) there is a total T-coloring c : X — w such that the 
balanced pairs (Q, c) and (Coll(w, X), ¢) are equivalent; 

(3) distinct colorings yield inequivalent balanced pairs. 
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The poset P is balanced if and only if the chromatic number of T is countable. If the 
Continuum Hypothesis holds then the poset P is balanced. 


We do not know if the coloring poset P is balanced in ZFC in general. 


PROOF. It is immediate that P is a-closed and Suslin. For (1), suppose that V[Go], 
V[G,] are mutually generic extensions of the ground model V and pp € V[Go| and 
P, € V[G,] be conditions in P stronger than c. Workin V[Go, G,]. Write dg = dom(pg), 
d, = dom(p,) and let d be any countable I-closed set containing both dg, d, as subsets, 
write d, = d \ (dy Ud,), and let p: d > w be any function such that py U p,; C pand 
p | d, is an injection. We need to check that p € P holds. 

To see this, first observe that py U p, is a function as dom(p,)Ndom(p,) = XNV by 
the product forcing theorem and py | V = p, | V =c. Thus, a function pas above does 
exist. Now, suppose that a C d is a hyperedge in I. If an d, contains more than one 
element, then a is not p-monochromatic as p | d, is an injection. If an d, contains at 
most one element, there must be an indexi € 2 such that |and,| > 2; for definiteness, 
assume that i = 0. By the redundancy assumption, the set C = {b ET: |andg| C bh is 
countable; by a Shoenfield absoluteness argument with V[Go], it is a subset of V[Go]. 
As a € C, it follows that in fact a C dom(pg), so a is not p-monochromatic since it is 
not pp-monochromatic as desired. 

For (2), let (Q, c) be a balanced pair. Strengthening Q and o if necessary, we may 
assume that o is in fact a name for a condition in Pand QIK Vx EX NV x € dom(a). 
By a balance argument (Proposition 5.2.4), for each ground model point x € X there 
must be a number c(x) € w such that Q Ik o(X) = c(x). It is immediate thatc: X > w 
is a l-coloring and Q lk o < ¢. (2) then follows from Proposition 

(3) is obvious. We now show that P is balanced if and only if Tl has countable 
chromatic number. For one direction, if the chromatic number of I is uncountable, 
then by (2) there are no balanced virtual conditions and P is not balanced. For the 
converse, suppose that d: X > w be aTI-coloring and p € P is a condition; we must 
find a I-coloring extending p. To this end, let G be the graph on X \ dom(p) connecting 
points xg, x, if there is a hyperedge a € I containing both x9, x, and such that an 
dom(p) # 0. The redundancy assumption together with the fact that dom(p) C X is 
a countable set show that G is a locally countable graph on X \ dom(p); let E be the 
G-path-connectedness equivalence relation. Let {e, : n € w} bea partition of w into 
countably many sets. The Axiom of Choice provides a function c: X — w such that 
p C¢, for all x € X \ dom(p) c(x) € egcx) and moreover, c is an injection on each 
E-class. It will be enough to show that c is a I-coloring. To see this, suppose that a C X 
is a hyperedge. If |am dom(p)| > 2 then a Cc dom(p) and c [| ais not constant as p is 
aT-coloring. if |a M dom(p)| = 1 then any two points in a \ dom(p) are G-connected 
and soc [| ais not constant either. Finally, ifa mM dom(p) = 0 then c | a is not constant 
as d is a I-coloring. 

Finally, assume that CH holds; we must construct a -coloring c: X > w. To this 
end, exhaust X with a continuous increasing union Ves ie d, of countable [-closed 
sets such that dg = 0. Letc: X — w be any function such that c [| (dg4, \ dg) is an 
injection. Another application of the redundancy assumption shows that c is in fact a 
T-coloring. 
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EXAMPLE 8.2.5. Let I be the hypergraph on R? of arity 4 consisting of quadruples 
which are vertices ofa square. It is clear that for any pair of points there are only finitely 
many squares such that both of these points are among their vertices. In this case, we 
show that P is balanced in ZFC as a result of Ceder [[18] shows that the hypergraph T 
has countable chromatic number in ZFC. 


Hypergraphs of redundancy one are much more difficult to color. We isolate an inter- 
esting subclass of them which allows a straightforward construction of an apparently 
optimal coloring poset in arity three. 


DEFINITION 8.2.6. Let (X,-) be a Polish space with a Borel group operation. A 
Borel hypergraph T' c [XJ is circular if there is a finite family ® of Borel automor- 
phisms of (X, -) such that whenever {x, xx, x,x} € T is a hyperedge then there is an 
automorphism ¢ € ® such that ¢(x9) = x,. The automorphisms in the family ® are 
referred to as the circular automorphisms for YT. 


Note that for every finite family ® of automorphisms there is the inclusion-largest hy- 
pergraph for which © serves as the circular family, and this largest hypergraph is Borel. 
While the choice of the circular automorphisms may not be unique, in our examples 
there always is a clearly canonical choice. 


DEFINITION 8.2.7. Let (X,-) be a Polish space with a Borel group operation. Let T 
be a circular Borel hypergraph with a finite family ® of circular automorphisms. The 
coloring poset P is the poset of all countable partial functions p: X — w X w such that 
the domain of p is a subgroup of X closed under the circular automorphisms and their 
inverses and p is aI’-coloring. The ordering is defined by q < pif p C q and for every 
right dom(p)-coset e C dom(q) distinct from dom(p), the set q”e C wxw has all vertical 
sections finite. 


The selection of w x w as the set of colors is just a convenience; the convenience is 
exploited in the last clause of the definition. It is not difficult to see that if p € P is 
a condition, a C X is a countable subgroup closed under the circular automorphisms 
and their inverses and containing dom(p) as a subset, and q: a > w x wisa function 
extending p such that q | (a \ dom(p)) is an injection whose range has all vertical 
sections finite, then q € P and q < p both hold. A simple genericity argument then 
shows that the union of the generic filter on the coloring poset is a total I-coloring 
from X to w x w. The coloring poset is balanced and its balanced virtual conditions are 
naturally classified by colorings: 


THEOREM 8.2.8. Let (X, -) be a Polish space with a Borel group operation. Let T bea 
circular Borel hypergraph with a finite family ® of circular automorphisms. Let P be the 
coloring poset. Then P is a Suslin o-closed partial order and: 

(1) for every total T-coloring c: X > w X a, the pair (Coll(w, X), ¢) is balanced; 
(2) for every balanced pair (Q, a) there is a total T-coloringc : X — wx such that 
the balanced pairs (Q, a) and (Coll(w, X), €) are equivalent; 
(3) distinct colorings yield inequivalent balanced pairs. 
The poset P is balanced if and only if the chromatic number of T is countable. If the 
Continuum Hypothesis holds, the poset P is balanced. 


We do not know if the chromatic number of a circular Borel hypergraph is countable 
in ZFC. 
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PROOF. It isimmediate that the relation < on P is a o-closed partial order. We have 
to verify that < and incompatibility are analytic relations. The case of < is immediate 
from the definitions. To show that incompatibility is an analytic relation, we prove the 
following characterization which will be useful later: 


CLAIM 8.2.9. Let pg, Pp; € P be conditions. Then py is compatible with p, just in 
case the following items occur in conjunction: 


(1) Po U Py is a function; 
(2) for every index i € 2 and every right dom(p;)-coset e distinct from dom(p;), the 


set pj_;e C w X w has all vertical sections finite. 


PROOF. It is immediate that the failure of any of the two items prevents the exis- 
tence of a lower bound of the two conditions. Suppose then that the two items hold 
in conjunction. Let d C X be any countable set closed under the circular functions 
such that dy) = dom(py),d, = dom(p,) C d. Write d, = d \ (dy U d,) and choose an 
enumeration d, = {x,: n € w}. We first observe that for each n € w, each i € 2, and 
each circular automorphism ¢ € 9, the set enig = {y € dj: P(yxn!)xX, € dy_j}isa 
subset of a single right d;_j-coset. To see this, note that if yo, y) € enig are points, then 
$VoVE*) = (PO0XR!)Xn)( GX !)Xn)~! belongs to d_; and so does yoyz?. 

Now, let q: d — w xX w be a function extending po, p,; such that for each n € w 
q(x,) = (n,m) where m € w is any number which does not belong to the union of the 
finite n-th vertical sections of the sets pj enig fori € 2 and ¢ € ®. We have to check 
that q € Pisa condition and q < Pg, p, holds. 

To see that q € P, we must show that there is no monochromatic triple in T. Let 
{Yo. V1, 2} € T be a triple of elements of d. There are several cases. 

Case 1. dp contains at least two elements of the triple. Then the triple is a subset of 
do since dg is closed under the circular automorphisms. In addition, the triple is not 
q monochromatic since it is not pp monochromatic. The case in which d, contains at 
least two elements of the triple is symmetric. 

Case 2. The set d, contains at least two elements of the triple. Then q is not monochro- 
matic on the triple since q is an injection on d,. 

Case 3. The sets dy, d,, d, each contain exactly one element of the triple. Suppose for 
definiteness that y,; € d; holds for alli € 3. By the initial circularity assumptions, there 
exist anumber n € w and a circular automorphism ¢ € ® such that y, = x, and 
yi = P(Yoxn')Xn- Then yo € enog and q(y2) # GW) = PoWo)- 

To see that q < Po, lete C d bea right dp-coset distinct from dy; we must show 
that the set q”e C w x w has all vertical sections finite. However, this set is covered by 
the union of sets pe and q" dy, the first one of which has all vertical sections finite and 
the vertical sections of the latter are singletons. The case q < p, is symmetric. 


Towards (1) of the theorem, letc : X > wxw bea totalT-coloring. Let V[Go], V[G,] 
be mutually generic extensions of V and let pp € V[Go] and p, € V[G,] be conditions 
in P stronger than c. We must show that pp, p; are compatible in P. To this end, write 
d = XNV, dy = dom(pg), and d,; = dom(p,) and observe that for each i € 2, ifeisa left 
d;-coset then end _; is a subset of a left d-coset. To see this, note that if yp, y, € dy_;ne 
then yoy, | € dgNd; anddynd, = d by the product forcing theorem. The compatibility 
of po, P; now follows immediately from ClaimB.2.9and the assumption that po, p, < c¢. 
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For (2) of the theorem, suppose that (Q,r) is a balanced pair. Strengthening 7 
if necessary, we may assume that Q Ik (X NV) C dom(z). By a balance argument 
(Proposition 5.2.4), for each point x € X N V there is a pair c(x) € w x w such that 
Q Ik t(X) = c(x). It is immediately clear that c is a T-coloring. We claim that the bal- 
anced pairs (Q, t) and (Coll(w, X), ¢) are equivalent. To this end, it is enough to argue 
that Q Ik t < é. Suppose towards a contradiction that some condition q € Q forces 
the opposite, i.e. that some vertical section of the t-image of some right X n V-coset is 
infinite. Let Gp, G, C Q be mutually generic filters meeting the condition q, and write 
Po = t/Go and p, = t/G,. To reach the contradiction with the balance of the pair 
(Q,T), argue that po, py are conditions incompatible in P. This follows immediately 
from Claim and the fact that po, py £ c. 

(3) is immediate. We now show that the balance of P is equivalent to the statement 
that chromatic number of I is countable. First of all, if the chromatic number of T is 
uncountable then there are no balanced virtual conditions by (2). For the converse, let 
d: X > w bean arbitrary [-coloring and p € P be a condition. Let G be the graph on 
X \ dom(p) connecting points xo, x, if they are either in the same right dom(p)-coset 
or there is a hyperedge a € I containing both xp and x, and some point in dom(p). 
The redundancy assumption shows that G is a locally countable graph. Let E be the 
G-connectivity equivalence relation on X. Let e: X \dom(p) > w bea function which 
is an injection on each E-class. Define the map c: X > w X w by setting c(x) equal to 
p(x) if x € dom(p) and to (e(x), d(x)) otherwise. We first argue that c is a T-coloring. 
Let a € T bea hyperedge. If am dom(p) = 0 then a is not c-monochromatic as d is a 
T-coloring. If |a mM dom(p)| = 1, then the two points in a \ dom(p) are G-related and 
therefore assigned different colors by c. If |aM dom(p)| > 2 then a C dom(p) and a 
is not c-monochromatic since it is not p-monochromatic. A review of the definitions 
shows that Coll(w, X) Ik ¢ < 6, soc is a balanced virtual condition below p. 

Finally, suppose that CH holds, and work to find a I-coloring c: X > w. Exhaust 
X with a continuous increasing sequence of countable subgroups (dag : a@ € @,) which 
are closed under the circular automorphisms and their inverses, so that ag = 0. Let 
c: X > wxwbeamap such that for each ordinal a € w, c | (dg41 \ Aq) is an injection 
whose range has all vertical sections finite. To show that c is a -coloring, let b € T be 
a hyperedge and let a be the smallest ordinal such that b C a,. Then a is a successor 
of some ordinal f, the set b contains at most one point in ag by the closure of ag on the 
circular automorphisms, so b is not monochromatic as c | ag \ ag is an injection. 


In the following two examples, the hypergraphs under discussion have been shown to 
have countable chomatic number in ZFC by Ceder [[18]. 


EXAMPLE 8.2.10. Let I be the hypergraph of arity three on X = R? consisting 
of vertices of equilateral triangles. Let ® be the family of automorphisms of (X, +) 
consisting of rotations by 7/3 and by —7:/3. Then ® witnesses that the hypergraph T is 
circular. 


EXAMPLE 8.2.11. In general, let 6 € GL(2,R) be any linear automorphism of 
(R?, +) which does not have 1 as an eigenvalue. Then the hypergraph I on X = R? 
consisting of triples {x, x + y,x + ¢(y)} for x € X and y € X \ {O} is circular. To see this, 
note that the automorphisms ¢, #~(y) = —¢(y) + y and y(y) = —¢7'(y) + y and their 
inverses witness the circularity of [. This way, one can get for example hypergraphs 
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of triangles in the plane similar to a given triangle T = {0, x, y} considering the auto- 
morphism ¢ which is a composition of rotation and scalar multiplication and such that 


P(x) = y. 


EXAMPLE 8.2.12. Let X be a Borel vector space over a field of characteristic differ- 
ent from two. Let I be the hypergraph on X consisting of all triples {x, x + y,x + 2y}. 
The circular automorphisms are the multiplication by two, division by two, and mul- 
tiplication by minus one. 


EXAMPLE 8.2.13. A union of finitely many circular hypergraphs of arity three is 
circular. 


A very similar poset can produce a decomposition of the underlying space of a Borel 
modular matroid K into countably many K-sets. This elaborates on an old result of 
Erdés and Kakutani [26]. W use the following terminology: 


DEFINITION 8.2.14. Let K be a Borel simplicial complex on a Polish space X. A 
total map c from X to a countable set is a K-decomposition if each c-monochromatic 
finite subset of X belongs to K. 


The following technical definition plays a central role in the construction of a balanced 
poset adding a K-decomposition. 


DEFINITION 8.2.15. Let X be a Borel modular matroid with countable closures on 
a Polish space X. For every matroid closed countable set a C X, let E, be the countable 
Borel equivalence relation on X connecting X9, x; ifx9 € cl(aU{x,}) and x, € cl(au 


{Xo}). 


The E,-equivalence classes come in two types: first, a itself, and then sets of the form 
cl(a U {x}) \ a for points x ¢ cl(a). The transitivity of E, is a consequence of the 
idempotence of matroid closure. 


DEFINITION 8.2.16. Let K be a modular Borel matroid with countable closures 
on a Polish space X. The K-decomposition forcing P is the set of all functions p such 
that dom(p) is a matroid closed countable subset of X, rng(p) C w X w, and every 
monochromatic finite subset of dom(p) is in K. The ordering is defined by q < pif 
p Cq,and 


(1) for every finite monochromatic set a C dom(q)\dom(p), cl(a)ndom(p) = 0; 

(2) for every Egomip)-Class e C dom(q) distinct from dom(p), the set {(n,m) € 
«Xm: there exists a monochromatic finite set a C dom(q) \ dom(p) with 
homogeneous color (n,m) such that cl(a) Ne # 0} has all vertical sections 
finite. 


It is not difficult to see that for every p € P and every countable matroid closed set 
a Cc X with p C a, any function gq: a > w X w which extends p and such that 
q | a \ dom(p) is an injection whose range has all vertical sections finite is in fact 
a condition in P stronger than p. A genericity argument then shows that P adds a K- 
decomposition of the space X. In fact, balanced virtual conditions are exactly classified 
by K-decompositions, as per the following theorem. 
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THEOREM 8.2.17. Let K be a modular Borel matroid with countable closures on a 
Polish space X. Let P be the K-decomposition forcing. Then P is a a-closed Suslin forcing 
and: 


(1) ife: X ~ wx wis a K-decomposition, the pair (Coll(w, X), ¢) is balanced; 

(2) if (Q, tT) is a balanced pair, then there is a K-decompositionc : X > wxw such 
that the balanced pairs (Q, tT) and (Coll(w, X), ¢) are equivalent; 

(3) distinct K-decompositions yield inequivalent balanced pairs. 


If the Continuum Hypothesis holds then P is balanced. 


PROOF. We must first verify that the relation < is a Suslin forcing. The modularity 
of the matroid makes appearance already here, in the following claim: 


CLAIM 8.2.18. Let q < p be conditions in P and let a C dom(q) be a finite q-mono- 
chromatic set. Then 


(1) cl(a) nN dom(p) = cl(an dom(p)); 
(2) el(a@) \ dom(p) € [el(a \ dom(P)] E45 ye 


PROOF. The right-to-left inclusion of (1) is clear. For the left-to-right inclusion 
of both items, let x € cl(a) be any point. The modularity of the matroid provides 
points yy € cl(andom(p)) and y, € cl(a \ dom(p)) such that x € cl({yo, y,}). Since 
dom(p) is matroid closed, yy € dom(p) holds and since q < pand ais monochromatic, 
y, € dom(p) holds. It follows that y, ¢ cl(jp) and the rank of the set {y9, y,, x} is 
precisely two. 

For (1), if x € dom(p) then (as dom(p) is matroid closed) y, ¢ cl(yp, x) holds. It 
follows that the rank of the set {yo, x} must be one, in other words x € cl(yo) holds 
and (1) follows. 

For (2), if x ¢ dom(p) then (as dom(p) is matroid closed) {yy, x} € K holds, so 
y € cl(¥o, x) and x € cl(yo, y,) hold. The relation x E, y, follows, proving (2). 


For the transitivity, suppose that r < q < p are conditions in P and argue thatr < 
p holds. For (1) of Definition suppose that a C dom(r) \ dom(p) is a finite 
monochromatic set and use the claim to argue that cl(a) nN dom(q) = cl(andom(q)), 
which then is disjoint from dom(p) as q < p. For (2) of Definition first consider 
the case of a Egom(py-class e C dom(q). Use (1) of Claim to see that ifa C 
dom(r) is a monochromatic set disjoint from dom(p) such that cl(a) Ne # 0, then 
cl(andom(q))ne # 0 and deduce that (2) of Definition 8.2.1d holds for easq < p. Now 
consider the case of a Egom(p)-Class e disjoint from dom(q). Such a class is a subset of a 
single Egom(q)-Class e’. For each finite -monochromatic set a C dom(r) disjoint from 
dom(p) such that cl(a)ne # 0, use (2) of ClaimB.2.18]to see that cl(a\dom(q))ne’ # 0. 
Deduce that (2) of Definition 8.2.14 holds for e as r < q. The matroid closure of dom(q) 
implies that there are no other cases. 

For the o-closure of the poset P, if (p, : n € w) is a decreasing sequence of con- 
ditions in the poset P, consider q = U, Pn. It is clear that q € P isa condition. Now 
let n € be arbitrary and argue that q < py. To verify (1) of Definition if 
a C dom(q) is a finite monochromatic set disjoint from dom(p,,), then for some m > n 
a C dom(p,,) holds, therefore cl(a) Nn dom(p,,) = 0 holds as py, < Py. To verify (2) 
of Definition let e C dom(q) be a Egomp,,)-class distinct from dom(p,). Then 
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there ism > n such that e C dom(p,,). Now, whenever a C dom(q) is a monochro- 
matic set disjoint from dom(p,,) with cl(a) ne # 0, then for some k > ma Cc dom(p,) 
holds and cl(an dom(p,,)) Ne # 0 holds as py < Pm by (1) of Claim 8.2.18, (2) of 
Definition then holds for e as p,, < Dp.- 

For the Suslinity of the poset P, it is clear that P is a Borel set and so is the relation 
<. We have to verify that compatibility of conditions is a Borel relation. This is the 
content of the following claim, which will be used later. 


CLAIM 8.2.19. Let po, p; € P be conditions. Then po is compatible with p, just in 
case the following items occur in conjunction: 

(1) Po U py is a function; 

(2) for every index i € 2, for every finite p;-monochromatic set a C dom(p;) \ 
dom(p,_;) we have cl(a) nN dom(p,_;) = 0; 

(3) for every index i € 2, for every Egom(p,)-class e distinct from dom(p;), the set 
{(n,m) € w: there is a p,_;-monochromatic set a C dom(p,_;) of color (n, m) 
such that cl(a) Ne # 0} has all vertical sections finite. 


PROOF. It is immediate that the failure of any of the three items prevents the ex- 
istence of a lower bound of the two conditions. Suppose then that the three items 
hold in conjunction. Let d C X be any countable matroid closed set such that dy = 
dom(py), dj = dom(p,;) C d. Write d, = d \ (dom(pp) U dom(p,)). Let d, = {x,: n€ 
w} be an enumeration. Let q: d > w bea function extending pg, p, and such that for 
each x € dy), q(x,) = (n,m) for some number m such that for noi € 2 and no p;- 
monochromatic set a; C d; \ d;_; with homogeneous color (n, m) does cl(a) intersect 
the Ey,_,-class of x,,}. We have to check that q € P is a condition and that q < Po, Pp; 
holds. 

To see that q € P, let a c d be a q-monochromatic finite set; we must show that 
a € K holds. This is clear ifa C dg ora C dj as Po, py} € P. Ifa C dy Ud, while 
ag¢dy anda ¢ d, anda ¢ X then by the modularity there would have to be a point 
x € cl(andg)Ncl(a \ dg). This is impossible by item (2) though. Ifa ¢ dg Udy, 
then a contains a unique point x in d, since q | d, is an injection. By the previous 
case, aN (dg U d,) belongs to K. Thus, if a ¢ K then it must be the case that x € 
cl(an (dp Ud,)). By the modularity assumption, there must be points y) € cl(andg) 
and y, € cl(andj, \do) such that x € cl({yo, y;}). An inspection reveals that x Ey, yy 
holds. By the choice of the function q, the colors of x and the points in and, \ dp must 
differ. We have reached a contradiction in all cases, proving q € P. 

Now we show that q < po; the proof of q < p,; is symmetric. To verify item (1) of 
Definition B-2.14, let a C d\ dy be a monochromatic set. If a C d,, then cl(a)Ndy #0 
follows from (2) of the present claim. If a ¢ d,, then a contains exactly one point 
x Ed, asq | d, is an injection. If cl(a) Ndy were nonempty, let y € dy be an element 
of the intersection. Use the modularity of to find a point z € cl(an dj) such that 
y €cl(x,z). Since x ¢ cl1(y), the rank of the set {x, y, z} is precisely two, so x Ey, Z. 
By the definition of the map q, the color of x cannot be equal to the homogeneous color 
of an d,. A contradiction. 

To verify item (2) of Definition suppose that e is an Eq, -class distinct from 
dom(po). The monochromatic finite sets a C d such that cl(a) ne is nonempty divide 
into two classes. The first class consists of sets a such that an d, # 0; these must have 
the homogeneous color from the set q’d, which is a graph of a function from w to w. 
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The second class consists of sets a such that a C d,. The set of colors attained by the 
second class has all vertical sections finite by demand (3) of the present claim. (2) of 
Definition has been verified. 


For (1) of the theorem, let V|H, |, V[H,] be mutually generic extensions of V, and 
let pp € V[Ho] and p, € V[H,] be conditions, both stronger than c. We must show that 
Po, Pi are compatible; i.e. we need to verify the demands (1-3) of Claim Item 
(1) follows from the fact that c C pg N p,. Item (2) follows from the definition of the 
partial order < and the fact that po, p; < c. To verify (3), we need 


CLAIM 8.2.20. Eg, d, = Exnv t d, and Eg, t do = Exnv do. 


PROOF. We deal with the first equality. The right-to-left inclusion is clear as X N 
V C dg holds. For the left-to-right inclusion, let x,y € d, be points and a C dg be 
a finite set such that y € cl(aU {x}); we must find a finite set b C X NV such that 
y € cl(bu {x}). If y € cl(x) then we are done. Suppose then that y ¢ cl(x). Use 
the modularity of the matroid to find a point z € cl(a) such that y € cl(z,x). By the 
exchange property of the matroid, z € cl(x, y) holds. As the matroid K has countable 
closures, z € V[G,] holds. At the same time, as z € cl(a) anda C dg C V[G)J,z € 
V[Go] holds also. We conclude that z € V by the product forcing theorem, completing 
the proof. 


Now, demand (3) of Claim follows from Claim and the fact that po, Dp} <q 
again. (1) of the theorem has been proved. 

For (2) of the theorem, suppose that (Q,r) is a balanced pair. Strengthening 7 
if necessary, we may assume that Q Ik (NV) C dom(z). By a balance argument 
(Proposition 6.2.4), for each point x € X N V there is a pair c(x) € w X w such that 
Q IF t(X) = c(x). It is immediately clear that all finite c-monochromatic sets belong 
to K. We will show that the balanced pairs (Q, tT) and (Coll(w, X), ¢) are equivalent. To 
this end, it is enough to argue that Q Ik t < & Suppose towards a contradiction that 
some condition q € Q forces the opposite. Let Gg, G, C Q be mutually generic filters 
meeting the condition q, and write py = t/Gp and p, = t/G,. To reach the contradic- 
tion with the balance of the pair (Q,7), argue that po, p, are conditions incompatible 
in P. This, however, is clear from Claim 8.2.19} one of the items (2, 3) has to fail as 
Po £ ¢ fails. 

(3) of the theorem is clear. For the last sentence, if CH holds and p € P is a condi- 
tion, let X = Lh. cing Oe be a continuous increasing union of countable matroid closed 
subsets of X such that dom(pp) = dg, and let c: X — w X w be any map such that 
c [| dom(p) = p, rng(c | X \ dom(p)) C w x w has all vertical sections finite, and for 
every countable ordinal @ the function c | ag4, \ ag is an injection. We claim that 
Coll(w, X) Ik € < pis a condition in P; the balance of c then follows from (1). 

To show that Coll(w,X) Ik & € P, we have to argue that every finite monochro- 
matic set isin K. Towards contradiction, assume that b C X is a finite monochromatic 
set notin K. Let a € @, be the largest ordinal such that bn ag € K. Note that a > 0 
since b MN dp is monochromatic, so in K as p € P. By the maximality of the ordinal 
a it must be the case that bN ag41 \ dg # 0. This latter set must contain exactly one 
element (call it x) by the monochromaticity assumption. But then, x ¢ cl(bna,) and 
so b U{x} € XK, contradicting the maximality of the ordinal a. 
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To show that Coll(w,X) IF é < 6, first verify (1) of Definition 8.2.16, Let b c X \ ao 
be a finite monochromatic set. Suppose towards contradiction that cl(b) Nap # 0, and 
let x € w, be the largest ordinal such that cl(bnag)Nag = 0. By the monochromaticity, 
there is precisely one element (call it x) in bn ag4, \ dg. Lety € cl(bNags1) Nag be 
an arbitrary element. By the exchange property of the matroid, x € cl((bn ay) U {y}) 
must hold. However, this is impossible as the latter set is a subset of a, while x is not 
an element of a,,. To verify (2) of Definition note that the map c was chosen so 
that rng(c | X \ dom(p)) C w x w has all vertical sections finite, which guarantees (2) 
automatically. 


EXAMPLE 8.2.21. Let X be the (non-Polishable) group of finite subsets of an un- 
countable Polish space Y with the symmetric difference operation. View X as a vector 
space over the binary field and let K be the modular matroid of finite linearly indepen- 
dent subsets of X, as spelled out in Example 6.3.7. Letc : X > wbea K-decomposition 
of X. The restriction c | [Y]* isa decomposition of the complete graph on Y into count- 
ably many acyclic sets. 


EXAMPLE 8.2.22. Let X = R and let K be the modular matroid of finite subsets 
of X linearly independent over Q. The K-decomposition is just a decomposition of R 
into countably many linearly independent pieces. 


In both examples above, [26] shows that the existence of K-decompositions and there- 
fore the balance of the decomposition posets is equivalent to the Continuum Hypoth- 
esis. 


8.3. Discontinuous homomorphisms 


Another task which can be handled by balanced posets derived from simplicial 
complexes is the adding of discontinuous homomorphisms between topological struc- 
tures. In this section, we treat the case of Polish groups. The problem of the existence 
of discontinuous homomorphisms from one Polish group to another has been stud- 
ied for decades. In ZFC, some groups such as the unitary group or the group of 
homeomorphisms of the unit circle [90] cannot be homomorphically mapped to an- 
other Polish group in a discontinuous way. In the ZF+DC context, the existence of dis- 
continuous homomorphisms has interesting consequences: in general, it implies that 
the chromatic number of the Hamming graph H, is 2 [89], for some specific groups it 
implies the existence of a nonprincipal ultrafilter [[103, Theorem 4.1], for the additive 
groups of separable Banach spaces it implies the existence of an Eg-selector (Proposi- 
tion 9.2.22). For an exposition, see [88]. In this section, we provide a balanced forcing 
adding a discontinuous homomorphism of Polish groups in a certain common special 
case. 


DEFINITION 8.3.1. Let I and A be Polish groups. The simplicial complex K(T, A) 
onXxY consists of all finite sets a C X XY which are subsets of ahomomorphism from 
X to Y. We will write P(T, A) for the associated [', A-homomorphism poset of countable 
K(I, A)-sets ordered by inclusion. 


As was the case in Section it seems to be difficult to evaluate the complexity of 
the complex X(T, A) without having additional information on the nature of the two 
groups. In this section, we will deal with a very special case which nevertheless resolves 
some interesting problems. 
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THEOREM 8.3.2. Let I, A be abelian Polish groups on respective Polish spaces X,Y. 
Suppose that A is divisible. Then the poset P(T, A) is Suslin and 


(1) for every homomorphism h : T = A, the pair (Coll(w,X x Y), h) is balanced; 

(2) for every balanced pair (Q,t) there is a homomorphism h: T > A such that 
the pairs (Q, t) and (Coll(w,X x Y), h) are equivalent; 

(3) distinct homomorphisms yield inequivalent balanced virtual conditions. 


In particular, the poset P(T, A) is balanced. 


PROOF. Write K = K(T, A) and P = P(T, A). For the Suslinness of P, it is enough 
to argue that the simplicial complex K is Borel. For that, note that a finite partial 
function a Cc X x Y belongs to X if and only if for every Z-combinations 2,njy, = Ljnjy 
of elements of P, it is the case that 2;nja(y,) = Zjnja(y). The left-to-right implication 
is clear, since the right hand side holds for every homomorphism from T to A. For 
the right-to-left implication, note that the assumption on the right hand side implies 
that a can be extended to a homomorphism from the subgroup generated by dom(a) 
to A, which then can be extended to a homomorphism ofall of T to A by the divisibility 
assumption on A and Baer’s criterion [B]. 

For (1), suppose that V[Ho], V[H,] are mutually generic extensions of the ground 
model V and dy, a, € XK are finite functions in the respective models such that ag Uh 
and a, Uh are K-sets. We need to show that dg Ua, € K. Towards a contradiction, 
suppose that this fails, and write a = ay U ay. By the work of the previous paragraph, 
there must be Z-combinations 2njy, = Lj)njy such that Ljnja(y) # Ljnja(y). Note that 
elements of both ay, a, must be used in these combinations. Rearranging the combi- 
nations, we may assume that the left combination uses only elements from ay and the 
right one uses only elements of a;. By the product forcing theorem, y = 2jnjy, = Ljnjy 
must belong to V. Since both ag and a, form a K-set with the homomorphism h, the 
outputs 2,n,a(y%), Zjnja(y) must both be equal to h(y), and therefore cannot be distinct, 
a contradiction. 

For (2), let (Q, tT) be a balanced pair. Strengthening t if necessary, we may assume 
that for each pointy € [NV Q lk t(y¥) € dom(t). Now, fixa pointy € T. Bya 
balance argument (Proposition [5.2.4), for every basic open set O C A it must be the 
case that either Q Ik t(y) € O or Q Ik t(y) ¢ O. This means that there is a single 
point 6(y) € A which is in the intersection of all open sets O Cc A for which the former 
option prevails; it must be the case that Q IF t(y) = 6(y). The function h: y » d(y) 
must be a homomorphism from I to A. Clearly Q Ik t < h; by Proposition the 
pairs (Q, 7) and (Coll(w, X x Y), h) are equivalent. 

Finally, (3) is obvious. For the last sentence, note that every condition p € P can 
be extended to a homomorphism from I to A by the work of the first paragraph. 


EXAMPLE 8.3.3. Suppose that I, A are abelian Polish groups, with I torsion free 
and uncountable and A divisible-the case T = R and A = R/Z is of particular interest. 
Then the poset P = P(I, A) forces the generic homomorphism to be discontinuous. To 
see this, let p € P bea condition. Let (y, : i < w) be a sequence of elements of I which 
are linearly independent over dom(p) and such that lim y, = y,. Pick distinct elements 
5,6, and letq = pU {{y, 5): i € @,(%,5y)}. It is immediate that q is a K(T, A)-set, 
and it forces y,, to be a point of discontinuity of the generic homomorphism. 
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8.4. Automorphisms of ?(w) modulo finite 


Automorphisms of the Boolean algebra P(w) modulo finite have been investigated 
for decades. The simply definable ones are trivial [[112] and the Proper Forcing Axiom 
implies that all automorphisms of the algebra are trivial [96]. It turns out that there is 
a natural balanced poset for adding a nontrivial automorphism of the Boolean algebra 
B = P(w) modulo finite. 


DEFINITION 8.4.1. The automorphism poset P consists of pairs p = (Bp, 7) where 
B, C B is a countable subalgebra and z, is an automorphism of B,. The ordering is 
that of coordinatewise reverse inclusion. 


The automorphism poset is clearly o-closed and Suslin. By a simple density argument, 
it adds a nontrivial automorphism of the algebra B. This is an immediate consequence 
of the following observation. 


FACT 8.4.2. [9, Theorem 2.3] Let C Cc B be a countable algebra and xz: C > C be 
an automorphism. Let vy: B > B be an automorphism. Then there is an automorphism 
7: B= B extending x and not equal to y. 


The balanced virtual conditions in the poset P are naturally classified by automor- 
phisms of the algebra B. Let 7: B — B be such an automorphism, and consider the 
Coll(w, B)-name T, for the (set of all conditions stronger than the) condition (B” , 7) € 
P. The following theorem provides the key classification information. 


THEOREM 8.4.3. Let P be the automorphism poset. 
(1) For every automorphism z of B, the pair (Coll(w, B), t) is balanced in P; 
(2) for every balanced pair (Q,t) there is an automorphism z of B such that the 
balanced pairs (Q, tT) and (Coll(w, B), t,,) are equivalent; 
(3) distinct automorphisms yield inequivalent balanced virtual conditions. 
In particular, the poset P is balanced. 


PROOF. Item (1) is actually the most demanding part. Suppose that V[H|, V[H;] 
are mutually generic extensions of V, and py = (By, %) € V[Ho] and p, = (B,,7) € 
V[H,] are Boolean algebras extending BY” and automorphisms extending z respec- 
tively. Let C be the subalgebra of B”!#0-41] generated by By U B,. We will find an 
automorphism of C extending 7) U7, providing a common lower bound of the condi- 


tions Po, P1.- 


CLAIM 8.4.4. 
(1) Ifdg € Bo, a, € B, andc € BY aresuchthat ay Aa, < ¢, then 79(a9)A7(a,) < 
m(c) holds; 
(2) If ag, by € By and a,,b, € B, and ag A ay < bo A dy, then m19(dg) A 7 (a1) < 
To(bo) A 77, (b,) holds; 
(3) If dg, bi, fori € n belong to Bo, a,,b! for i € n belong to B,, and ay Aa, < 


VV (b} A bj) holds, then 7(ay) A 7,(a1) < VV ,(t9(b5) A 771(b})) holds. 


PROOF. For (1), note that ag —c and a, —c are disjoint sets in the mutually generic 
models V[Ho]| and V[H;], so by Proposition there are ground model sets do, d, 
such that ag —c < dg, ay —c < dj, and dy Ad, = 0. Then 79(ag) — z(c) < m(do) since 
7 is an automorphism of By extending z. For the same reason 77\(a,) — z(c) < m(d,) 


160 8. OTHER FORCINGS 


holds; moreover, z(dg) A z(d,) = 0 follows from the fact that z is an automorphism. 
For (2), the inequality ag A a; < by A dy yields (ag A bo) A (a, — D1) = O. Since 
dg A bo € V[Ho] and a, — b, € V[H,] and the two extensions are mutually generic, 
by Proposition there has to be a ground model set c C w such that ag A by < c 
and c A (a, — b,) = 0. For the same reason, there is a ground model set d C w such 
that a; Ab, < dandd A (dy — bg) = 0. The choice of c shows that ag A ay < cand 
moreover a, Ac < b,; for the same reason, dg Aa, < d and ag Ad < by holds. In total, 
writing e = c Ad, we have dy Aa, < e, ag Ae < bo, and a, Ae < by. By the first item, 
To(Ap) A 7(a,) < z(e) follows. Moreover, since 7, and 7, are automorphisms, the 
inequalities 779(ag) A 2(e) < 2o(bg) and 7(a,) A z(e) < 7(b,) hold. The conclusion 
of (2) is then at hand. 

For (3), for each nonempty set t C n let c' = Nie bi, — Viet bi; these are pairwise 
disjoint sets in V[Ho]. Write also d‘ = \/,_, bi; these are sets in V[H,]. Now, dy Aa, < 
Ve’, and by (2) (do) A ™(a1) < VV, Zo(c) holds. For each t C n, dg Aa, Ac’ < 
d' holds, and by (2) 79(ag) A 7%(a1) A %o(C;) < 7, (d;) holds. The conclusion of (3) 
follows. 


Now, express each element of the algebra C as a disjunction of conjunctions of elements 
of Bp and B,, and define x(V (a5 Aai)) = V (zt0(a5) A 7,(a})) where each al) € Bo 
and each a! € B,. Claim 8.4.4(3) shows that the definition of y(c) does not depend 
on the choice of the representation of the element c € C as a disjunction of conjunc- 
tions. The map y : C — C preserves ordering by (3) of Claim 8.4.4] and therefore is an 
automorphism of the algebra C as desired. 

For item (2) of the theorem, extend t if necessary so that Q Ik t = (C,y) for 
some algebra C containing BY and some automorphism y of C. By a balance argument 
(Proposition 5.2.4), for each element b € B there must be an element z(b) € B such 
that Q Ik y(b) = x(b). It is immediate that z is an automorphism of B and Q IF 
(C, 7) < (BY, 7). Item (2) then follows from (1) and Proposition 

Finally, item (3) is obvious. For the last sentence, apply (1) with Fact 


8.5. Kurepa families 


The notion of a Kurepa family on a set is an old one [69]; it appears intermittently 
in modern set theory [[106], [25, Section 7]. In this section, we show how to force a 
cofinal Kurepa family on a Polish space with a balanced poset. 


DEFINITION 8.5.1. Let X be a set. 


(1) A Kurepa family is a set A C [X]*° such that for every countable set b C X, 
the set {anb: a € A} is countable; 

(2) the family is cofinal if for every countable set b C X there is a set a € A such 
that b Ca. 


The main task of this section is to show how a cofinal Kurepa family for a given Polish 
space can be added by balanced forcing. 


DEFINITION 8.5.2. Let X be an uncountable Polish space. The Kurepa poset P isa 
poset of all countable sets p c [X]*° closed under finite intersections. The ordering is 
defined by q < pif p Cc qand for everya € qandbe p,anbe p. 
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Clearly the poset P does not depend on the choice of the uncountable Polish space X 
up to isomorphism. Clearly, P is a c-closed Suslin forcing. If G C P is a generic filter, 
then a simple genericity argument shows that ) G is a cofinal Kurepa family on X 
which is closed under finite intersections. For every set A C P(X) closed under finite 
intersections note that A is a Coll(w, P(X))-name for an element of the Kurepa poset. 
It turns out that if X € A then the pair (Coll(@, P(w)), A)) is balanced, and all balanced 
pairs are up to equivalence of this form. This is the content of the following theorem. 


THEOREM 8.5.3. Let X be an uncountable Polish space and let P be the Kurepa poset 
on xX. 


(1) IfA C P(X) is a set closed under finite intersections and containing X as an 
element, then the pair (Coll(w, P(X)), A) is balanced. 

(2) If (Q,t) is a balanced pair for P then there is a set A C P(X) closed under 
finite intersections and containing X such that the balanced pairs (Q,t) and 
(Coll(w, P(X)), A) are equivalent. 

(3) Distinct sets as in (1) yield inequivalent balanced virtual conditions. 


In particular, the poset P is balanced. 


PROOF. For (1), fixasetA C P(X) closed under finite intersections and containing 
the set X. Suppose that V[H], V[H] are mutually generic extensions of the ground 
model V in which the set P(X) N V is countable. Suppose that pp € V[Ho]| and p, € 
V[H,] are conditions stronger than A; we must show that po, p, € P are compatible, 
in other words that po U p; € P. To this end, let ag € py and a, € p, be sets; we must 
show that ag Na, € Po N Pj. To see this, first the product forcing theorem shows that 
ay Nay C VN X holds. Second, both sets ag NV NX and ay NV NX must belong to 
A, since Vn. X € AandA < pg, py. Since A is closed under finite intersections, we see 
that agNa, = (agNV)N(a, NV) EA C PoN Py holds. Therefore, the conditions po, p; 
are compatible as desired. 

(2) is more challenging. Let (Q, rT) be a balanced pair in the poset P. Without loss 
of generality we may assume that Q IF |P(X) NV| = No. Strengthening the condition 
T repeatedly in the Q-extension if necessary, we may assume that for each set a C X 
in the ground model, either a € 7 or there is b € t such thatanb ¢ t. A balance 
argument (Proposition shows that for each set a C X in the ground model, the 
largest condition in Q decides which alternative prevails. Let A C P(X) be a set of all 
sets a C X for which the former alternative prevails. We will show that A is a set closed 
under finite intersections containing X, and Q Ik A > Tt. The desired equivalence of 
(Q, t) and (Coll(@, P(X)), A) then follows from Proposition 5.2.4, 

The closure of the set A under finite intersections follows immediately from the 
fact that Q forces t to be closed under finite intersections. To see that X € A holds, 
suppose towards a contradiction that it fails; so there must be a Q-name a for a subset 
of X such that Q lk o € randonV € tT. Strengthen the name T if necessary to contain 
a set which contains X nN V as a subset, and let 7 be a Q-name for such a set in Tt. Let 
Hoy, H; C Q be mutually generic filters, let pp = t/Hp and p, = t/H;, and let ag = n/Ho 
and a, = o/H,. Bya mutual genericity argument, agNa, = (agNV)N(ayNV) = ay NV. 
It follows that ag N a, ¢ P;, SO Po, Pp; are incompatible conditions in P, contradicting 
the balance assumption. 
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Finally, to show that Q Ik t < A, suppose towards a contradiction that this fails. 
Passing to a condition in Q if necessary we may find a set b € A and a Q-name o such 
that Q Ik o € randanb ¢ A. Now proceed similarly to the previous paragraph. 
Strengthen the name Tt if necessary to contain a set which contains X N V as a subset, 
and let 7 be a Q-name for such a set in t. Let Hp, H, C Q be mutually generic filters, let 
Po = t/Hy and p, = t/Hy;, and let ag = n/Hp and a, = o/H,. By a mutual genericity 
argument, agNbNa, = (agNb)N(a,Nb) = a, Nb. Now, ifa,nb € V, thena,;nb EA, 
contradicting the choice of the name c. Thus, it must be the case that a, nb ¢ V, and 
by a mutual genericity argument a, Nb ¢ V[Hp]. It follows that ag NbN a, € Po, So 
Po. P are incompatible conditions in P, contradicting the balance assumption. 

Finally, (3) is obvious. The balance of the poset P follows from (1): if p € Pisa 
condition then (Coll(w, X), p U {X N V}) is a balanced pair below p. 


8.6. Set mappings 


In this section, we develop posets for adding interesting set mappings. Letn € w. 
A set mapping (of arity n) on a set X is just a function f : [X]" — P(X) such that 
f(a) na = O holds for every set a € [X]". A free set for f is a set b C X such that 
f(a)n b = O holds for all a € [b]”. Set mappings without large free sets have been 
studied by Erdés, Hajnal, Komjath, [27, 40,68] and others. The guiding light of the 
investigation is a well-known old result Kuratowski and Sierpinski: 


FACT 8.6.1. [B9] For every number n > 2, 2X0 < X,_, holds if and only if there is a 
set mapping f : [2°]" > [2°]<*o without a free set of cardinality n + 1. 


It is possible to add such mappings on Polish spaces by balanced forcing. We start with 
an interesting limiting result. 


PROPOSITION 8.6.2. (ZF+DC) Let X be an uncountable Polish space. If there is a 
set mapping f : [X]* > [X]**° without a free triple, then there is a countable-to-one 
function from X to @4. 


PROOF. For each x € X let M,, be the model of sets hereditarily ordinally definable 
from x and f. Let < be the pre-ordering on the space X defined by y < x ify € M,. 

First, we claim that < is linear. To prove it, suppose towards a contradiction that 
Xo, X, € X are <-incomparable elements. Let x2 € X be an ordinally definable point 
which does not belong to the finite set f(xo,x,). Then x; ¢ f (Xo, x2) since x, is not 
definable from x9, and xy ¢ f (xj, Xz) since XQ is not definable from x,. Thus, the set 
{X9, X1, Xz} is a free triple for f, contradicting the initial choice of f. 

Second, we claim that if y < x are points in X then M, F M, 1X is a countable 
set. Suppose towards a contradiction that this fails. Working in the model M,, let N 
be a countable elementary submodel of a large structure containing x,y and f | My. 
Since M, contains uncountably many reals from the point of view of M,, there is a 
point x9 € M, \ N. Let x; € M,N be any point which does not belong to f(x, x9). 
As in the first paragraph, {x, x9, x,} is a free triple for f, contradicting the initial choice 
of f. 

The proof now breaks into two cases. 
Case 1. There is a point x such that M,, contains uncountably many elements of X. 
By the previous two paragraphs, M,, contains all points of X. As M, is a model of ZFC 
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containing f as an element, by Fact 8.6.1] we conclude that M,, contains an injection 
from X to on™ = @,. This proves the proposition in this case. 

Case 2. Case 1 fails. In this case, let h be the map on X defined by h(x) = on™, 
By the failure of Case 1, the range of h is a subset of w,. It is also a countable-to-one 
map. Suppose towards a contradiction that for some ordinal a € w,, the set A = {y € 
X: h(y) = a} is uncountable. Let x € A be any point, and use the case assumption 
to find y € A such that x ¢ My. By the linearity of <, it follows that y < x. By the 
previous work, the reals of M, are a countable set in M,, violating the assumption that 
the two models have the same w,. The proposition follows in this case as well. 


Proposition and Corollary show that we cannot hope to use a balanced forc- 
ing to produce a set mapping with finite values with no free triple, as such a mapping 
yields an uncountable sequence of F,-classes. However, other options for set mappings 
are achievable in balanced extensions. 


DEFINITION 8.6.3. Let X be an uncountable Polish space. The fat set mapping 
forcing is the poset P of all functions p such that for some countable set d(p) C X, 
p: [d(p)|* > P(d(p)) is a set mapping without free triples. The ordering is defined by 


q < pifd(p) Cc d(q) and pc q. 


It is clear that P is a o-closed Suslin forcing. The union of the P-generic set is a set 
mapping with countable values and no free triples. 


THEOREM 8.6.4. Let P be the fat set mapping forcing. 

(1) If f: [xX]? = P(X) is any set mapping without free triples, then the pair 
(Coll(w,X), f) is balanced; 

(2) if (Q,7) is any balanced pair, there is a set mapping f : [X|? > P(X) without 
free triples such that the balanced pairs (Q,t) and (Coll(w,X), f) are equiva- 
lent; 

(3) distinct set mappings on X without free triples yield inequivalent balanced pairs. 


In particular, the poset P is balanced. 


PROOF. For (1), it is clear that Coll(#,X) Ik f € Pisacondition. Let V[Gp] 
and V[G,] be mutually generic extensions of V, and let pp € V[Go], p;} € V[G,] be 
conditions containing f as a subset. To find a lower bound of pg, p; in V[Go, G;], let p 
be the function defined by d(p) = d(po) U d(pj), Po U Py C p, and if {x9, x;} C d(p) is 
a pair such that x» € d(pg) \ V and x, € d(p,) \ V then p(x, x) = d(p) \ {xo, x1}. We 
must show that p is a common lower bound of Pp, p}. 

First of all, py U p, is indeed a function, since any pair a in dom(py)) N dom(p,) 
is already in the ground model V by the product forcing theorem, and then po(a) = 
p, (a) = f(a). Second, we must verify that p has no free triple. Let b C d(p) bea triple. 
If b C d(pg) or b C d(p,) holds, then b is not free because pp, p, contain no free triples. 
Otherwise, b can be listed as {x9, x,, x2} such that xy € d(po) \ V and x, € d(p,) \ V; 
then x2 € p(X9, x;) by the definition of p and b is not free either. 

For (2), let (Q, Tt) be a balanced pair. Strengthening Q and t if necessary, we may 
assume that Q Ik Vn. X C d(r) holds. By a balance argument (Proposition 5.2.4), for 
any points Xp, x,,y € X in the ground model, Q Ik » € t(X%p, X}) or QIK y E T(Xp, X) 
holds. Let f : [X]* > P(X) be the function defined by y € f(x, x;) if the former 
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alternative in the previous sentence prevails. It is clear that f contains no free triple 
since Tt is forced to contain none. Thus, it will be enough to show that Q IF f CT. 

Suppose towards a contradiction that this fails. Then there must be a condition 
q € Qand points x9,x, € X such that q Ik t(X,X,) # f(%p,X,). Let Gp,G, Cc Q 
be mutually generic filters containing the condition q and let pp = t/Go, p) = T/G,. 
By the initial choice of the function f, there must be points yy, y, € X \ V such that 
Yo © Po(Xo,xX,) and y, € p,(Xo,X,). By the product forcing theorem, y) ¢ V[G,] 
and y, € V[Go] holds. Thus, po(x9,x1) # P1(Xo,X1) and Po, p; are incompatible, 
contradicting the balance of the pair (Q, T). 

(3) is obvious. For the last sentence, suppose that p € P is a condition. Consider 
the set mapping f : [X]* > P(X) defined by f(x, x1) = p(X, X}) if both x9,x, € X 
belong to d(p), and f(xo, x,) = X \ {xX9, x;} otherwise. It is not difficult to check that 
f is a set mapping without free triples. By item (1), f represents a balanced virtual 
condition below p. 


DEFINITION 8.6.5. Let X be an uncountable Polish space. A thin set mapping 
forcing is a poset P of all functions p such that for some countable set d(p) C X, 
p: [d(p)}> > [d(p)]<*° is a set mapping without a free quadruple. The ordering is 
defined by q < pif d(p) C d(q) and pC q. 


THEOREM 8.6.6. Let P be the thin set mapping forcing. 

(1) If f: [XP — [X]s*° is any set mapping without free quadruples, then 
(Coll(w,X), f) is a balanced pair; 

(2) if (Q,t) is any balanced pair, there is a set mapping f : [X]? > [X]<®o with- 
out free quadruples such that the balanced pairs (Coll(w, X), f) and (Q, Tt) are 
equivalent; 

(3) distinct set mappings on X without free quadruples yield inequivalent balanced 
pairs. 

In particular, the poset P is balanced if and only if 280 < &. 


PROOF. For (1), it is clear that Coll(@,X) IF 7 € pholds. For the balance, sup- 
pose that V[G)], V[G,] are mutually generic extensions and py € V[Go], py) € V[G,] 
are conditions extending f. To construct the lower bound p of po, pj, in the model 
V[Go, G,] choose an enumeration {z,,: n € w} of d(pp) U d(p,). Let p be the function 
on [d(po) U d(p,)]* containing po U p, such that, whenever {x9, x1, X2} € dom(po) U 
dom(p,), p(%o,X1,X2) = {Z,: n € m}\ {xo, X1, Xz} for the least m € w such that 
{x9,X1,X2} C {Z,: n € m}. We must show that p is a lower bound of po, py. 

First of all, py U p, is indeed a function, since any pair a in dom(py)) N dom(p,) 
is already in the ground model V by the product forcing theorem, and then po(a) = 
p,(a) = f(a). Second, we must verify that p has no free quadruple. Let b c d(p) be a 
quadruple. If b C d(pg) or b C d(p,) holds, then b is not free because po, p,; contain no 
free qudruples. Otherwise, b can be listed as {X9, x1, Xz, x3} such that x9 € d(po) \ V, 
x, € d(p,) \ V and x, is enumerated after x3; then x3 € p(Xo, X1, Xz) by the definition 
of p and b is not free either. 

The proof of (2) is literally copied from the proof of Theorem§.6.4(2). (3) is obvious. 
For the last sentence, if 2%° > X, then by Fact[8.6.]]and (2) there are no balanced virtual 
conditions and P is not balanced. On the other hand, suppose that 2% < X, holds, and 
let p € P beacondition. To produce a balanced virtual condition stronger than p, let 
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g: [XP > [X]* bea set mapping without a free set of cardinality 4. Enumerate the 
set d(p) by (x; : i € w) and let f : [X > > [X]**° bea function defined by f(a) = p(a) 
ifa Cc d(p), f(a) = g(a) ifand(p) = 0, and f(a) = g(a) U {x; : i € n} where 7 is the 
smallest number such that x,, € dom(a), for sets a such that a ¢ d(p) and and(p) # 0. 
It is not difficult to see that f is a set mapping without a free set of cardinality 4 such 
that p C f; therefore, by (1) it represents a balanced virtual condition stronger than 


D. 


8.7. Saturated models on quotient spaces 


One can use quotient simplicial complex forcings to add structures to the various 
quotient spaces as long as the structures satisfy a well-known amalgamation property 
from model theory. We will first review the definitions. For first order structures M, N 
in the same language, recall that a map 7: M —> N is a X-embedding if it is an injec- 
tion from dom(M) to dom(N) which transports all relations and functions of M to the 
corresponding relations and functions in N. 


DEFINITION 8.7.1. [B4l] A Fraissé class is a class ¥ of finite structures in a fixed 
finite first order language such that 

(1) F is closed under isomorphism and under induced substructures; 

(2) (Goint embedding property) whenever No, N, € F are structures then there is 
M € F containing both No, N, as induced substructures; 

(3) (amalgamation) whenever M,No,N, € F are structures and 7): M > No 
and z,: M — N, are X)-embeddings, then there is a structure K € F and 
Xp-embeddings 7): Ny > K and 7, : N, — K such that 7 0% = Yo 714. 


We will tacitly assume that our Fraissé classes contain arbitrarily large finite structures. 
Fraissé classes are prominent in model theory [#7, Theorems 5.3.3 and 5.3.5], Ramsey 
theory [24,83], and topological dynamics [[60, {120]. The classes we can handle satisfy 
a well-known stronger version of amalgamation: 


DEFINITION 8.7.2. A Fraissé class F satisfies strong amalgamation if for whenever 
M,No,N, € F are structures and 7): M —> No and z,: M > N, are Xp-embeddings, 
then there is a structure K € F and Xp-embeddings 7): No ~ K andy: Ni ~ K 
such that 7 o 7p = 71 0 7, and rng(7yo) N rng(7%1) = (Wo 0 2)" M. 


DEFINITION 8.7.3. Let F be a Fraissé class in a finite relational language. 

(1) An ¥-structure is a structure M in the same language as F such that for every 
finite seta Cc dom(M), M [ae Ff; 

(2) Let E be a Borel equivalence relation on a Polish space X. The E, ¥-Fraissé 
poset P consists of conditions p where p is an ¥-structure whose domain is a 
countable subset of the quotient space X/E. The ordering is defined by q < p 
if dom(p) C dom(q) and p = q | dom(p). 

It is obvious that the poset P introduces a ¥-structure on the space X/E, denoted by 
Mois. It is not difficult, but at the same time also not particularly natural, to describe 
the poset P(F, £) as a quotient simplicial complex poset: the vertices of the simplicial 
complex K will be finite F-structures on the E-quotient space, and a finite set a of 
vertices belongs to X if all structures in a are induced substructures of a single finite 
F-structure on the E-quotient space. It is obvious that the posets P(F, £) and Py are 
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naturally co-dense; however, we will never use the simplicial complex presentation of 
P(F,E). To describe balanced virtual conditions in the poset P(¥, F), suppose that M is 
an ¥-structure on the virtual E-quotient space X**. Let ty be a Coll(«, 2,,, )-name for 
the condition 2” M where z is the map from the virtual space (X**)” to the E-quotient 
space of the extension which maps each virtual class to its realization. Theorem 22.5.6 
provides the necessary assurance that the map 7 is well-defined and its range is a count- 
able set. 


THEOREM 8.7.4. Let ¥ be a Fraissé class in a finite relational language which sat- 
isfies strong amalgamation. Let E be a Borel equivalence relation on a Polish space X. 
Then in the E, F -Fraissé poset P, 


(1) for every ¥-structure M on X**, the pair (Coll(, 3.,, ), Ty) is balanced; 

(2) for every balanced pair (Q,T) there is a ¥ -structure M on X** such that the pairs 
(Coll(w, 2.,, ), Tu) and (Q, T) are equivalent; 

(3) distinct ¥-structures on X** yield inequivalent balanced virtual conditions. 


In particular, P is balanced. 


PROOF. For (1), suppose that M is a F¥-structure on X**. Let Rg, R; be arbitrary 
posets and 0,0, are respective Ry x Coll(w, 1,,,)- and R, x Coll(w, ,,,)-names for 
elements of P such that in the respective posets 09 < ty and o, < Tis forced. Let Hy, H, 
be mutually generic filters on the respective posets and let p = tyy/Hp, Po = %9/Hp and 
Pi = 9,/H,; we need to show that pg, p; are compatible in the poset P. 

For this, first note that by the mutual genericity, dom(p,))Ndom(p,) = dom(p). By 
the assumption on the names gp, g, it is the case that pg [ dom(p) = p, | dom(p) = p. 
Write c = dom(p))Udom(p;). By the strong amalgamation property of the Fraissé class 
F, for each finite set a C c there is a structure N, © F such that dom(N,) = a and 
writing dg = an dom(pp) and a; Ndom(p;), Ng | do = Po | Ag and N, | a, = py | ay 
both hold. Let U be an ultrafilter on [c]<®o such that for each finite set a C c the set 
{b: ac b}is in the ultrafilter U. Let N be the structure on c which is the U-integral of 
the structures N,. It isimmediate that N | dom(pp) = pp and N | p, = p,; the closure 
of the Fraissé class under substructures shows that N is a ¥-structure. It is the desired 
lower bound of the conditions Do, pj. 

For (2), note that for each relation R in the language of the Fraissé class ¥ and 
every tuple a of virtual E-classes, it must be the case that either Q Ik t IF a belongs to 
the relation R in the generic structure Maes or Q Ik tlk a does not to the relation R in 
the generic structure Mgen by the balance of the pair (Q,T). Let M be the structure on 
the virtual E-quotient space consisting of those tuples for which the former alternative 
occurs. It is immediate that Q x Coll(«, 2,,,) IF t < ty in the separative quotient of 
the poset P. The equivalence of the two pairs follows from Proposition 

Now, (3) is obvious. For the last sentence, suppose that p € P is a condition. 
For each finite set a C X**, choose a structure N, € F such that dom(N,) = a and 
N, | (dom(p)na) = p | (dom(p)na). Let U be an ultrafilter on [X**]<®o such that for 
each finite set a c X** the set {b: a C b}isin the ultrafilter U. Let N be the structure on 
X** which is the U-integral of the structures N,. It is immediate that N | dom(p) = p; 
the closure of the Fraissé class under substructures shows that N is a ¥-structure. The 
pair (Coll(~, 2,,, ), Ty) is a balanced virtual condition below p. 
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EXAMPLE 8.7.5. Let E be a Borel equivalence relation on a Polish space X. Let 
P be the poset of all linear orderings on countable subsets of the E-quotient space. 
The poset is designed to add a linear ordering on the quotient space. Since the Fraissé 
class of finite linear orderings has the strong amalgamation property, the poset P is bal- 
anced, and its balanced virtual conditions are classified by linear orders on the virtual 
£-quotient space. 


EXAMPLE 8.7.6. Let E be a Borel equivalence relation on a Polish space X. Let 
P be the poset of all tournaments on countable subsets of the E-quotient space. The 
poset is designed to add a tournament on the quotient space. Since the Fraissé class of 
finite tournaments has the strong amalgamation property, the poset P is balanced, and 
its balanced virtual conditions are classified by tournaments on the virtual E-quotient 
space. 


The Fraissé posets can be viewed as a particularly well-behaved subclass of a signifi- 
cantly larger class obtained from standard amalgamation constructions in model the- 
ory. 

DEFINITION 8.7.7. Let T be a complete first-order theory in countable language, 
with infinite models. Let E be a Borel equivalence relation on a Polish space X. The 
poset Pr consists of structures p satisfying the theory T whose domain is a countable 
subset of the E-quotient space. The ordering is that of elementary substructure: q < p 
if the domain of p is a subset of the domain of q, and p is an elementary substructure 
of q. 

It is immediate that the union of the structures in the generic filter is a countably sat- 
urated model of the theory T on the E-quotient space. To classify the balanced virtual 
conditions, we use the following definition. 


DEFINITION 8.7.8. A T-balanced theory is a complete consistent theory S in the 
language of T plus a constant for each virtual E-class which contains T and asserts than 
no elements other than the virtual E-class constants are algebraic over those constants. 
If T is understood from the context, we omit it. 


Note that the theory S may not be first-order as it requires infinite disjunctions in- 
dexed by the virtual E-classes. Now suppose that S is a balanced theory. Let t; be the 
Coll(w, 1,,,)-name for the set of all countable models p € Prg such that dom(p) con- 
tains the set po of realizations of all ground model virtual E-classes and p F S. It is not 
difficult to see that ts isa name for an analytic, nonempty, and open subset of the poset 
Prp. 
THEOREM 8.7.9. Let T be a complete first-order theory in countable language, with 
infinite models. Let E be a Borel equivalence relation on a Polish space X. 
(1) For every balanced theory S, the pair (Coll(, 1,,, ), ts) is balanced in Prg; 
(2) forevery balanced pair (Q, tT) there is a balanced theory S such that the balanced 
pairs (Q, t) and (Coll(w, 3,,, ), ts) are equivalent; 
(3) distinct balanced theories yield inequivalent balanced pairs. 
In particular, the poset Pr is balanced. 
PROOF. For (1), suppose that S is a balanced theory, V[Ho]|, V[H,] are mutually 


generic extensions of the ground model, and po, p; © Prr are conditions in the re- 
spective models in the set given by the name ts. We must show that there is a model 
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q € Peg in which both models po, p; of T are elementary. Note that dom(pg)Ndom(p,) 
is exactly the set of all realizations of ground model virtual E-classes by the mutual 
genericity assumption. Use the algebraicity clause of Definition and a textbook 
amalgamation theorem [47, Theorem 5.3.5] to conclude that in V[Ho, H,] there is a 
countable model q of T and elementary embeddings jg: pp ~ q and j,: py - q 
such that jo, j,; coincide on the set r of realizations of virtual E-classes from the ground 
model, and the sets j5(po \ r) and j/(p, \ 7) are disjoint. It is easy to see that such 
a model q can be realized in such a way that its domain is a set of E-classes and the 
embeddings jo, j, are both identity maps. Then q is the sought lower bound of the 
conditions Do, p,. 

For (2), let (Q, c) be a balanced pair. Strengthening the name o and the poset Q if 
necessary, we may assume that go is in fact a name for a single element of Prg as op- 
posed to an analytic subset of P-, and that o is forced to contain the realization of every 
virtual £-class in the ground model. By a balance argument (Proposition 5.2.4), for ev- 
ery formula ¢(x) and every tuple ¢ of virtual E-classes of the same length as X, it must 
be the case that either Q Ik o F ¢(¢) or Q Ik o F 7G(C). Let S be the set of all formulas 
and tuples of virtual E-classes ¢(¢) for which the former option prevails. We need to 
show that S is a balanced theory and the balanced pairs (Q, t) and (Coll(w, 1,,, ), Ts) are 
equivalent. 


CLAIM 8.7.10. Q forces that no element of o which is not a realization of a virtual 
E-class is algebraic over a tuple of virtual E-classes from the ground model. 


PROOF. Suppose towards a contradiction that this fails, and let q € Q be a condi- 
tion, let 7 be a Q-name for an element of o which is not a realization of a virtual E-class, 
and let ¢ bea formula, a tuple of virtual E-classes and n € w bea natural number such 
that q Ik o F there are precisely n many x such that ¢(x, ¢) holds, and 7 is one of them. 
Let Ho, H, C Q be mutually generic filters over the ground model, both containing q, 
and let pg = o/Hy and p, = o/H,. We will show that pp, p; have no lower bound in 
the poset Pp, reaching a contradiction with the balance assumption on the pair (Q, a). 

Suppose then that q is such a lower bound. By elementaricity, q must see exactly 
n many solutions to ¢(x, ¢), and all solutions in pp and in p, are solutions in q. Now, 
Po already sees n many solutions, and 7/H, is another solution in p,; which does not 
belong to pp or even to V[H,]. Thus, q in fact sees at least n + 1 many solutions,a 
contradiction. 


It follows that S is a balanced theory, and also that Coll(w, 2,,,) x Q IF o € ts. The 
equivalence of the balanced pairs (Q, tT) and (Coll(, 3,,, ), Zs) then follows from Propo- 
sition 

(3) is obvious. For the last sentence, suppose that p € Prg is a condition—a count- 
able model of the theory T. By the upwards Lowenheim-Skolem theorem, there is a 
model M of the theory T on the virtual E-quotient space in which p is an elementary 
submodel. Let S be the diagram of M and observe that S is a balanced theory and its 
corresponding balanced virtual condition is below p. 


EXAMPLE 8.7.11. Let T be the theory of dense linear orders without endpoints. 
The notion of algebraicity is trivial in the theory T, and T has elimination of quantifiers. 
It follows that the balanced theories are exactly the linear orders on the set of virtual 
E-classes. This should be compared to Example 8.7.5. 
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8.8. Non-DC variations 


All of the partial orders exhibited so far are either o-closed or No-distributive, and 
therefore their corresponding extensions of the symmetric Solovay model satisfy DC, 
the Axiom of Dependent Choices. This is normaly viewed as highly desirable, as DC 
is a key tool for developing mathematical analysis and descriptive set theory as we 
know them today. However, balanced forcing can be used to generate extensions of 
the symmetric Solovay model in which DC fails. We include one striking example. 


DEFINITION 8.8.1. Let X bean uncountable Polish space. The finite-countable forc- 
ing P associated with X consists of pairs p = (ap, bp) where Ay C X isa finite set, bp Cx 
is a countable set, and a) bp = 0. The ordering is that of coordinatewise reverse in- 
clusion. 


The finite-countable forcing is rather worthless in the ZFC context. The lack of control 
over the finite part means that it collapses &,. Namely, for every sequence (xg : a € w}) 
of distinct points of X, the set {a € w,: ({xq},0) belongs to the generic filter on P} is 
forced to be cofinal in w, of ordertype w. However, the finite-countable poset provides 
a particularly easy answer to an old question of Woodin: is there a Suslin forcing which 
is not c.c.c. and has no perfect antichain? The finite-countable poset is not c.c.c. as it 
collapses &,. On the other hand, it does satisfy &,-c.c. in ZFC, so by a straightforward 
absoluteness argument cannot contain a perfect antichain. This should be contrasted 
with the convoluted answer to Woodin’s question given in [52]. 

In the ZF+DC context, the finite-countable poset is much better behaved, as is 
clear from the following theorem. The generic filter will add a partition of the space X 
into two sets, one of which does not contain an infinite countable subset and the other 
contains no perfect subset. Such a partition clearly violates DC. 

In order to classify the balanced virtual conditions in the finite-countable poset, we 
need a piece of notation. Whenever a C X is a finite set, let t, be the Coll(w, X)-name 
for a condition in the poset P which is the pair (a, (X NV) \ a). 


THEOREM 8.8.2. Let X be a Polish space and P the associated finite-countable forc- 
ing. 
(1) For every finite set a C X, the pair (Coll(w, X), T,) is balanced in P; 
(2) for every balanced pair (Q,T) there is a finite seta C X such that the balanced 
pairs (Q, tT) and (Coll(w, X), T,) are equivalent; 
(3) distinct finite sets yield inequivalent balanced pairs. 
In particular, the poset P is balanced. 


PROOF. For (1), suppose that V[H,], VLH,] are mutually generic extensions of the 
ground model V and py = (dg, bo) € V[Ho] and p, = (a,,b,) € V[H,] are conditions 
stronger than p = (a,XNV\a). We have to show that po, p, are compatible, which is to 
say that ag Nb, = a, Nbp = O holds. Suppose towards a contradiction that for example 
x € ay Nb, isa point. By the product forcing theorem, x € V[Hy| N V[H,] = V. If 
x € athen x € b, is impossible as p,; < p, andif x ¢ a then x € ag is impossible as 
Po < p. Acontradiction! 

For (2), let t = (a, b) where a, b are Q-names for disjoint subsets of X. A balance 
argument (Proposition show that for each point x € X, either Q Ik ¥ € dorQ lk 
x € b. Leta CX be the set of all points x € X for which the first alternative prevails. It 
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is immediate that a is a finite set and Q x Coll(w, X) Ik t < tq. Proposition shows 
then that the balanced pairs (Q, t) and (Coll(w, X), 7,) are equivalent, proving (2). (3) 
is immediate and so is the balance of the forcing P. 


8.9. Side condition forcings 


Attempts to force uncountable subsets of Polish spaces with a lack of internal struc- 
ture often converge to a kind of a side condition poset. Posets of this kind are not cov- 
ered by the previous sections. In this section, we outline several examples. 


DEFINITION 8.9.1. Let X be a Polish space. Let F(X) denote the Effros Borel space 
of all closed subsets of X [58, Section 12.C]. Let I C F(X) be a Borel set such that 
(JI = X and 1 is not a countable union of elements of I. The poset PF; consists of pairs 
P = (dp, bp) where a, C X and b, C I are countable sets. The ordering on F is defined 
byq < pifay Cag, bp C bg, and (LU bp) N ag \ ap =0. 


It is immediate that F is a o-closed Suslin forcing. It is designed to add an uncountable 
set which has countable intersection with every element of I. For the classification of 
balanced virtual conditions, whenever a C X is a set, write 7, for the Coll(w, X)-name 
for the pair (a, b) where b is the name for the set of all ground model coded sets in I. 


THEOREM 8.9.2. Let X be a Polish space and let I C F(X) be a Borel set such that 
UJI =X. Then 
(1) for every set a C X, the pair (Coll(w, X), T,) is balanced; 
(2) for every balanced pair (Q, a) there is a set a C X such that the pairs (Q, 0) and 
(Coll(w, X), T,) are equivalent; 
(3) distinct subsets of X yield nonequivalent balanced pairs. 
In particular, the poset F, is balanced. 


PROOF. Towards (1), unraveling the definitions, it is sufficient show the following. 
Suppose that Ro, R; are posets and og, 0; are respective names for countable subsets of 
X such that Rp Ik o9 NUM N V+) = Oand R, Ik a, NUM NV) = 0; then Ro x R, IF 
% AUC AV[G]) = 0 and a, n Un V[Go]) = 0 where Gp, G, are the respective 
product names for the generic filters on the Oth and 1st coordinate. 

This, however, is immediate. We will show that RgXR, IF oN JUNV[G,]) = 0; the 
proof of the other assertion is symmetric. Suppose towards a contradiction that 7 is an 
Ro-name for an element of op, v is an R,-name for an element of I, and (7,4) € Ro XR, 
is a condition forcing that 7 € y holds. Let M be a countable elementary submodel of 
a large structure containing all objects named so far, let g, C R, NM bea filter generic 
over M containing the condition 7, and let F = y/g,. Since F is a closed set in INV, 
there must be a basic open set O C X and a condition 4 < % such thatOnF = 0 
and IFr, 7 € O. By the genericity of the filter g, and the forcing theorem applied in 
the model M, there must be a condition 7, < 7 such that 7 IFr, ON y = O. Clearly, 
(4,4) lk n € x, contradicting the initial choice of (7,7). 

Towards (2), let (Q, o) be a balanced pair; enlarging the poset Q ifnecessary we may 
assume that Q collapses the size of the ground model continuum to No; strengthening 
the condition o we may assume that b, is forced to contain all ground model coded 
elements of I. By a balance argument (Proposition 6.2.4), for every point x € X it is the 
case that either Q Ik X € agorQ lk X € ag. Leta C X be the set ofall those elements of 
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X for which the former alternative prevails. We will show that QxColl(w, X) IF a < tj, 
which implies the equivalence of o and t, by Proposition 

To prove the inequality o < 7, itis enough to show that Q Ik (ag\V)n(UUnV)) = 
0. Suppose towards a contradiction that this fails, and let q € Q be a condition, 7 be a 
Q-name for an element of a, \ V and F € IN V be aclosed set such that q Ik n € F. 
Let Gp, G; C Q be mutually generic filters containing the condition q. By a mutual 
genericity argument, the point y/Gp does not belong to a,jg,, while it does belong to F 
and F € bg;g,. This means the conditions o/Go,a/G, are incompatible in P, violating 
the balance assumption on (Q, a). 

Finally, (3) is immediate from the assumption that X = JI. The balance of the 
forcing F is now immediate from (1). 


EXAMPLE 8.9.3. Let X = 2”, let [ be the graph connecting points x, y € X if the 
least number such that x(n) # y(n) is even. Let I be the collection of closed I-cliques 
and closed [-anticliques. The poset F, adds a generic uncountable set on which every 
T-clique or anticlique is countable. This exhibits a balanced extension in which OCA 


fails, cf. Example 


EXAMPLE 8.9.4. Let X = w® and let I be the collection {x < y: x € X} for all 
functions y € w”, where < is the everywhere domination ordering on w®. The poset 
P, adds a dominating subset of o® which has only countably many elements below any 
given function y € ®. Ina rather different language, Shelah [94]] showed that in the 
F,-extension of the Solovay model every set is Lebesgue measurable and there is a set 
without the Baire property. We address this extension in Section |14.3) 


In the case when J is the collection of closed nowhere dense subsets of X, there is a more 
sophisticated variation of the poset B.. For a natural number n € w, aset s C (2”)", 
and a partial function h: n > 2° write s, = {g € (2?)"\4o™™ : huge s}. 


DEFINITION 8.9.5. The Lusin poset P is the partial order of all pairs p = (ap, bp) 
where a, C 2® is a countable Ey-invariant set and b, is a countable set of pairs (s, a) 
where s C (2®)” is a closed nowhere dense subset of (2®)” for some n € , a C ap is an 
Eg-invariant set, and for each partial function h: n > a, \ a whose range consists of 
pairwise non-Eg-related elements, if dom(h) = n then h ¢ s, and if dom(h) # n then 
the set s;, is nowhere dense in the space (2°)"\4°™), The order is that of coordinate- 
wise reverse inclusion. 


It is not difficult to check that P is a o-closed Suslin forcing. The poset P is designed 
a generic subset of 2° which is the union of the first coordinates of all consitions in 
the generic filter. The generic set is forced to be an Eg-invariant Lusin subset of 2°- 
an uncountable set which intersects every nowhere dense set in a countable set. The 
generic set has a similar property in all finite powers though, and in Example it 
serves an even more refined purpose. The balance of P is an immediate consequence 
of the following classification theorem. For any Eg-invariant set a C 2%, let t, be the 
Coll(w, 2”)-name for the condition (a, b) € P where b is the set of all pairs (s, a) where 
sis a ground model coded closed nowhere dense subset of (2”)” in the ground model 
for some n € . 


THEOREM 8.9.6. Let P be the Lusin poset. 
(1) For every E,-invariant set a C X, the pair (Coll(w, X), T,) is balanced; 


172 8. OTHER FORCINGS 


(2) for every balanced pair (Q, a) there is a set a C X such that the pairs (Q, a) and 
(Coll(w, X), T) are equivalent; 
(3) distinct subsets of X yield nonequivalent balanced pairs. 


In particular, the poset P is balanced. 


PROOF. Write S = Coll(w, 2”). For (1), let Rg, R,; be posets and og, 0, be Rg x S 
and R, x S-names respectively such that Rg X S Ik o9 < t and R, XS lk gy < &. 
Let Go C Ro X Sand G, C R, x S be mutually generic filters; we must show that the 
conditions pg = d9/Go, pi = 9;/G, € P are compatible. 

To this end, write pp = (do, bp) and py = (a,,b,). Letn € w, lets € (2”)" bea 
nowhere dense set, let (a, s) € by U b, be a pair, and let h: n > ag U a, bea partial 
function whose range consists of pairwise non-E,-related elements of (ag Ua) \ a. We 
must show that either (if dom(h) = n)h € s, or (if dom(h) # n) the set s; is nowhere 
dense. 

For definiteness assume that (a, s) € bp. Lethy = hNV[Gp] and h, = h\ ho. Since 
Po € P holds, the set s;,, is nowhere dense. By the Kuratowski-Ulam theorem, the set 
t= {k © (2eydome) Shouk is Somewhere dense} is meager and in the model V[Go]. 
Now, the function h, is product-Cohen generic over V by the definition of the name 
Ty. By a mutual genericity argument, h, is also product-Cohen generic over V[ Go| and 
therefore does not belong to the set t. Thus the set s;,,y,, is nowhere dense as required. 

For (2), suppose that (Q, 0c) is a balanced pair. Strengthening the poset Q or the 
condition o repeatedly, we may assume that Q IF 2° n V is countable, and 


* for each x € 2” in V either x € a, or for no extension p < a it is the case 
that x € Ap; 

* for each n € w and each closed nowhere dense set s C (2”)” in the ground 
model, either ((ag NV), s) € bg or for no extension p < a it is the case that 
((ag NV), 8) € bp; 

* for each n € w and each closed nowhere dense set s C (2”)” in the ground 
model there is a such that (a, s) € bg. 


By a balance argument (Proposition 5.2.4), for each x € 2® in the ground model, either 
Q forces the first clause of the first item to prevail for X, or Q forces the second clause 
of the first item to prevail for ¥. Let a C 2% be the set of all points for which the first 
option prevails; we will show that Q x S lk o < ty, showing that the balanced pairs 
(Q, a) and (Coll(w, 2”), ty) are equivalent by Proposition To see the inequality, it 
is only necessary to show that the second clause of the second item above is impossible 
for any closed nowhere dense set s C (2”)” in the ground model. Suppose towards a 
contradiction that the second clause occurs. This can only happen if there is a Q-name 
hsuch that Q forces h : n > 2° to bea partial map such that rng(h) consists of pairwise 
non-Eg-equivalent, non-ground model elements of a, such that either (if dom(h) = n) 
h € sor (if dom(h) # n) the set s, contains a nonempty open set. In either case, let 
Go, G; C Q be mutually generic filters, and use the third item to find a set a € V[Go| 
such that (a, s) € bg/g,. Then by mutual genericity the set rmg(h/ G,) consists of points 
which are not in a. This means that the conditions o/Gp, 0/G, are incompatible in P, 
contradicting the balance assumption on the pair (Q, ¢). 
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(3) is immediate. For the last sentence, if p € P is a condition, it is not difficult to 
see that S forces p to be compatible with Tay The name for a lower bound is a balanced 
virtual condition below p. 


8.10. Weakly balanced variations 


There are a number of restrictions on balanced extensions of the Solovay model- 
Corollaries or Theorems or are good examples. Transcending 
these restrictions requires reaching for a weakly balanced forcing. The weakly bal- 
anced arguments are invariably more complicated than the balanced ones, and we 
never obtain a classification of weakly balanced classes. We include two examples 
reminiscent of the side condition forcings of Section 8.9, The first poset adds an in- 
jection from the E-quotient space to the Ey-quotient space, where E is any given Borel 
equivalence relation on a Polish space. For a pinned equivalence relation E this is 
possible to do with a balanced forcing, see Theorem in the general case, this is 
impossible to do with balanced forcing. For example, the inequality |F,| < |E | implies 
in ZF that there is an w,-sequence of Ey-classes by Proposition and in balanced 
forcing extensions of the symmetric Solovay model such sequences do not occur by 


Corollary 9.1.3), 


DEFINITION 8.10.1. Let E be a Borel equivalence relation on a Polish space X. The 
Lusin collapse forcing F; is the poset of all triples p = (dp, bp, fp) where (ap, bp) is a 
condition in the Lusin forcing of Definition and f, is an injection from the E- 
space to the set of E9-classes represented in a,. The order is that of coordinatewise 
reverse inclusion. 


It is not difficult to see that P is a o-closed Suslin forcing and if G C P is a generic fil- 
ter then f = U ec Jp is a total injection from the E-quotient space to the E9-quotient 
space. It is instructive to view the poset PB; as a natural two-step iteration. The first step 
is the (balanced) Lusin poset of Definition adding a subset A of the Ep-quotient 
space. In the second step, an injection of the E-quotient space into A is added by 
straightforward countable approximations. The projection from P; into the Lusin poset 
is given by the projection of conditions in p into the first two coordinates. 


THEOREM 8.10.2. Let E be a Borel equivalence relation on a Polish space X. The 
Lusin collapse forcing of |E| to |Eo| is weakly balanced. 


PROOF. Write P = Pz. Let p € P be a condition; we must find a virtual weakly 
balanced virtual condition p < p. Let p = (Coll(«, 2%), (dp, b, a) where b is the set 
of all pairs (a,,s) where s C (2®)” is a closed nowhere dense set coded in the ground 
model for some n € w. It is immediate that p is a virtual condition; it will be enough 
to show that p is weakly balanced. 

Before we proceed, we must fix some notation and terminology. Let V[G] be a 
generic extension of V, and in V[G] let f be a function from the virtual E-quotient 
space to the quotient Fy-space. If M is an intermediate model of ZF between V and 
V[G], write f|M for the following set. Let >> be the smallest ordinal such that in M, 
every E-pin is equivalent to an E-pin of set-theoretic rank smaller than >>; such an 
ordinal exists since by Theorem there are only set many virtual E-classes in V[G]. 
Let f|M be the set of all pairs ((Q, T), y) such that (Q, t) € M is an E-pin of rank smaller 
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than >, y € 2%, and for some virtual E-classc € dom(f), y € f(c) and (Q,T) € c. 
The transfinite analysis of f is the sequence of models M,, of ZF given by the recursive 
formula M,, = V((f|Mg : 6B € @)); note that always My = V and the models M, form 
an inclusion-increasing sequence. The function f has a heart if there is an ordinal a 
such that 


+ for every ordinal 6 € a and every E-pin (Q,t) € Mg there is a classc € 
dom(f) with (Q,T) € c; 
¢ for every virtual E-class c € dom(/f), ifcN Mz #0 thencn Usea Mg #0. 


Note that once such an ordinal @ is reached then Ms = M,, for all ordinals 6 > a. If 
the function f has a heart, then the least ordinal a as above is its depth; as a matter of 
convention, we end the transfinite analysis at this ordinal. The heart of f is the pair 
(M,h) where M = M, andh = f|M. 

We apply the above transfinite analysis also to conditions in P. Any E-class c will 
be identified with the virtual E-class of all E-pins (Q, T) such that for some (all) x € c, 
Q |l+ t E X; thus, a partial function on the E-quotient space is viewed as a partial 
function on the virtual E-quotient space. The heart of a condition in P is the heart 
of its last coordinate. The following two key claims control the behavior of hearts of 
conditions below p. 


CLAIM 8.10.3. Every condition q € P can be strengthened in some generic extension 
toa condition r < q which has a heart. 


PROOF. Let V[G] be a generic extension of V, and let q € V[G] be a condition in 
P. Work in V[G]. By transfinite recursion on 6 < w, define a finite support iteration 
(Rg: B < a, Qg : B < @)) of c.c.c. forcings and Rg-names tg so that Rg forces the 
following: 

* T = 0, > £ implies t, C 7g, and if f is limit then tg = ie gts 

* Tg is a partial function from the virtual E-quotient space to the E)-quotient 
space which has a heart (Mg, tg|Mg) of depth 6 and dom(zg) contains exactly 
those virtual E-classes represented in dom(tg|Mg); 

. Qe is the finite support product of copies of Cohen forcing on 2° indexed 
by all the virtual E-classes in Mg which are not represented in Le <p My 
and do not belong to dom({,), and 741 is the function tg together with the 
function sending each virtual E-class in Mg as above to the Eg-class of the 
corresponding Cohen real, and sending every virtual E-class in Mg which is 
in dom({f,) to the E9-class indicated by f,. 


Write R = R,,. Let H C R bea filter generic over V[G]; thus, the models V[G] and 
V[G][H] have the same @). In V[G][H], write fg = tg/H for all 8 < w, and f = f,,. 
Consider the transfinite analysis (Mg: 6 € «;) of f, starting with Mj = V. Since 
the function f, is countable, a counting argument shows that there has to be an ordi- 
nal 8 € «, such that every virtual E-class represented in Mg, and in dom({,) is al- 
ready represented in Mg. Thus, the transfinite analysis of the function f, U fg equals to 
(M,,: >>< 6) and (Mg, fg|Mg) is its heart. Consider the triple (ag Urng(fg), bg, fqU fg): 
It is not difficult to see that it induces a virtual condition in P stronger than q. Ina suit- 
able generic extension, it turns into a condition r < q with heart (M, B> fg|M, iB): 
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CLAIM 8.10.4. Letr < p be a condition in P in some generic extension such that the 
heart of r is (M, h). Then 


(1) the theory of the model M with parameters in V and the parameter h depends 
only on the depth of r; 
(2) every real in M belongs to some V[b] where b is a finite subset of () rng(h). 


PROOF. Fix an ordinal a. It turns out that the hearts of conditions < p of depth a 
are all generated in the same way. Work in V. By transfinite recursion on 6 < a define 
a finite support iteration (Rg: B < a, Qe : B < a) ofc.c.c. forcings and Rg-names 7g so 
that Rg forces the following: 

* 1 = 0, >€ f implies t, C 7g, and if f is limit then tg = eee gts 

* 7g is a partial function from the virtual E-quotient space to the E9-quotient 
space which has a heart (Mg, tg|Mg) of depth 6 and dom(zg) contains exactly 
those virtual E-classes represented in dom(tg|Mg); 

- if 6 = 0 then Q) is the finite support product of copies of Cohen forcing on 
2° indexed by all the virtual E-classes in My) = V which do not belong to 
dom(f,), and 7, is the function f, together with the function sending each 
virtual E-class in V as above to the E,-class of the corresponding Cohen real; 

- if 6 > 0 then Qg is the finite support product of copies of Cohen forcing 
on 2® indexed by all the virtual E-classes in Mg which are not represented 
in aa ep M,,, and 741 is the function 7g together with the function sending 
each virtual E-class in Mg as above to the Ey-class of the corresponding Cohen 
real. 


The R,-generic function is the function assigning to every virtual E-class represented 
in U ae Mg the Cohen real assigned to it by one of the iterands. Now suppose that 
r < pisa condition in P in some generic extension V[G] with heart (M, h) of depth a. 
Note that dom(h) is some collection of virtual E-classes and rng(h) is some collection 
of Eg-classes. Let S be the poset which with finite approximations adds a function g 
such that dom(g) = dom(h) and for every virtual E-class c € dom(h), g(c) € h(c). It 
turns out that S forces ¢ to be an R,-generic function over V and the intersection V[g]N 
V[G] contains only those reals which belong to some V[b] where b is a finite subset of 
J rng(h). This statement is proved by a routine, if verbose, transfinite induction on a 
and we leave it to the patient reader. 

Finally, for (1) argue that for every formula ¢, M F ¢ if and onlyifV F Rg IF M, F 
$; the latter statement depends on a only. For (2), argue that M Cc V[G] n V[g]. This 
concludes the proof of the claim. 


The following claim just restates the information from the previous claim in a form 
that will be useful later. 


CLAIM 8.10.5. Let r < p be a condition in P in some generic extension with heart 
(M,h). Then 


(1) every E-class in dom({,) is either a realization of a virtual E-class in dom(h) or 
it is not a realization of any virtual E-class in M; 

(2) every finite tuple c of pairwise Ep-unrelated elements of a; \ | rng(h) is product 
Cohen-generic over M. 
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PROOF. The first item is an immediate consequence of the definition of the heart. 
For the second item, we use the fact that r < p. Let n = |c|. Every closed nowhere 
dense subset s C (2®)” in the model M belongs to some model V[d] where d is a finite 
tuple of pairwise Ey-unrelated elements of |) rng(h) \ U rng(f,)) by Claim B.10.4(2). 
By the choice of the virtual condition p, the tuple cUd is product Cohen-generic over V, 
and by the product forcing theorem c ¢ s. We have just shown that c does not belong to 
any closed nowhere dense subset of (2”)” in the model M; that is, c is product Cohen- 
generic over M. 


Finally, we are ready to conclude the proof of Theorem Let Qo, Q; be posets in 
V, with names oo, 0, for conditions in P stronger than p. We must find, in some generic 
extension, filters Gp C Qy and G, C Q, separately generic over the ground model such 
that the conditions 09,0, are compatible in P. By Claim we may assume that 
Qo IF op has heart of depth & and Q, Ik o, has heart of depth &,. For definiteness, 
assume that a < a,. Move to some forcing extension (such as the Q,-extension) where 
there is a condition r < p with a heart of depth a. Let Mg be the models arising in the 
transfinite analysis ofr, and let No = Mz,, Mo = f-|No and N, = Mz,,,h, = f-|N;. Thus, 
(N,,,) is a heart of the condition r; note that (No, Mg) is also a heart of a condition 
< p, namely the condition obtained from r by restricting the function f, to the set of 
E-classes which are realizations of the virtual classes in dom(hg). 

Note that in the model No, there exists a poset Sp and a name 7p for a filter on Qo 
generic over V such that Sy forces the heart of 09/n9 to be (No, Mo). This occurs because 
this statement is true in the heart of og and the theory of the hearts depends only on the 
height by Claim .10.4(1). Similarly, in the model N, there exists a poset S; and a name 
n, for a filter on Q, generic over V such that S, forces the heart of o,/n, to be (N;, h4). 
Let Hp C Sp and H, C S, be filters mutually generic over the model N,. Let Gp = No/Ho 
and G, = n,/H,; we claim that the conditions o)/Gp and o,/G, are compatible in P as 
desired. 

To see this, write 09/Gp = (do, bo, fo) and o,/G, = (a,, b;, f,). To show that these 
two conditions are compatible, we must argue that (a, by) and (aj, b,) are compati- 
ble as conditions in the Lusin forcing, and then show that fg U f, is an injection from 
F-quotient space to the E,-space. The compatibility in the Lusin forcing is nearly iden- 
tical to the proof of Theorem B.9.6(1) and we omit it. To show that fo U f; is an injection 
from the £-quotient space to the Ey-quotient space, suppose thatc, € dom(fp)andc, € 
dom(f,) are E-classes and work to prove the equivalence fo(co) = fi(c1) @ Co = G. By 


Claim 8.10.5(1) there are two cases: 


* Co isa realization of a virtual E-class d € dom(hy). Then fo(cg) = No(d) = 
h,(d) and either c = cy in which case f,(c,) = h,(d) = fo(co), or cy # Cp and 
then f,(c,) # h;(d) since the function f, is an injection. 

* Co is not a realization of a virtual E-class in No. By a mutual genericity argu- 
ment then, cp is not an E-class represented in the model N,|H;,]; in particu- 
lar co # cy. By Claim B.10.5(2), the Eg-class fo(cy) consists of points Cohen 
generic over No. By a mutual genericity argument it must be distinct from 
the E)-classes in N,[H,]; in particular, fo(co) # fi(c,). 


This completes the proof. 
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The following poset introduced in [[74]] adds an infinite maximal disjoint family, a task 
impossible to perform with balanced forcing by Theorem [14.1.1] It yields a model of 
ZF+DC where there is an infinite MAD family and every set of reals is Lebesgue mea- 


surable by Example 


DEFINITION 8.10.6. The MAD forcing P consists of all pairs p = (dp, bp) such that 
ap C [w]*° is an infinite countable almost disjoint family, and b, is a countable set of 
pairs (s, a) such that s is a partition of w into finite sets and a C a, is a countable set. 
Moreover, for every pair (s,a) € b, and every finite set d C a, \ a, there are infinitely 
many sets e € s such that |) d ne = 0. The set P is ordered by coordinatewise reverse 
inclusion. 


Itis clear that the MAD forcing is Suslin and o-closed. The union of the first coordinates 
of conditions in the generic filter is forced to be a maximal almost disjoint family by an 
elementary density argument. 


THEOREM 8.10.7. The MAD forcing is weakly balanced. 


PROOF. Suppose that p € P is a condition, and write b = b, U {(s,ap): sisa 
ground model partition of w into finite sets}. It is clear that for any poset Q collapsing 
the size of the continuum to No, Q IF (dp, b) is a condition in P stronger than p. It will 
be enough to show that the pair (Q, (dp, b)) is weakly balanced in P. 

To this end, suppose that Rp, R, are partial orders and 09,0, are respective Ro- 
and R,-names for conditions in P extending (dp, b); We must produce, in some generic 
extension, filters Hy C Rp and H, C R, separately generic over the ground model such 
that the conditions o)/H, and o,/H, are compatible in P. The following claim is key. 


CLAIM 8.10.8. For everyi € 2, the following holds. Whenever r € R; is a condition, 
m € wisa number, and nj for j € mare names for elements of ag, \ Ap, there is a number 
n € wSuch that for every k € w there is a strengthening of r forcing U; en [n,k) =0. 


PROOF. For definiteness let i = 0. Suppose towards a contradiction that the claim 
fails for a condition r € Ro and names 7; for j € m. Then, there is a partition s of 
into finite intervals such that r IF U; <p 4) 15 # O for every b € s. This shows that 


rlkogZ£ (dp, b), contradicting the initial assumptions. 


Let V[K] be a generic extension collapsing a sufficiently large cardinal and work in 
V|[K]. An inductive application of the claim makes it possible to find filters Hyp C Ro 
and H, C R, separately generic over the ground model, and a partition w = U; c of w 
into finite sets such that, writing 09/Ho = (dg, bo) and o,/H, = (a, b,), we have: 

+ for every x € dy \ dp, x C Ufc: j even} up to finitely many exceptions 
and similarly for every x € a, \ ap), x C Ufc: j odd} up to finitely many 
exceptions; 

- for every infinite collection s € V[Ho] of pairwise disjoint subsets of w, there 
is e € s which is a subset of some c; for j even, and similarly for every infinite 
collection s € V[H,] of pairwise disjoint subsets of w, there is e € s which is 
a subset of some c; for j odd. 

We claim that the filters work as required. This is clearly the same as showing that the 
pair (ag U ay, bp U bj) belongs to P, since then it is a lower bound of both (ag, bg) and 
(a,,b,). First of all, the first item above immediately shows that ag U a, is an almost 
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disjoint family. To confirm the “moreover” demand in the definition of the poset P for 
the pair (ag U ay, bp U by), suppose that (s,a) € bg U b,; for definiteness assume that 
(s, a) € bo. Let d C (ag Ua,) \ abe a finite set; we must produce infinitely many e € s 
such that [Jdne=0. 

Write dg = dN dy and d, = d \ dp. Since the pair (dp, bp) is a condition in the 
poset P, there are infinitely many sets e € s such that |)dy Ne = 0. By the second 
item above, there must be infinitely many e € s such that [Jdyg ne = Oande c c for 
some even number j € w. By the first item above, there must be infinitely many sets e 
among them such that |) d; ne = 0. For all suche € 5, it is the case that Jdne=0. 
This completes the proof. 


The definition of the MAD forcing may seem odd, since it skips the most obvious 
choice: the poset Q of all infinite countable almost disjoint families ordered by reverse 
inclusion. However, the following remains open: 


QUESTION 8.10.9. Is the poset Q weakly balanced? 


CHAPTER 9 


Preserving cardinalities 


9.1. The well-ordered divide 


The main feature of the balanced Suslin forcings is that they do not add any well- 
ordered sequences of elements of the symmetric Solovay model. In particular, balanced 
extensions of the Solovay model are barren in the sense of [[23,/44]. This has a number 
of cardinality corollaries for the resulting extensions. The following theorem is stated 
in terms of Convention 


THEOREM 9.1.1. In all cofinally balanced extensions of the symmetric Solovay model 
W, every well-ordered sequence of elements of W belongs to W. 


PROOF. Let P be a Suslin forcing. Let x be an inaccessible cardinal such that P is 
balanced cofinally below x. Let W be a symmetric Solovay model derived from x and 
work in W. For a formula ¢ of the language of set theory, element y € 2%, and a set 
v & V, write u(¢, y, v) for the unique set x such that W F ¢(x, y, vv) if such a unique x 
exists; otherwise, write u(¢, y, VU) = 0. Suppose towards a contradiction that there exist 
acondition p € P, anordinal a and a P-namet such that p forces t to be an a-sequence 
of elements of W which does not belong to W. The name T is definable from some 
real parameter z € 2” and some elements of the ground model. Find an intermediate 
model V[K] which is an extension of the ground model by a poset of cardinality smaller 
than x such that p,z € V[K] and P is balanced in V[K]. 

Work in V[K]. Let p be a balanced virtual condition in P below p. Since in W, t 
is forced not to belong to W, there must be in V[K] an ordinal 8 € a, and a poset R of 
cardinality smaller than x, R-names 0p, o, for conditions in P stronger than p, R-names 
No. for elements of 2°, ground model elements Ug, v;, and formulas ¢), ¢, such that 
R Ik Coll(w, < x) lk the following: 


* Oo Fp 7(B) = U(Po, No» Vo); 
* 9; IFp (6) = u(gy, 91, V1); 
* U(Po, No» Vo) # U(P1, 71, V1). 


Working in the model W, let Hp, H, C R be mutually generic filters, and for bits b,c € 2 
let Ppe = 0,/H, € P and yy, = Np/H, € 2%. By the third item above, in the model 
V[K][Ho, H,] there must be a bit c € 2 such that Coll(w,< «) IF u(dg,¥o0,U0) # 
U($1, Vic, V1). The conditions poo, Pig € P are compatible in W by the balance of the 
condition p, with a lower bound q € P. Since W is the symmetric Solovay extension 
of the model V[K][Ho], the forcing theorem applied with that model yields that q IF 
1(B) = u(¢o. No; Vo). Since W is the symmetric Solovay extension of V[K][H, ], the forc- 
ing theorem applied with V[K][H,] yields that q Ik t(8) = u(¢y, yj¢, V;). Finally, since 
W is the symmetric Solovay extension of V[K][Ho|[H;1], u(¢o, Yoo. Vo) # UCP1; Vie» V1) 
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holds in W. Thus, the condition q forces two distinct values to the name t(8), an im- 
possibility. 


COROLLARY 9.1.2. Ina cofinally balanced extension of a symmetric Solovay model, 
there is no transfinite uncountable sequences of pairwise distinct Borel sets of bounded 
rank. 


PROOF. Since cofinally balanced extensions add no countable sequences of ele- 
ments of the Solovay model W by Theorem all Borel sets in W[G] belong to W 
and have the same Borel rank there as in W[G]. Thus, an uncountable sequence of 
distinct Borel sets of bounded Borel rank in W[G] would have to belong to W by The- 
orem again. However, there are no such sequences in the Solovay model W by a 
result of Stern [100]. 


COROLLARY 9.1.3. Let E be a Borel equivalence relation on a Polish space X. In 
cofinally balanced extensions of the symmetric Solovay model, &, £ |E| holds. 


PROOF. An @-sequence of distinct E-classes would constitute an w,-sequence of 
distinct Borel sets of Borel rank bounded by the rank of E. Such sequences are ruled 
out by the previous corollary. 


Corollary guarantees that in balanced extensions of the symmetric Solovay model, 
the Friedman-Stanley jump divide (see Definition is preserved. This follows 
from a humble ZF result of independent interest. 


PROPOSITION 9.1.4. (ZF) Let X be a set and E an equivalence relation on X with all 
classes countable. If |[X]*°| < |E| then |HC| < |E]. 


PROOF. Let g be an injection from the set of all countable subsets of X to E-classes. 
Define a function h from the collection of hereditarily countable sets to E-classes by €- 
recursion: h(a) = g((Jh"a). By induction on the minimum of the rank a and b argue 
that a # b implies that h(a) # h(b). Thus the function h is an injection and the 
statement of the proposition follows. 


COROLLARY 9.1.5. Let E be a Borel equivalence relation on a Polish space X. In 
cofinally balanced extensions of a symmetric Solovay model, |E+| £ |E| holds. 


PROOF. Suppose towards a contradiction that |E+| < |E| holds in the extension. 
The proposition yields |HC| < |E|. Clearly, &,; < |HC| holds in ZF, and the concatena- 
tion of the cardinal inequalities contradicts the conclusion of Corollary 


If one wishes to add well-ordered sequences of some objects in the Solovay model 
and maintain control, it is possible to use weakly balanced forcing. The following the- 
orem, stated in terms of Convention shows that there will be no uncountable 
sequences of reals in the resulting extension. 


THEOREM 9.1.6. In weakly balanced extensions of the symmetric Solovay model W, 
every set of ordinals belongs to W. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P 
is weakly balanced below x. Let W be the symmetric Solovay model derived from x 
and work in the model W. Let p € P be a partial order and let t be a P-name for a 
set of ordinals; we have to find a strengthening of the condition p which decides the 
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membership of every ordinal in the set rt. To this end, note that both p, t are definable 
from a parameter z € 2 and some parameters in the ground model. 

Let V[K] be an intermediate generic extension obtained by a poset of cardinality 
smaller than x such that z € V[K]. Working in the model V[K], let p be a weakly 
balanced virtual condition in the poset P, below the condition P. We claim that for 
every ordinal a, it is the case that Coll(w, < x) Ik p decides in P the membership of the 
ordinal & in the set t. Suppose towards a contradiction that this is not the case. Then 
there must be an ordinal a, posets Ro, R; of cardinality smaller than x, and Ro- and 
R,-names op and o, for elements of p stronger than p such that Ro Ik Coll(w, < x) Ik 
Oo Ik & € tand R, IF Coll(w, < x) lk o, IF & Et. 

Work in W again. Use the weak balance of p to find filters Hy C Ro and H, C R, 
separately generic over V[K] such that the conditions py = d)/Hp and p, = o,/H, are 
compatible in P. Since W is a symmetric Solovay extension of both models V[K][Ho| 
and V[K][H,], po IK & ¢ t and p,& € t. Thus, the common lower bound of po, p; 
must force two contradictory statements, which is impossible. 


It is impossible to strengthen the conclusion of Theorem to sequences of ele- 
ments of the Solovay model. For any Borel equivalence relation E on a Polish space X, 
Theorem8B.10.2| produces a weakly balanced extension of the symmetric Solovay model 
in which |E| < Eg. In the natural case E = F,, Proposition applied in the resulting 
model shows that |HC| < |E,| there, in particular there is an w,-sequence of Eg-classes. 
Note that the conclusion of Corollary fails as well in the model. 

As the last remark in this section, many preservation theorems in this book can 
be combined since the various properties of the posets concerned are preserved under 
product. In view of the many mutual consistency results concerning ZFC such as those 
contained in [/114]], one can ask for example whether there can be =? sentences ¢y and 
¢, such that both ZF+DC+¢9 and ZF+DC+¢y, are consistent with the statement y as- 
serting the nonexistence of an uncountable sequence of pairwise distinct reals, while 
ZF+DC+¢ )+¢, implies =~. The following two examples provide an affirmative an- 
swer, in the second case ¢)+¢, even implies that the reals are well-ordered in ordertype 
W. 


EXAMPLE 9.1.7. Let $9 be the statement “there is an uncountable sequence of E- 
classes” and let ¢, be the statement “there is an E,-transversal”. The conjunction pA¢o 
holds in the abovementioned weakly balanced extension of the Solovay model. The 
conjunction pA ¢, holds in the balanced extension of the Solovay model adding an Eg- 
transversal with countable approximations by Corollary Finally, the conjunction 
$9 A¢, immediately implies =~ in ZF. This example shows that a product ofa balanced 
and a weakly balanced forcing is not necessarily weakly balanced. 


EXAMPLE 9.1.8. Let 9 be the statement “there is a decomposition of R into count- 
ably many sets, each of which is linearly independent over Q (a Hamel decomposition)”. 
Let X = (2%) and let A C X be the set of all x € X such that Turing reducibility lin- 
early orders rng(x). Let E = F, | A and let ¢, be the statement “|E| < |2°|”. The 
theories ZF+DC+¢,) and ZF+DC+¢, are separately consistent with ~, but the theory 
ZF+DC+¢9+¢, implies that the reals are well-ordered in ordertype w. 


PROOF. Let R, be the Hamel decomposition forcing of Definition applied 
with the matroid of finite subsets of R linearly independent over Q. It is balanced if 
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CH holds by Theorem so by Theorem the R-extension of the symmetric 
Solovay model contains a Hamel decomposition of R while it does not contain any 
uncountable sequence of pairwise distinct reals. Let PR. be the collapse poset of E to 2° 
of Definition 6.4.1] Since the virtual E-classes are classified by subsets of 2® linearly 
ordered by Turing reducibility and each such set can have size at most Xj, it follows 
that A(E) = 2™1 and by Theorem the poset B is balanced if 28° = 2®1 holds. By 
Theorem the P, extension of the symmetric Solovay model satisfies |E| < |2°| 
while it does not contain any uncountable sequence of pairwise distinct reals. Note 
that the posets R, R are balanced under incompatible assumptions additional to ZFC, 
and as a result ZFC proves that the product R x F is not balanced. 

Now, argue in the theory ZF+DC+¢)+¢,. Letc: R — w be a Hamel decompo- 
sition, and let f be an injection from the E-quotient space to 2”. Let M be the model 
of sets hereditarily ordinally definable from the parameters c, f. As is well-known, M 
is a model of ZFC. Since c | M € M is a Hamel decomposition in M, by an old result 
of Erdés and Kakutani [26] M satisfies CH. The argument will be complete if we show 
that 2° C M. 

We first show that M contains uncountably many reals. Suppose towards a contra- 
diction that this fails. Working in M, write x = w™ and find an uncountable sequence 
(Xqi a € «) of elements of 2° which is increasing in the Turing reducibility order. 
Consider the injective map g: P(x) NM —> 2° defined by g(b) = f({xq: a € b}); 
note that the definition is enabled by the initial contradictory assumption. The map g 
is definable, therefore belongs to M and in M, it witnesses 281 < 2€0, in contradiction 
with the Continuum Hypothesis. 

Now, we are ready to show that R Cc M. Suppose that x € R isa point. Since 
M contains uncountably many elements of R, there must be distinct points yg, y, € 
RAM such that c(x — yo) = c(x — y,) = n for some number n € w. There cannot 
be any other point x’ € 2” such that c(x’ — yo) = c(x’ — y,) = n, because the set 
{x — Yo, X —y1,X’ — yo, x’ — y,} would be monochromatic and linearly dependent: its 
alternating sum equals to 0. Thus, x is defined by the demand c(x—yg) = c(x—y,) =n, 
so it is an element of M as desired. 


9.2. The smooth divide 


A basic result in the theory of analytic equivalence relations says that there is no 
Borel reduction from Eg to the identity on 2%. A basic concern of our theory then 
is when |E | > |2®| holds in balanced extensions of the symmetric Solovay model. 
The take home lesson of this section is that if P is a balanced Suslin forcing whose 
balanced virtual conditions are naturally organized into a compact Hausdorff space, 
then in the P-extension of the symmetric Solovay model, |Eg| > |2®| indeed holds. 
There are other ways to preserve the inequality |Eg| > |2®| discussed in Chapter 
but the compactness arguments are the most elegant and cover a lot of ground. 


DEFINITION 9.2.1. A Suslin forcing P is compactly balanced if there is a definable 
compact Hausdorff topology T on the set B of all =,-equivalence classes of balanced 
virtual conditions such that 


(1) for every p € Pthe set {p € B: p < p} Cc Bis nonempty and T-closed. 
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Moreover, if V[Hp] C V[H;] are generic extensions of V then 


2. for every balanced virtual condition py € V[Hp | there is a balanced virtual 
condition 6, € V[H,] such that p, < py holds; 

3. the relation {(po, p,) € BY !#olx BY Ai] :_B, < po} is closed in TY #0] TVIA11 
as computed in V[H; ]. 


The definition may seem to be obscure at the first reading, but it is fully justified by 
the natural compact Hausdorff topologies present in the examples. One rather (inten- 
tionally) unclear feature is the definability of the topology T. It is central in that oth- 
erwise the definition would have no content and the key item (3) could not be stated 
without it. The definition is allowed to have real parameters. However, the nature of 
the definition of T is left undetermined. In the examples, the topology T is typically 
nonseparable, and the compact Hausdorff space (B, T) can be in principle very com- 
plicated. The following theorem is the main result of this section. Its statement uses 


Convention [1.7.18. 


THEOREM 9.2.2. In compactly balanced extensions of the symmetric Solovay model, 
|Eo| > |2°| holds. 


The proof uses a technical tool which has been studied in its own right: the Vitali 
forcing, also called E9-forcing in [54) Section 10.9] or in Section 4.7.1], where it 
was isolated for the first time. To define it, consider the o-ideal J on 2° generated by 
the Borel partial Eg-transversals, and let Q be the poset of Borel I-positive sets ordered 
by inclusion. As with every poset of this form, Q adds a generic point in 2°-the unique 
point which belongs to all Borel sets in the generic filter [[115, Proposition 2.1.2]. 


FACT 9.2.3. Let Q be the Vitali forcing and let G C Q be a generic filter. Then 


(1) [115, Theorem 4.7.3] every real in V[G] is the image of the generic point Xgen 
under a ground model Borel function (Q is proper); 

(2) [97, Proposition 4.5] for every seta C w in V[GI, either a or its complement 
contain a ground model infinite set (Q adds no independent reals); 

(3) [117, Theorem 2.11] every real definable in V[G] from [Xgen]e, and ground 
model parameters belongs to the ground model. 


PROOF OF THEOREM P.2.2, Let x be an inaccessible cardinal. Suppose that P is 
a Suslin forcing such that P is compactly balanced below x. Let W be a symmetric 
Solovay model derived from x and work in W. Towards a contradiction, assume that 
p € Pisa condition and rt is a P-name for an injection from the Eg-classes to 2”. 
Both p, t are definable from some real parameter z € 2”. Let V[K] be an intermediate 
generic extension of V obtained by a forcing of cardinality smaller than x such that 
z € V[K| holds, and work in the model V[K]. 

Let Qp be the poset of infinite subsets of w, ordered by inclusion. Let Q, be the 
Vitali forcing. Let (U,y) be an object Qo x Q,-generic over the model V[K]; that is, 
U is an ultrafilter on w and y € 2” is a point. By the o-closure of Qj, the models 
V[K] and V[K][U] have the same reals, in particular they evaluate the definition of 
the Vitali forcing in the same way, so y is a Vitali-generic point over V[K][U] by the 
product forcing theorem. By Fact 9.2.3(2), and a genericity argument, the ultrafilter U 
still generates an ultrafilter on w in the model V[K][U]|y]. 
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Now, work in the model V[K][U]. Let j) < p be a balanced virtual condition 
below p. Let also v be any Q,-name for a balanced virtual condition in P in the model 
V[K][U][y] below fo. This is possible by (2) of Definition Note that the model 
V[K][U]|[y] has more reals than V[K][U]; thus, the balance of the condition fj, does not 
necessarily transfer from V[K][U] to V[K][U]|y] and fp may have to be improved in a 
nontrivial way to get a balanced virtual condition in V[K][U]|y]. For each n € a, let 
yy € 2” be the binary sequence obtained from y by replacing its first n entries by 0. Note 
that for each n € a, yy is still Q,-generic over V[K]|U] since the ideal I defining the 
poset Q, is shift invariant, and V[K][U]|y] = V[K][U][y,]. In the model V[K][U]|[y], 
let p, be the U-limit of the sequence y/y, for n € w. By (3) of Definition it is the 
case that pj < po < p. Note also that the definition of 6, does not depend on y per 
se, but only on the E,-class of y. The treatment divides into two cases according to the 
fate of the value t([y]_, ) as forced by p,, and a contradiction is reached in each case. 
Case 1. In the model V[K][U]|y], there is no point u € 2° such that Coll(@, < «) IF 
PD, |Fp t([y]e,) = u. In such a case, there have to be disjoint basic open subsets Op, O; 
of 2”, posets Ro, R; of cardinality smaller than x, and respective Rg, R,-names do, 0; for 
conditions in P stronger than p such that Ro IF Coll(w,< x) IF o IFp t([y]e,) € Oo, 
and similarly for subscript 1. In the model W, let Hp C Rp and H, C R, be filters mutu- 
ally generic over the model V[K]|[U]|[y] and consider the conditions 09/Hp, 0,/H € P. 
By the balance of the condition p,, the conditions o,/Ho, o,/H, are compatible. The 
forcing theorem applied in both models V[K][U][y][Ho] and V[K][U][y][H, ] now says 
that in W, their lower bound forces 7([y]_, ) to belong simultaneously to Op and to O;, 
an impossibility. 

Case 2. There is a point u € 2° in V[K][U][y] such that Coll(w,< «) IF p, IFp 
t([yle,) = u. This point u is clearly unique, and since p, is definable from [y],,, so is 
u. By Fact 9.2.3(3), u € V[K][U] holds. Working in V[K][U], let q € Q, be a condition 
forcing Coll(w,< x) IF py IFp T([Xgenle,) = %, where Xgen is the Q;-name for its 
generic point. Let Hj,H, C Q be filters mutually generic over V[K][U] containing 
the condition q. Let y°, y! € 2” be the respective generic points; observe that y°, y! 
are not Ey-related by mutual genericity. Write also p? = p,/Hy and p! = p,/H,. 
These are two virtual conditions in P strengthening py. By the balance of pp, they 
are compatible in the poset P. Then, in the model W, their lower bound forces that 
TL)" Jey) = aL)" le.) = u. This contradicts the assumption that t was forced to be an 
injection. 


EXAMPLE 9.2.4. Let P be the poset of P(w) modulo finite. By Theorem the 
balanced virtual conditions are classified by nonprincipal ultrafilters on w. Equip the 
set of balanced classes by the topology of the remainder fw. It is immediate that the 
topology witnesses the fact that P is compactly balanced. 


COROLLARY 9.2.5. 
(1) [22] Let P be the poset P(w) modulo finite. In the P-extension of the symmetric 
Solovay model, |E| > |2°|. 
(2) [22)] It is consistent relative to an inaccessible cardinal that ZF+DC holds, there 
is a Ramsey ultrafilter on a, yet |Eg| > |2°|. 


EXAMPLE 9.2.6. Let A be a Ramsey sequence of finite structures and P, the asso- 
ciated o-closed poset as in Definition Theorem provides a classification of 
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the balanced virtual conditions: they correspond to Ramsey sequences of ultrafilters 
on the respective domain sets D,, forn € w. Sequences of ultrafilters of this type form 
a closed subset of the product [],, Dj, of the respective compact sequences of ultrafil- 
ters, so form a compact Hausdorff space. Claim confirms the extension property 
Definition 9.2.1(2). It follows that the poset P, is compactly balanced. 


The conjunction of Examples and now yields the following: 


COROLLARY 9.2.7. Let k € w be a number. 


(1) Let P be the poset P, where A is a sequence enumerating all finite ordered graphs 
with no clique of cardinality k. In the P-extension of the symmetric Solovay 
model, |Eg| > |2|. 

(2) Itis consistent relative to an inaccessible cardinal that ZF+DC holds, there is an 
ultrafilter U on w such that U > (U,k)* and U 6> (U,k +1), yet |Eo| > |2°|. 


EXAMPLE 9.2.8. Let P be the FinxFin poset of Definition The poset P is 
compactly balanced. 


PROOF. The balanced virtual conditions of P were classified in Theorem 
They correspond to ultrafilters on @ x w* which do not contain the set n x w* for any 
number n € w. Thus, the space of balanced virtual conditions is naturally organized 
into a definable compact Hausdorff space. It is necessary to verify the conditions (2, 3) 
of Definition 9.2.1, Let V[H)] C V[H,] be generic extensions. 

We first evaluate the complexity of the order between the balanced virtual condi- 
tions in V[H,] and V[H,]. Consider the partial map f : (ox @*)”!il = (wx w*)V lol 
defined by f(n, U) = (n, UN V[Ho]); if Un VL Ho] € V[Hol, the functional value is left 
undefined. Unraveling the definitions, a balanced virtual condition in V[H | corre- 
sponding to an ultrafilter W on w Xw* is weaker than the balanced virtual condition in 
V[H, ] corresponding to some ultrafilter Won w x w* just in case for every set A € Wo, 
the set f—1A belongs to W,. In view of the topology on the ultrafilter spaces, this is a 
closed relation. 

To see that every balanced virtual condition in V[H | can be extended to a balanced 
virtual condition in V[H,], suppose that Wo is an ultrafilter on w x w* in the model 
V[Ho]. Considering the function f from the previous paragraph, it is obvious that the 
collection {f-1A: A € Wo} of subsets of w x w* in the model V[H;,] has the finite 
intersection property, and therefore can be extended to an ultrafilter Wj. The ultrafilter 
W, corresponds to a balanced virtual condition in the model V|H,] stronger than the 
one corresponding to W. 


COROLLARY 9.2.9. 
(1) Let P be the FinxFin poset of Definition In the P-extension of the symmet- 
ric Solovay model, |Eo| > |2°|. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is 
an ultrafilter U on w which is a weak P-point but not a P-point, yet |E,| > |2°|. 


We refer the reader to [{12]] for the definition of a weak P-point and the proof that the 
FinxFin poset adds one, as well as some other combinatorial properties of the FinxFin- 
generic ultrafilter which may be difficult to replicate in the Ramsey ultrafilter model. 
The previous proofs heavily depend on the specific initial ideal on a countable set that 
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we use to force a generic ultrafilter disjoint from it. This brings up a general question: 


QUESTION 9.2.10. Is there a Borel ideal J on w such that ZF+DC proves that exis- 
tence of a nonprincipal ultrafilter disjoint from I implies |E,| < |2°|? 


EXAMPLE 9.2.11. Let ¥ bea Fraissé class in a finite relational language with strong 
amalgamation. Let E be a Borel equivalence relation on a Polish space X. Let P(F, E) 
be the poset of Definition B.7.3]for adding a ¥-structure to the E-quotient space. Then 
P(¥,E) is compactly balanced: its balanced virtual conditions are classified by ¥- 
structures on the virtual quotient space X**, which form a compact subspace of 
P([x**]") where n corresponds to the maximum arity of the relations in the language 
for F. It is easy to verify that the demands of Definition are satisfied with the 
inherited topology. 


COROLLARY 9.2.12. Let E be a Borel equivalence relation on a Polish space X. 
(1) Let P be the linearization poset for E of Example 8.7.5 In the P-extension of the 
symmetric Solovay model, |Eo| > 2°. 
(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds, the E- 
quotient space can be linearly ordered, yet |E | > |2°|. 


Another class of examples stems from posets which select a single structure on each 
E-class from a compact class of structures, where E is a countable Borel equivalence 
relation. 


EXAMPLE 9.2.13. Let X be a Polish space and let I be a locally finite bipartite Borel 
graph on X satisfying the Hall’s marriage condition. Consider the poset P adding a 
perfect I-matching as in Example The balanced virtual conditions are classified 
by perfect matchings. The set of perfect matchings is naturally viewed as a compact 
subset of A(T). It is not difficult to check that the inherited compact topology satisfies 
the demands of Definition 


COROLLARY 9.2.14. Let X bea Polish space and let T be a locally finite bipartite Borel 
graph on X satisfying Hall’s marriage condition. 


(1) Let P be the complete matching poset for T. In the P-extension of the symmetric 
Solovay model, |E| > |2°|. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, T has a 
perfect matching, yet |Eo| > |2°|. 


EXAMPLE 9.2.15. Let X be a Polish space and let I’ be a Borel, acyclic, locally finite 
graph on X in which every vertex has degree at least 2; view I as a symmetric subset of 
X?. Consider the poset P of Example adding an orientation of T in which every 
vertex has exactly one point in its outflow, or in other words which selects an end to 
each connected component of I’. Balanced virtual conditions are classified by all such 
orientations, which form a compact subset of A(T). It is not difficult to check that the 
inherited compact topology satisfies the demands of Definition 


This example is somewhat singular in that it is the only compactly balanced poset for 
which we are able to confirm that it introduces some new cardinal inequalities between 
quotient cardinals. Namely, writing E for the [-path-connectedness equivalence rela- 
tion, in the P-extension of the symmetric Solovay model |E| < |E,| must hold. To see 
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this, consider the equivalence relation F on the set D C X® of all sequences consist- 
ing of pairwise E-equivalent points, making two such sequences Xp, X; F-equivalent if 
some tail of Xp is equal to some tail of X,. It is not difficult to see that F isa hypersmooth 
equivalence relation [54, Theorem 8.3.1] with all classes countable, so by a standard re- 
sult [54, Theorem 8.1.1], F is Borel reducible to Ey. Consider the P-generic orientation 
I’ of the graph [; each vertex has exactly one point in its outflow. For each point x € X 
let h(x) = (x; : i € w) where xp = x and x;4, is the unique point in the T-outflow of 
x;. Then h is a (non-Borel) reduction of E to F, so in the P-extension |E| < |F| < |Eo| 
holds. 


COROLLARY 9.2.16. Let X be a Polish space and let T be a Borel, acyclic, locally finite 
bipartite Borel graph on X in which every vertex has degree at least 2. 
(1) Let P be the poset selecting an end to each connected component of T. In the 
P-extension of the symmetric Solovay model, |Eo| > |2°|. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
function assigning exactly one end to each connected component of T, yet |Eo| > 
2°|. 


EXAMPLE 9.2.17. Let n € w be a number, let X be a Polish space and let T be a 
locally countable Borel graph on X such that every finite subgraph of T has chromatic 
number < n. Consider the poset P adding a [-coloring by n colors as described in 
Example The balanced virtual conditions are classified by total I'-colorings by 
< n-colors; these form a compact subset of n*. It is not difficult to see that the inherited 
compact product topology satisfies the demands of Definition 


COROLLARY 9.2.18. Let X be a Polish space and let T be a locally countable Borel 
graph on X such that each finite subset of T has chromatic number < n for some fixed 
number n € w. 

(1) Let P be the coloring poset for Tl. In the P extension of the symmetric Solovay 
model, |Eg| > |2°|. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, T has 
chromatic number < n, yet |Eg| > |2°|. 


QUESTION 9.2.19. Is there a Borel graph G on a Polish space X such that each 
finite subgraph of G has chromatic number < n, and ZF+DC proves that if G has finite 
chromatic number then |E | < |2°|? 


EXAMPLE 9.2.20. Let I’, A be abelian Polish groups, with A divisible and compact. 
Let P(, A) be the poset adding a homomorphism from [ to A as isolated in Defini- 
tion As proved in Theorem its balanced virtual conditions are classified 
by homomorphisms from I to A. The space of homomorphisms is a closed subset of 
A’ equipped with the product topology. It is not difficult to see that the demands of 
Definition are met. Let us elaborate on the extension property (2). Ifh: T > A 
is a homomorphism in some generic extension V[H | then it can be extended to a ho- 
momorphism in any larger forcing extension V[H,] by the divisibility of A and Baer’s 
criterion [B]]. Note that the group A remains abelian and divisible in all generic exten- 
sions by Mostowski absoluteness. 


COROLLARY 9.2.21. Let I, A be Polish abelian groups, with T uncountable and tor- 
sion free, and A divisible and compact. 
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(1) In the P(I, A) extension of the symmetric Solovay model, |Eo| > |2°|. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
discontinuous homomorphism from T to A, yet |Eg| > |2®|. 


PROOF. Recall from Example that the generic homomorphism added by the 
poset P(T, A) is discontinuous. Other than that, the corollary follows from Theorem 


p.2.2 
\7 


The assumption that A be compact cannot be dropped entirely from the statement of 
the corollary by the following observation which elaborates on the results of [[75]]: 


PROPOSITION 9.2.22. (ZF+DC) Let Y, Z be Banach spaces. If there is a discontinu- 
ous homomorphism h: Y — Z then there is an E,-transversal, in particular |Eo| < |2°|. 


PROOF. The discontinuity of the homomorphism and the DC assumption yield a 
sequence (y, : n € w) of elements of Y such that |y,| > Zmsnl¥mnl and |hOn41)| > 
2|hQ,)|. Now, for every x € 2° let g(x) = Xf{y, : x(n) = 1} € Y. Let d C 2% be any Ep- 
class. The homomorphism assumptions on h show that the function g [| d is injective 
and also, the norms of the points in (hog)"d diverge to infinity. Thus, d contains a finite 
subset of points whose h o g-images have the smallest possible norm, and one can let 
Xq € d be the lexicographically smallest point in d the norm of whose h o g-image is as 
small as possible. The set {xq : d is an E9-class} is an E9-transversal. 


EXAMPLE 9.2.23. The Kurepa poset P on a Polish space X of Definition is 
compactly balanced. To see this, equip 2*, identified with P(X), with the usual prod- 
uct topology, refer to Theorem to argue that the balanced virtual conditions are 
classified by subsets of P(X) closed under intersections and containing X, and observe, 
that sets of this type form a closed and therefore compact subset of P(X). The proper- 
ties (1-3) of Definition are easily verified for this topology. 


COROLLARY 9.2.24. Let X be a Polish space. 


(1) In the Kurepa poset extension of the symmetric Solovay model, |E| > |2°|. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
Kurepa family on X, yet |Eo| > |2®|. 


As a final remark in this section, the consistency results obtained here can be combined 
using the countable support product. The balanced virtual conditions in a countable 
product of posets are simply sequences of balanced virtual conditions in each coordi- 
nate (Theorem 5.2.12). A product of Hausdorff compact spaces is Hasudorff compact 
again; thus, a product of countably many compactly balanced forcings with full sup- 
port is compactly balanced again. However, the machinery of Chapter |11| (which can 
also be used to show that the smooth divide is preserved in certain extensions) seems 
to be incompatible with the compactly balanced approach. 


9.3. The turbulent divide 


We wish to transfer the ergodicity theorem to cardinal inequalities in generic 
extensions of the Solovay model. The following variation of balance will be central in 
this effort. 
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DEFINITION 9.3.1. Let P be a Suslin forcing. 


(1) A virtual condition p in P is placid if in every ambient forcing extension, for 
every pair V[H)], V[H, | of generic extensions of V such that V[Hj|NV[H,] = 
V, any two conditions po, p; < p in the respective models V[H|, V[H;] are 
compatible in P. 

(2) The poset P is placid if below every condition p € P there isa virtual condition 
D < p which is placid. 


As an initial example, consider the poset P of countable functions from 2® to 2 ordered 
by reverse inclusion. Its balanced virtual conditions are classified by total functions 
from 2% to 2. It turns out that every such a virtual condition p is placid. If V[Ho] 
and V[H,] are generic extensions such that V[H)] Nn V[H,] = V and pp € V[H,] and 
P, € V[H,] are conditions stronger than p, then pp U p, is a function since dom(py)\V 
and dom(p,) \ V are disjoint sets and the functions pg, p, agree on the entries from V. 
Therefore, the conditions po, p; are compatible as desired. 

Placid posets share many preservation properties. To state the main cardinality 
preserving result of this section, we use a standard parlance. 


DEFINITION 9.3.2. (ZF) The phrase “the turbulent divide is preserved” denotes 
the following statement: Let E be an analytic equivalence relation on a Polish space 
induced as an orbit equivalence relation of a turbulent Polish group action. Let F be a 
virtually placid analytic equivalence relation on a Polish space. Then |E| ¢ |F]. 


The following theorem is stated using the standard Convention 


THEOREM 9.3.3. In cofinally placid extensions of the symmetric Solovay model, the 
turbulent divide is preserved. 


PROOF. Let I be a Polish group, turbulently acting on a Polish space X, resulting 
in the equivalence relation E. Let F be a virtually placid orbit equivalence relation on 
a Polish space Y. Let P be a Suslin forcing and let « be an inaccessible cardinal such 
that P is cofinally placid below x. Let W be a symmetric Solovay model derived from « 
and work in the model W. Suppose towards a contradiction that there exist a P-name 
t and a condition p € P forcing Tt to be an injection from the E-quotient space to the 
F-quotient space. The condition p as well as the name t must be definable from some 
ground model parameters together with a parameter z € 2”. Use the assumptions to 
find an intermediate model V[K], which is obtained from V by a poset of cardinality 
smaller than x, contains z and in which the poset P is placid. 

Work in the model V[K]. Let 6 < p bea virtual condition in P which is weakly 

placid. Let Py be the poset for adding a Cohen point of the space X. That is, Ry is the 
poset of all nonempty open subsets of X ordered by inclusion, adding a point x € X. 
There must bea poset R of cardinality smaller than x and R xR-names o for an element 
of the poset P stronger than p and 7 for an element of Y such that Py x R Ik Coll(w, < 
x) lk o IF p t([X]z) = [nN]. There are two cases. 
Case 1. There is anonempty open set O C X and aconditionr € R such that the name 
n is F-pinned below (O, r). In this case, let x9, x; € X and Hp, H; C Rbe points in O and 
filters on R containing r mutually generic over the model V[K]. Let pp = o/x9,Ho € 
PN V[K][xo][Ho] and py = o/x,,H, € PN V[K][x,][H] and let yo = 7/x9, Hp and 
Y= y/xX,, Hy. 
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The points xg, x, € X are mutually Cohen generic, and since their respective E- 
classes are meager, it must be the case that they are unrelated. By the case assumption, 
the points yo, y, € F are F-related. By the balance of the condition p, the conditions 
Po. P1 are compatible in the poset P. Now, the forcing theorem applied in the model 
V[K] shows that in the model W, the lower bound of po, p, forces in P that t([xo]z) 
and t([x];) are both equal to [yg]-, contradicting the injectivity assumption on T. 
Case 2. Case 1 fails. This is to say that 7 is forced not to be a realization of any F-pinned 
class of V[K]. Let R: be the Cohen poset on the Polish group I and let x» € X andy ET 
be points mutually generic for Py, R- over the model V[K], and write x; = y - Xo. 

Since the action of the group is a continuous open map from T x X to X, the 
point x, is Py-generic over the model V[K] by Proposition applied in V[K]. By 
Theorem V[K][x9] N V[K][x,] = V[K] holds. Let Hp,H, C R be filters mu- 
tually generic over the model V[K][y, xo]. By the mutual genericity, V[K][x9|[Hp] nN 
V[K][x,][H,] = V[K] holds. Write pp = o/(x9,Ho) and p, = o/(x,,H;), and also 
Yo = 9/(Xo,Ho) and y, = 9/1, My). 

By their initial choice, the points xg, x, € X are E-related. By the virtual placidity 
assumption on the equivalence relation F, the points yp, y, € Y are not F-related: if 
they were, they would be realizations of some virtual F-class in V[K], contradicting the 
case assumption. By the placidity assumption on the virtual condition p, the conditions 
Po; P; have acommon lower bound. Now, the forcing theorem applied in V[K] shows 
that in the model W, the lower bound of pg, p, forces in P that t([x9];¢) must be equal 
simultaneously to [yo] and [y, |. This is a contradiction, as 7 is forced to be a function. 


Other preservation properties of placid forcings are proved in Section and in Sec- 
tion based on the observation (Theorem that placid forcings are included 
in the much wider class of Bernstein balanced forcings. 

It is now time to provide a long but not exhaustive list of examples with their as- 
sociated corollaries. 


EXAMPLE 9.3.4. Suppose that K is a fragmented Borel simplicial complex on a 
Polish space X. The poset P = P, is placid and every balanced virtual condition is 
placid. To see this, revisit the proof of Theorem and note that V[H)|NV[H,] = V 
was the only feature used of mutually generic extensions V[H9 |, V[H;]. 


The following corollaries use the fragmented simplicial complexes identified in Exam- 
ples and 
COROLLARY 9.3.5. Let X be a Borel vector space over a countable field ®. 

(1) Let P be the poset of countable subsets of X linearly independent over ®, ordered 
by reverse inclusion—Example In the P-extension of the symmetric Solovay 
model, the turbulent divide is preserved. 

(2) It is consistent relatively to an inaccessible cardinal that ZF+DC holds, X has a 
basis, yet the turbulent divide is preserved. 


COROLLARY 9.3.6. Let T be a Borel graph on a Polish space X. 


(1) Let P be the poset of acyclic countable subsets of T, ordered by reverse inclusion- 
Example.3.7| In the P-extension of the symmetric Solovay model, the turbulent 
divide is preserved. 
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(2) It is consistent relatively to an inaccessible cardinal that ZF+DC holds, T con- 
tains a maximal acyclic subgraph, yet the turbulent divide is preserved. 


EXAMPLE 9.3.7. Suppose that E, F are Borel virtually placid equivalence relations 
on the respective Polish spaces X, Y. Suppose that A(E) < A(F). Then the E, F-collapse 
poset of Definition is placid, and every balanced virtual condition is placid. 


EXAMPLE 9.3.8. Suppose that E C F are Borel equivalence relations on a Pol- 
ish spaces X, with F placid. The E, F-transversal poset of Definition is placid, 
and every balanced virtual condition is placid. In particular, if F is a countable Borel 
equivalence relation, the poset for adding an F-transversal is placid. 


PRooF. The proof of Theorem [.4.5uses only one consequence of mutual generic- 
ity: the two mutually generic extensions V[H)], V[H,] do not share any F-class which 
is not represented in the ground model. In the case of a placid equivalence relation E, 
this is implied by the assumption that V[Hj] Nn V[H,] = V by the definition of placid- 


ity. 


COROLLARY 9.3.9. Suppose that E is a Borel placid equivalence relation on a Polish 
Space X. 
(1) In the extension of the symmetric Solovay model by the transversal poset for E 
of Example 6.4.6, the turbulent divide is preserved. 
(2) It is consistent relatively to an inaccessible cardinal that ZF+DC holds, E has a 
transversal, yet the turbulent divide is preserved. 


The posets which select a structure on each E-class for a countable Borel equivalence 
relation E are placid by Example resulting in many corollaries of the following 
kind. 


COROLLARY 9.3.10. Suppose that E is a countable Borel equivalence relation on a 
Polish space X with infinite classes. 


(1) In the extension of the symmetric Solovay model by the Z-action poset of Exam- 
ple the turbulent divide is preserved. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, E is an 
orbit equivalence of a (discontinuous) action of Z, yet the turbulent divide is 
preserved. 


EXAMPLE 9.3.11. The circular hypergraph coloring posets of Definition are 
placid (under CH) and every balanced virtual condition is placid. To see this, revisit 
the proof of Theorem and note that V[Hy|NV[H,] = V was the only feature used 
of mutually generic extensions V[H |, V[H;]. 


COROLLARY 9.3.12. Let I be a circular hypergraph of arity three on a Polish space 
Xx. 
(1) In the extension of the symmetric Solovay model by the T-coloring poset of Defi- 
nition the turbulent divide is preserved; 
(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds, the chro- 
matic number of T is countable, yet the turbulent divide is preserved. 


EXAMPLE 9.3.13. Let X be a Borel vector space over a countable field ® and let P 
be the associated Hamel decomposition forcing of Definition 8.2.16. Then, under CH, 
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P is placid and every balanced virtual condition is placid. To see this observe that the 
proof of Theorem 8.2.17] used only the consequence V[H)| N V[H,] = V for mutually 
generic filters Ho, Hy. 


COROLLARY 9.3.14. Let X be a Borel vector space over a countable field ®. 


(1) In the extension of the symmetric Solovay model by the Hamel decomposition 
poset, the turbulent divide is preserved; 

(2) it is consistent relatively to an inaccessible cardinal that ZF+DC holds, there 
is a decomposition of X into countably many pieces, each of which is linearly 
independent, yet the turbulent divide is preserved. 


EXAMPLE 9.3.15. Suppose that F is a Fraissé class of structures in finite relational 
language, with strong amalgamation. Let E be a virtually placid equivalence relation 
on a Polish space X. Let P be the poset for adding an ¥-structure on the quotient 
space X with countable approximations of Definition 8.7.3, Then P is placid, and every 
balanced virtual condition is placid. 


COROLLARY 9.3.16. Let E be a Borel virtually placid equivalence relation ona Polish 
Space X. 


(1) In the extension of the symmetric Solovay model by the linearization poset for E 
of Example 8.7.5, the turbulent divide is preserved; 

(2) it is consistent relatively to an inaccessible cardinal that ZF+DC holds, the E- 
quotient space is linearly ordered, yet the turbulent divide is preserved. 


EXAMPLE 9.3.17. Suppose that X is a Polish space and P is the Kurepa poset on it 
as isolated in Definition 8.5.2, Then P is placid, and every balanced virtual condition is 
placid. To see this observe that the proof of Theorem used only the consequence 
V[Ho|] N V[H,] = V for mutually generic filters Hp, Hy. 


COROLLARY 9.3.18. Let X be a Polish space. 


(1) In the extension of the symmetric Solovay model by the Kurepa poset, the turbu- 
lent divide is preserved; 

(2) it is consistent relatively to an inaccessible cardinal that ZF+DC holds, there is 
a Kurepa family on X, yet the turbulent divide is preserved. 


We conclude this section with several non-examples. 


EXAMPLE 9.3.19. Let E be the equivalence relation on 2 connecting sets x, y if 
z{—— : n € xAy}is finite. E is a Borel orbit equivalence relation of a turbulent Polish 
group action; it is well-known to be pinned. Let P be the poset of countable partial 
E-transversals ordered by reverse inclusion. The poset P is balanced by Theorem 
but not placid: in fact, it is designed to collapse the turbulent divide as it forces |E| < 
|2°|. 


EXAMPLE 9.3.20. Let X be an uncountable Polish field and F C X be a count- 
able subfield. The poset P of countable subsets of X which are algebraically indepen- 
dent over F’, with the reverse inclusion ordering is balanced. It is not placid by The- 
orem below. We do not know if in the P-extension of the symmetric Solovay 
model, the turbulent divide is preserved. 
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EXAMPLE 9.3.21. The poset P of infinite subsets of w ordered by inclusion is bal- 
anced. It is not placid by Theorem below. We do not know if in the P-extension 
of the symmetric Solovay model, the turbulent divide is preserved. 


9.4. The orbit divide 


It is well-known that E, is not Borel reducible to any orbit equivalence relation 
(54, Theorem 11.8.1]. It is then tempting to think that in many models which we study, 
E;| cannot be smaller than |E| where F is an orbit equivalence relation. This question is 
with some success addressed in the present section. The following definition connects 
coherent sequences of generic extensions of Section f.3| with Suslin forcings. 


DEFINITION 9.4.1. Let P be a Suslin forcing. A nest below a condition p € P is 
a choice-coherent sequence (M,,: n € w) of generic extensions of V and a sequence 
(pn: 2 < @) so that 
(1) 2° NM, #4 2°NM,,, for alln € a; 
(2) Po < py S +: < Py < p where p, for each n € w is a balanced virtual 
condition in M,, and p, is a balanced virtual condition in the intersection 
model M., = {),, Mn- 


See Figure The relation < above refers to the natural ordering of virtual condi- 
tions as in Definition 5.1.9 it is absolute throughout all forcing extensions and so it 
does not matter in which model we evaluate it. Note that the virtual condition p,,41 
will be balanced in M,,,,, but in a typical case loses its balance in the model M,,. 


DEFINITION 9.4.2. Let P be a Suslin forcing. The poset P is nested balanced if it 
has a nest below every condition. 


As a simple initial example, let P be the poset of all countable functions from 2® to 
2, ordered by reverse inclusion. Its balanced virtual conditions are classified by total 
functions from 2® to 2. Now, let (M, : n € w) be a coherent sequence of models and 
pEM,= ae M,, be acondition in P. Then the functions p,, € M,, for n < w obtained 
in the model M,, from p by extending it by zero values at every possible point x € 2° 
correspond to balanced virtual conditions in every model M, and p > p,, >-:: > p, = 
Po- 
To state the results of this section succintly, we establish a standard parlance. 


DEFINITION 9.4.3. (ZF) The phrase “orbit divide is preserved” denotes the follow- 
ing statement. Let E be an orbit equivalence relation on a Polish space induced as an 
orbit equivalence relation of a Polish group action. Then |E,| < |E]. 


The central theorem can now be stated easily using Convention [L.7.18} 


THEOREM 9.4.4. In nested balanced extensions of the symmetric Solovay model, the 
orbit divide is preserved. 


PROOF. Suppose that Y is a Polish space, [ is a Polish group and I continuously 
acts on Y, inducing an orbit equivalence relation E. Suppose that x is an inaccessible 
cardinal and P is a Suslin forcing which is nested balanced below x. Suppose also that 
W is a symmetric Solovay model derived from x and in W, t is a P-name and p € P 
is a condition forcing t to be a function from the E,-quotient space to the E-quotient 
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M;, 


FIGURE 9.4.1. A nest of models and balanced virtual conditions. 


space. We must find a stronger condition and two distinct E, classes which are forced 
by the stronger condition to be mapped to the same E-class. 

The objects I, Y, p and 7 are all definable in the model W from parameters in the 
ground model plus a parameter z € 2”. Use the assumptions to find an intermediate 
forcing extension V[K] by a poset of cardinality smaller than x such that z € V[K] 
and V[K] has a nest below p. Still working in W, find the nest. This is a sequence 
(M,,: n € w) of generic extensions of V[K] together with a sequence (p,,: n < w) of 
balanced virtual conditions below p satisfying the demands of Definition 9.4.1]. 

Use the coherence of the sequence (M,, : n € w) to find a well-ordering < of 2° in 
M, such that for each n € w, <[ M, € M, holds. Let z, € 2” be the <-least element 
of M,, \ M,4, for every n € w and let x, € X = (2”)® be the point such that x,,(m) 
is the zero binary sequence ifm < nand x,(m) = Zz, ifm > n; thus x, € My. The 
points x, € X for n € w are pairwise E,-equivalent; at the same time, they have no 
F,-equivalent in the model M,, = an My, since none of the points z, belong to M,. 

By the forcing theorem, for each number n € w, in the model M,, there must be 
a poset R,, of cardinality smaller than x, an R,,-name o,, for a condition in P stronger 
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than p,, and an R,,-name 7, for an element of Y such that R,, IF Coll(w, < «) Ik a, IFp 
T([Xnle,) = [Mn lz- 
CLAIM 9.4.5. Forn € a, the pair (Ry, Ny) is an E-pin. 


PROOF. If this failed for some number n € a, then in the model W there would 
be filters Hp, H, C R, mutually generic over the model M,, such that the points yy) = 
O,/Ho,y1 = O/H, € Y are E-unrelated. Let py = o,,/Hp and p, = o,,/H, be conditions 
in the poset P; they are compatible by the balance of p,,. By the forcing theorem applied 
in the models M,,| Ho] and M,,[H;], their lower bound forces in P that t([X, |e, ) is equal 
simultaneously to [¥o]z and [},]z. This is impossible. 


CLAIM 9.4.6. Forn € m € a, the E-pins (R,,,4,) and (Ry, m) are equivalent. 


PROOF. If this failed for some numbers n € m € w, then in the model W there 
would be filters Hy C R,,H,; C Ry» mutually generic over the model M,, such that 
the points yp = o,/Hp, y, = O/H, € Y are E-unrelated. Let pg = o,,/Hp and p, = 
Om/H, be conditions in the poset P; they are compatible by the balance of p,, since 
Po < Dn < Dm by demand (2) of Definition By the forcing theorem applied in 
the models M,,[Ho] and M,,[ Hj], their lower bound forces in P that t([Xn|e,) = ole 
and t([Xmle,) = [¥1]z- This is impossible since x, E, X;, holds. 


By Theorem there is an E-pin (R,n) € M,, which is equivalent to all the 
pins (R,,,) forn € w. Still in M,,, find a poset Q generating the model Mo, a Q- 
name x for the sequence xo, and a Q-name Rg for the poset Ro (strictly speaking, we 
also need Q-names for og and 7). By the forcing theorem, there must be a condition 
q € Qwhich forces the following: x has no E,-equivalent in M,,, Ro IK 09 < py 
and R x Ry Ik y E no. Note that the last statement means that the name 7p is E- 
pinned on the iteration Q | q * Ro. In the model W, let Hy, H, C Q | q * Ro be filters 
mutually generic over the model M,,, and write pg = 09/Ho, Py = %/H 1, Xp = X/Ho, 
X, = X/Hy, Yo = No/Ho and y, = No/Hy. The balance of the virtual condition p,, 
implies that po, p; € P are compatible conditions. Since E, is a pinned equivalence 
relation, the points X, x, € X are E,-unrelated. Since the name 7, was pinned on the 
iteration Q | q * Ro, the points yo, y, are E-related. In total, in the model W, the lower 
bound of the conditions po, p; forces that t([Xole,) = t([Xile,) = [volz, completing 
the proof. 


It turns out that one large class of nested balanced posets has already been isolated in 
Definition 
EXAMPLE 9.4.7. Every compactly balanced Suslin forcing is nested balanced. 


PROOF. Let P bea compactly balanced Suslin forcing and p € P beacondition. Let 
(U,x,: n € w) be generic for the product of P(w) modulo finite with the full support 
product of countably many copies of Sacks forcing. Let (M,, : n € w) be the sequence 
of models determined by M,, = V[U,y,, : m > nJ]; this is a choice-coherent sequence 
by Theorem or Example applied in the model V[U]. We will produce a 
descending sequence of balanced virtual conditions as required by Definition 

It is well known [97]] that the Sacks real product adds no independent reals, and 
therefore, by a genericity argument, U generates an ultrafilter on @ in the model Mp. 
The generating set of U is present already in the model M,, = (],, Mn- For each number 
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n € w, use the extension property (2) of Definition repeatedly to find a sequence 
(p(@, n), B(m,n): m < n) such that each p(w,n) is a balanced virtual condition in 
M,,, each p(m, n) is a balanced virtual condition in the model M,,, and p > p(w,n) > 
p(n,n) > p(n—1,n) > p(n—2,n) > --- > p(0,n); also, demand that each virtual 
condition p(m,n) is selected to be <-minimal where < in Mg is some coherent well- 
ordering of the set of virtual conditions on P. It is not difficult to see that the resulting 
system is coherent in the sense that for each n < , the system (p(m,k): m = w and 
k € work >m>n) belongs to the model M,,. 

Finally, use the compactness of the space of balanced virtual conditions to define 
Pn for n < w to be the U-limit of the sequence (p(n,k): k > n). Each py, is a bal- 
anced virtual condition in the model M,,. The closedness demands (1) and (3) of Defi- 
nition 9.2.]jimply that B,, < Pp, < p whenever m < n < a. It follows that the sequence 
(Dn 2 nN < w) is as required in Definition 


COROLLARY 9.4.8. 
(1) Let P be the poset of infinite subsets of w ordered by inclusion. In the P-extension 
of the symmetric Solovay model, the orbit divide is preserved. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
Ramsey ultrafilter on w, and the orbit divide is preserved. 


PROOF. This is a conjunction of Example and Theorem P.4.4. 


QUESTION 9.4.9. Is there a Borel (or even F,) ideal I on w such that the existence 
of an ultrafilter disjoint from I implies in ZF+DC that |E,| < |£| for some orbit equiv- 
alence relation E? 


COROLLARY 9.4.10. Let E be a Borel equivalence relation on a Polish space X. 
(1) In the extension of the Solovay model by the E-linearization poset of Exam- 
ple the orbit divide is preserved. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, the E- 
quotient space is linearly ordered, and the orbit divide is preserved. 


PROOF. This is just a conjunction of Example Example and Theo- 
rem 
COROLLARY 9.4.11. Let T',A be abelian Polish groups, with T uncountable and 
torsion-free and A compact, nontrivial, and divisible. 
(1) Let P(T, A) be the poset of Definition In the P(T, A)-extension of the sym- 
metric Solovay model, the orbit divide is preserved. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
discontinuous homomorphism from L to A, the orbit divide is preserved. 


PROOF. This is a conjunction of Example and Theorem 


QUESTION 9.4.12. Does the existence of a discontinuous homomorphism from R 
to R imply in ZF+DC that |E,| < |E| holds for some orbit equivalence relation E, or for 
E =F, in particular? That E, has a countable complete section? 


COROLLARY 9.4.13. Let X be a Polish space. 


(1) In the extension of the Solovay model by the Kurepa poset of Definition the 
orbit divide is preserved. 
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(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
Kurepa family on X, and the orbit divide is preserved. 


PROOF. This is a conjunction of Example and Theorem 


Another group of nested balanced posets is obtained from orbit equivalence relations: 


EXAMPLE 9.4.14. Let E C F be Borel equivalence relations on a Polish space X 
such that F is pinned and Borel reducible to an orbit equivalence relation. Let P be the 
E, F-transversal poset of Definition 6.4.4. Then P is nested balanced. 


PROOF. By Theorem the balanced virtual conditions are classified by func- 
tions selecting, for each F-class, a single virtual E-class which is forced to be a subset 
of the F-class. Let p € P bea condition. To find a nest below p, consider any choice- 
coherent sequence (M,, : n € w) consisting of generic extensions of the ground model 
such that for every n € w, 2M M,, \ My41 # 0-the choice-coherent sequence of mod- 
els obtained from the infinite product of Sacks reals will do. Let < be a coherent well- 
ordering of the space X. To find a coherent sequence of balanced virtual conditions, 
in the model Mp consider the function f on the F-quotient space defined as follows: 
if c is an F-class mentioned in p, let f(c) be the E-class d C c which p selects. If c is 
a class represented in M,, but not mentioned in p, then let f(c) be the E-class of the 
<-first representative of c in the model M,,. If n € w is the largest number such that c 
is represented in M,, then let f(c) be the E-class of the <-first representative of c in the 
model M,,. Now, by Theorem this defines the function f on all F-equivalence 
classes represented in Mo. It is also clear that foreach n < w, f [| M, € My. For each 
n < a, let p, be the virtual balanced virtual condition in the model M,, associated with 
the function f | M, by Theorem The system (M,,: n € @, py, : n < w) is the 
sought nest below p. 


COROLLARY 9.4.15. Let E be a Borel pinned orbit equivalence relation on a Polish 
Space X. 


(1) Let P be the transversal poset of Example In the P-extension of the sym- 
metric Solovay model, the orbit divide is preserved. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, E has a 
transversal, and the orbit divide is preserved. 


PROOF. This is a conjunction of Example and Theorem 


The posets selecting a structure on each E-class for a countable Borel equivalence re- 
lation E are always nested balanced by virtue of Example 9.4.14. The following is a 
sample corollary. 


COROLLARY 9.4.16. Let E be a countable Borel equivalence relation on a Polish space 
X, with all orbits infinite. 


(1) Let P be the Z-action poset of Example6.4.9, In the P-extension of the symmetric 
Solovay model, the orbit divide is preserved. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, E is in- 
duced as an orbit equivalence relation of a discontinuous Z-action, and the orbit 
divide is preserved. 
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The determination of the nested balanced status of the posets adding a maximal K-set 
for a Borel fragmented simplicial complex K is much more challenging. The ultimate 
limitation is the surprising Corollary ).4.34| below, showing in ZF+DC that if R has a 
Hamel basis, then E, has a complete countable section, and therefore |E,| < |F| holds. 
Thus, we have to resort to partial results. 


EXAMPLE 9.4.17. Let K be a Borel simplicial complex on a Polish space X of Borel 
coloring number X; as in Definition 6.2.12. The poset P = Px is nested balanced. 


PROOF. Let p € P beacondition. Replacing K with the simplicial complex of all 
finite sets a C X such that p U ais a K-set if necessary, we may and will assume that 
p = 0. Let (M,, : n € w) be a choice-coherent sequence of generic extensions. We will 
show that there is a sequence (p, : n € w) of balanced virtual conditions satisfying the 
demands of Definition For notational reasons, put M,,,; = 0. 

Let < be a coherent well-ordering of P(X). For each number n < a, in the model 
M,, form the collection £, = {a C XNM,, \ M,,4,: a is finite and in no generic 
extension there exists a set b € K such that bn M, = 0 and aub ¢ KX}. Note that £,, is 
a simplicial complex and a subset of K. Let B, € M,, be the <-first maximal £,,-set. Let 
A, = an B,,. Clearly, the set A, belongs to the model M,,. We will argue that in the 
model M,, the set A, C X isa weakly maximal K-set in the sense of Definition 
Then, the sequence of balanced virtual conditions p, given by the sets A, forms the 
required nest by Theorem This is where the Borel coloring assumption is used. 

First of all, the set A, C _X is indeed a K-set. To see this, assume towards a contra- 
diction that it isnot. Find an inclusion-minimal finite set c C A, which is notin K, and 
a maximal number m > n such that a = cNM,, \Mm4, #0. Then, a # c must hold as 
ac B, anda € X holds. By the inclusion-minimal choice of c, b = c \ a € K holds 
as well. Clearly, in the model M,,, b witnesses the fact that a ¢ £,,, contradicting the 
fact that a C By. 

To prove the weak maximality of each set A,,, suppose that x € X is a point not 
in A,, and find the number m < w such that x € My, \ M41. Since x ¢ B,, holds, 
there have to be a finite set a C B,,, a poset Q € M,, and a Q-name Tt for an element 
of K such that M, F Q IF TN My = Oand Gu {xX} UT ¢ XK. It will be enough to 
show that M,, F Q Ik A, UT is a K-set. Suppose towards a contradiction that this fails, 
and let H C Q bea filter generic over M,, let b = t/H, and let bh) C A, and b; C b 
be inclusion-minimal finite sets such that b) Ub, ¢ K. Note that t is a name for a 
set of new points in X, so b} NM, = 0. Let k > n be a maximal number such that 
bp NM, \ Mya is nonempty. Let by = by N My \ Mi41 and bz = (bp U by) \ Mx, so 
that bz U b3 = by Udy. It is immediate that in the model M,, b3 witnesses the fact that 
b, € £, contradicting the fact that b C B,. 


The following two corollaries use the concepts and posets developed in Example 
and 6.2.16, 


COROLLARY 9.4.18. Let X be an uncountable Polish space and f : X > [X]® bea 
Borel set mapping. 
(1) Let P be the poset of countable f-free sets ordered by reverse inclusion. In the 
P-extension of the symmetric Solovay model, the orbit divide is preserved. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
maximal f -free set and the orbit divide is preserved. 
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COROLLARY 9.4.19. Let X be an uncountable Polish space, let T be a Borel graph on 
X and let n € w be a number. 


(1) Let P be the poset of countable K,,-free subsets of T ordered by reverse inclusion. 
In the P-extension of the symmetric Solovay model, the orbit divide is preserved. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
maximal K,,-free subset of T and the orbit divide is preserved. 


EXAMPLE 9.4.20. Let.X be a Polish space and let G bea Borel graph on X. Let K be 
the Borel simplicial complex on G of finite acyclic subsets of G, and let P = R,. Then 
P is nested balanced. 


PROOF. Let Q,, for each m € w be the countable support product of &, many 
Sacks posets, and for each n € @ let R,, be the countable support product I,,3,Qm; 
with the natural projection maps. Let Hp C Ro be a generic filter, and for each n € w 
let H, = HN R,. By Example and Theorem the sequence (V[H,,]: n € w) 
is a choice-coherent sequence of models of ZFC; write M,, = V[H,,] and M, = en My. 
In view of Example to complete the proof it will be enough, given an arbitrary 
condition p € PMV, to find sets A,, C G for m < w forming an inclusion-descending 
sequence such that p C A, and M,, F A,, C Gis a maximal acyclic subset of G for 
every mM < . 

Write X,, = X NM,, and for each m < n write Xp, = X,. U(X NM, \ M,,). The 
following elusive claim is the main reason for the choice of the posets Q,,. 


CLAIM 9.4.21. Letl < m < n be natural numbers and Xo, xX, © Xp be vertices. If 
Xg, X, are connected by a path in the graph G } Xjp, then they are connected by a path in 
the graph G | Xmn- 


PROOF. It will be enough to show that if xg, x; are connected by a path in the graph 
G | Xj, whose vertices except for xo, x; all belong to Xj,,, then they are connected by a 
path in the graph G | X,,,. To this end, work in M,, and let A = {a € [X]<®0: there 
is a G-path connecting x9, x, using only the vertices in a}. 

The set A c [X]<¥*o is Borel. It cannot be punctured by a countable set by a 
Mostowski absoluteness argument: in the model M there is a G-path between XQ, x; 
using no vertices in M,, and therefore no vertices in any given countable set in M,,. By 
(17, Theorem 21] applied in the model M,,, there is a perfect set B C Ain the model M,, 
consisting of pairwise disjoint sets. By the properness of Q,,, there is a countable set c 
of Sacks reals added by the filter H,, such that B has a code in the model V[c] C My. 
Since the poset Q,, is a product of uncountably many copies of Sacks forcing, in M,, 
there has to be an element a € B which does not belong to the model M,[c] C Mm. 
Since the sets in B are pairwise disjoint, every element of a would reconstruct a over 
the model M,,|[c]. Therefore, no element of a belongs to the model M,,[c]; in particular, 
anM,, = 0 and a yields the desired G-path between x, and x, using only vertices in 
Re ins 


Let < be a coherent well-ordering of all subsets of G in My. Let A, C G bea 
maximal acyclic subset of G in the model M,, such that p C A,. For each m € a, let 
Amm+1 © My be the <-first set in the model M,, which is a maximal acyclic subset of 
G | Xmm-+1 and extends A,. 
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Now, by induction on n—m, for m < ndefine Ay, € M,, to be the <-first set in the 
model M,, which is a maximal acyclic subset of G | X,,,, and extends both A,,41,, and 
Am,n—1- To see that this is possible, simultaneously argue by induction on n — m that 
ifm <m' <n’ <nthen A, C App, and moreover, the set Ay,41,, UAmn—1 does not 
contain a cycle. The former statement follows easily by induction. The latter statement 
requires the claim. A putative cycle c C Aj 41,, UAm,n—1 has to contain some edges 
from both sets by the acyclicity induction hypothesis. Choose an inclusion-maximal 
contiguous part d C c of the cycle consisting of edges in Ay, ,-1 \ Am+i,n- The end- 
nodes of d, denote them by xo, x;, must be distinct because the cycle must use some 
edges from the set Aj,41,, aS Well. It must also be the case that X9,x, © Xmn_-1N 
Xm+in = Xm+in-1- The path d connects the nodes xX, x, in the graph G | Xj, 4-13 
by the claim then, they have to be connected by a path in the graph G | Xj,41,n-1 aS 
well, and therefore by a path e in the set A,,,;,,_;. Then e Ud forms a cycle in the set 
Amn. Violating the induction hypothesis. 

In the end, let A,, = See Ayn. Itis clear from the coherence of the well-ordering 
< that A,, € M,,. The construction also guarantees that M,, F A, C Gis a maximal 
acyclic subset, and m < nimplies A, C Aj. The proof is complete. 


COROLLARY 9.4.22. Let X be a Polish space and let G be a Borel graph on X. 


(1) Let P be the poset of countable acyclic subsets of G ordered by reverse inclusion. 
In the P-extension of the symmetric Solovay model, the orbit divide is preserved; 

(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds, G has a 
maximal acyclic subset, and the orbit divide is preserved. 


Coloring posets introduced Section 8.1] are typically nested balanced for nearly trivial 
reasons. 


EXAMPLE 9.4.23. Let I be a Borel graph on a Polish space X of countable coloring 
number. The coloring poset P = Ff; of Definition is nested balanced. 


PROOF. We identify P with its dense Suslin subset identified in Theorem Let 
p € P beacondition, and let (M, : n € w) be a nontrivial choice coherent sequence 
of generic extensions of V, with M,, = ‘ae M,,. We will produce a decreasing sequence 
(p: n < ) of balanced virtual conditions below p for the respective models M,,. Let 
(a, : n < w) bea recursive sequence of pairwise disjoint infinite subsets of w. 


CLAIM 9.4.24. Fixn < w. In the model M,, there is a total T coloringd: X > w 
which extends p and at all points x € X \ dom(p), d(x) € ay. 


PROOF. Work in M,,. Fix a coloringe: X > w. Let a, = OF b; be a partition of 
dy into infinitely many infinite sets. Let d: X — w bea function such that p C d and 
for all x ¢ X \ dom(p), d(x) is a number in b,,) which is not one of the finitely many 
colors {p(y): (x,y) € I}. This is the desired coloring. 


Let < be a coherent wellordering of P(X x w), and for each n < w let d,, be the <- 
least coloring as in the claim in the model M,,. Finally, in the model Mo, define a map 
c: X > was follows: c(x) = d,,(x)ifx ¢ dom(p) and n < wis the largest number such 
that x € M,, and c(x) = p(x) if x € dom(p). It is not difficult to check that c is a I- 
coloring extending p. Moreover, the coherence of the well-ordering < guarantees that 
for each n < w,c | M, € M, holds. In each model M,, for n < a, the coloring c | M,, is 
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associated with a balanced virtual condition p,, for the poset R: by Theorem The 
sequence (p,,: n < w) is as desired. 


COROLLARY 9.4.25. Let I be the graph on R? connecting points xo, x, if they have a 
nonzero rational distance. 
(1) In the F,-extension of the symmetric Solovay model, the orbit divide is preserved. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, the chro- 
matic number of T is countable, and the orbit divide is preserved. 


EXAMPLE 9.4.26. Let I be a Borel circular hypergraph of arity three on a Polish 
space X as in Definition Let P be the associated coloring poset of Definition 
The poset P is nested balanced. 


PROOF. Let p € Pbeanycondition. Let(M,, : n < w) bea generic choice-coherent 
sequence such that for every n € w, the set 2” 1 M, \ M,,, is nonempty, and in 
all models the Continuum Hypothesis holds. Let < be a coherent well-ordering of all 
functions from X to w. Use the last part of Theorem in each model M,, to show 
that in M,,, there is a I-coloring extending p such that all points not in dom(p) get a 
color in the set w x {n + 1} (or in w x {O} ifn = w). Let d,, be the <-least such coloring. 
Now, working in My, let c, : X — w be the map defined by c,,(x) = d,(x) if x € My, 
and c,,(x) = d,,(x) if x € My \ Mm4t- 

We claim that c, is aI-coloring. To see this, suppose that {x9, x,, x2} € T'isa triple. 
Let m < w be the largest index such that one of the points, say Xo, is in M,,. If all three 
points are in M,, \ M+, then the triple is not monochromatic as d,, is a T-coloring in 
M,,. If the other two points are in M; \M;,4 for some k < m, then the triple is again not 
monochromatic: either x» € dom(p) and then the failure of monochromaticity follows 
from the assumption that d, is a T-coloring in Mx, or Xx» € dom(p) and then c,(x9) € 
Ay and cy(x 1) € a, and the sets a,,, a, are disjoint. The circularity assumption implies 
that no other cases are possible. 

Now, it is not difficult to see that (c, : n € w) is a coherent sequence of total I- 
colorings in their respective models. A total T'-coloring is a balanced virtual condition 
for P by Theorem§B.2.8| Finally, p > c,, > ++: > Cc, > cy > Cp holds in the poset P. Thus, 
(My, Cy: 1 < w) is the required nest below the condition p. 


COROLLARY 9.4.27. Let I be the hypergraph on R? of all triples which form the set 
of vertices of an equilateral triangle. 
(1) Let P be the coloring poset for T as in Example In the P-extension of the 
symmetric Solovay model, the orbit divide is preserved; 
(2) itis consistent relative to an inaccessible cardinal that ZF+DC holds, chromatic 
number of T is countable, and the orbit divide is preserved. 


EXAMPLE 9.4.28. Let X be an uncountable Polish space. Let P be the thin set 
mapping forcing on X of Definition Then P is nested balanced. 


PROOF. Let p € Pbeanycondition. Let(M,, : n < w) bea generic choice-coherent 
sequence such that for every n € w, the set 2” 1 M, \ M,4, is nonempty, and in 
all models the Continuum Hypothesis holds. Let < be a coherent well-ordering of all 
mappings from [X]? to [X]<*®°. Use the Continuum Hypothesis assumption to argue 
that in each model M,, for n < there is a set mapping from X? to [X]<*o without a 
free set of size three [B9]. Let c, be the <-least such set mapping in M,. Now, in the 
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model Mp define the set mapping d: [X]? > [X]<® by setting d(a) equal to p(a) if 
a Cc dom(p) and to Ween cp(a \ {x}) Ue(a)) \aifa ¢ p. Heren < wis the largest 
number such that a C M, and e(a) C dom(p) is the set of all elements y € dom(p) 
indexed before some element of aN dom(p) in some fixed enumeration of dom(p) in 
M,.- 

It is immediate that d, = d | M, € M, holds for alln < w. In view of The- 
orem it is enough to show that the set mapping d has no free quadruples. Let 
b Cc X be a quadruple. There are several cases. If b C dom(p) then b is not free as p 
has no free quadruples. If 4 > |bMdom(p)| > 2 then b is not free because of the e-term 
of the definition of d. If |b dom(p)| < 1, then then b is not free because of the c,,-term 
of the definition of d where n > w is the largest number such that b C M,. Just pick 
x € bsuch that x € M, \ ee My, observe that the set b \ {x} is not free for c, and 
so b is not free for d. This completes the proof. 


COROLLARY 9.4.29. Let X be an uncountable Polish space. 
(1) Let P be the thin set mapping forcing on X of Definition In the P-extension 
of the symmetric Solovay model, the orbit divide is preserved; 
(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
set mapping from [X}? to [X]<*° without free quadruples, and the orbit divide 
is preserved. 


EXAMPLE 9.4.30. Let P be the automorphism poset of Section 8.4, Then P is nested 
balanced. 


PROOF. Let p € Pbeanycondition. Let(M, : n < w) bea generic choice-coherent 
sequence such that for every n € a, the set 2°NM,,\M,4, isnonempty. Working in the 
model M,,, use Proposition to find a Borel automorphism 7 of the algebra P(w) 
modulo finite extending p. It is immediate from Theorem 8.4.3 that (M,, mMn: n<w) 
is the required nest below the condition p. 


COROLLARY 9.4.31. 
(1) Let P be the automorphism poset of Section 8.4, In the P-extension of the sym- 
metric Solovay model, the orbit divide is preserved; 
(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
nontrivial automorphism of the algebra P(w) modulo finite, and the orbit divide 
is preserved. 


Now it is time to show that the existence of certain combinatorial objects implies that 
the orbit divide breaks. In the following theorem and corollaries, we neglect the real 
parameter necessary to define the Polish spaces in question. For the rest of the section, 
put X = (2°)®. 


THEOREM 9.4.32. (ZF) Suppose that there exist a Polish space Y anda set A C Y 
such that the preordering < on X, defined by x, < Xq if x; € L[xo, A], is well-founded. 
Then there is a countable complete section for E,. 


PROOF. For each point x € X and each number m € w, write x \m for the element 
of X defined by (x \ m)(n) = x(n) ifn > m, and (x \ m)(n) = w x {0} ifm < n. For 
each number m € w write M,,(x) for the model L[x \ m, A]. By the well-foundedness 
assumption, there must be n € w such that for all m > n the models M,,(x) are the 
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same. Note that if x9,x, © X are F,-related points, the stable value of the models 
M,,(X,) and M,,(x,) is the same. We would like to define the complete section D Cc X 
by setting x € D if x belongs to (),,, Mm(x). The stabilization feature shows that D has 
nonempty intersection with each E,-class. However, a more precise definition of the 
complete section is necessary to make the conclusion that the intersection with each 
F,-class is countable. 

Observe first that by a standard condensation argument the model M,,,(x) is a 
model of ZFC+CH, and its constructibility ordering orders its elements of X in order- 


type im) For natural numbers n < m € w define Py,,(x) to be the index of x \n 
in the constructibility well-ordering of M,,(x) if x \n © M,,(x), and let pym(x) = 0 
otherwise. Let a(x) = limsup, sup,,.,, 0nm(x), which amounts to the eventual con- 
stant value of the ordinals sup,,,.,, Pnm(x). The definition of the ordinal a(x) does not 
depend on the choice of x within its equivalence class by the stabilization assumption. 
Also, a(x) is a countable ordinal. To see this, work in the model Mo(x) and evaluate the 
ordinal a(x) there. Since Mg(x) is a model of choice, its w, is regular, so a(x) € oto) 
Since epMotx) < 1, the countability of a(x) follows. 

Finally, let C = {x € X: dn x = x \nand for all m > n, x \n € M(x) and 
Pnm(x) < a(x)}. To see that the set C meets every E, class in a nonempty countable 
set, let z € X be arbitrary. The definition of the ordinal a(z) shows that there is a 
number n € w such that for all m > n, z \\n € M,,(z) and is enumerated by stage a(z) 
there; clearly, letting x = z \n we get x € C/N [z]p,. Also, note that Cr [z]_e, C {x € 
X : dnx € M,(z) and the index of x in the constructibility well-ordering of M,,(z) is 
< a(z)} and observe that the latter set is countable as the ordinal a(z) is countable. 


In particular, in ZF the existence of an acyclic decomposition implies |E,| < |F.|. 


COROLLARY 9.4.33. (ZF) Let Y be an uncountable Polish space. If there is a decom- 
position of [Y]* into countably many acyclic graphs then E, has a countable complete 
section. 


PROOF. Let c: [Y]? — w be the acyclic decomposition. Fix a countable basis for 
the space Y and let A = {(Z9,2,,0,m): Zo,Z, € Z are distinct points, O C Y is a basic 
open set, m € w, and there is y € O such that c(y, Z9) = c(y,Zz,) = m}. Let < be the 
preordering on X defined by x, < xg if x, € L[x 9, A]. In view of Theorem .4.3Jit will 
be enough to show that < is well-founded. 

To do this, consider the map 7: X — q, defined by z(x) = . It will be 
enough to show that x; < X9 implies z(x,) € 2(x,). Suppose towards contradiction 
that this fails for some x; < x9, and write M, = L[x,,A] and My = L[X, A]. Since M, 
is a class of Mg, it must be the case that oy < om, by the contradictory assumption, 
the equality in fact prevails. Thus, in the model M, the set Y N M, is an uncountable 
proper subset of YN Mg. Let y € YN (VY, \ M,) be an arbitrary point. 

By a counting argument in the model M, there must be a number m € w and 
distinct points z),z,; € Y MM, such that c(y,Z 9) = cly,z,) = m. If y © Y was the 
unique point satisfying these equalities then it can be constructed from A and the points 
Zo, Z1; aS such, it would belong to the model M,, which is not the case. Thus, there is 
a point y’ € Y distinct from y such that c(y’,Z9) = c(y’,z;) = m. However, then 
the 4-cycle consisting of edges connecting the vertices Zo, y, 21, y’, Zo in this order is 
monochromatic, a contradiction. 


L[x,A] 
4 
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In addition, in ZF the existence of a Hamel basis for R over Q implies |E,| < |F3]. 


COROLLARY 9.4.34. (ZF) Let Y be an uncountable Polish vector space over a count- 
able field ®. If there is a basis for Y over ® then there is a countable complete section for 


1: 


PROOF. Let d be an invariant complete metric on Y. Let B C Y bea basis for Y 
over ®. Let A = {(y,O;: i€ k): y © Y,O; C Y are basic open sets and there are points 
y; © O;Nb such that y is a linear combination of y; : i € k with nonzero coefficients in 
®}. Define a preordering on the space X by setting x; < Xq if x; € L[xo, A]. It will be 
enough to show that the preordering < is well-founded. A reference to Theorem 
then concludes the proof. 

Suppose towards a contradiction that the ordering < is ill-founded. The first order 
of business is to produce a sequence (x, : n € w) such that for each m € w, (x, : n> 
m) € L[Xm,A, B] and x, ¢ L[X41,A,B]. To do this, let x» € X be any element such 
that there is a strictly decreasing infinite sequence in < below x9, and by recursion 
define x,,,; € X to be the first (in the constructibility ordering of L[x,,A, B]) point in 
L[x,,A, B] such that x, ¢ L[x,41,A, B] and there is a strictly decreasing sequence in 
< below x,,,,. The point here is that the ordering is defined in an absolute way, and its 
well-foundedness is absolute into the models concerned. 

Write M,, for the model L[x,,,A,B] and M., for (),, M,. As an initial observation, 
note that the set BN M,, is a basis in M,,: for every y € YN M,, the unique linear 
combination of elements of B with nonzero coefficients yielding y can be constructed 
from y and A, so belongs to M,. Now, by recursion on i € w build points y; € Y and 
numbers nj; € w so that No = 0 and for everyi € w, y; € Mj, is the first point in the 
constructibility well-ordering of M,, which is within d-distance 27 of the zero element 
of Y and does not belong to M,,,.;. Such a point must exist since the 2—'-neighborhood 
of the zero element is an uncountable open subset of the Polish space Y, and My, ,; does 
not contain all reals of M,,,. The point y; is expressed as a unique linear combination 
; of elements of BM M,,. Finally, let n;,, € w be the first number n greater than nj; 
such the linear combination ¢; uses no elements of the set M,, \ M,. 

Note that for each i € w the sequence (y,,n;: j > i) belongs to the model M,,,. Let 
Z; = Lj>iyj = limy Ue>j>i¥,- The limit exists as the metric d is invariant and complete 
and the points yj converge to zero sufficiently fast. It is also clear that z; € My,, and 
Zi — Zit. = Yi. Since Zj41 © Mn,,, and y, € My,,, both hold, we conclude that z; ¢ 
Mp,,, holds. 

Now, the point Zz) € Y can be expressed as a linear combination wp of elements of 
BN Mo. Let i € w be a number so large that the combination uses no elements of 
Mn, \ Ma. Observe that z; = Z) — Zj<j)y; and the linear combinations from B yielding 
the points y for j € i use no elements of M,, \ M,,. In other words, the point z; € My, 
can be expressed as a linear combination of elements of B\\ My which uses no elements 
of My, \M.. This combination (after cancellations) is unique as B is a basis, and it uses 
only elements of M,, since BN My, is a basis in M,,. Thus, it uses only elements of M,,, 
so z; € M,,. This contradicts the last sentence of the previous paragraph. 


Note that the Polish assumption on the vector space Y is necessary in Corollary 9.4.34) 
One can consider the (non-Polishable) group Y of finite subsets of 2” equipped with 
the symmetric difference operation as a vector space over the binary field. This vector 
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space has a basis in ZF, namely the set of all singletons. Thus, the existence of the 
basis for this particular vector space does not imply in ZF the existence of a complete 
countable section for EF,. 


9.5. The Ex, divide 


Recall that Ex, is the equivalence relation on the space of all functions in w® point- 
wise dominated by the identity function, connecting functions xp, x, if the function 
Xg — X, is bounded. The central position of this equivalence relation is documented by 
the fact that itis K,, and that every K,-equivalence relation is Borel reducible to it by a 
result of Rosendal [87]. It is well-known that the equivalence relation EG is not Borel 
reducible to Ex, [54, Lemma 6.1.1], and among the equivalence relations classifiable 
by countable structures, it even has a central place in this regard. In this section, we 
show that in certain extensions of the symmetric Solovay model, this non-reducibility 
result is translated to a cardinality preservation result. The reader should note that in 
ZF, the inequality |Eo| < |2°| implies |E@| < |(2°)®| = |2°|, and therefore preserving 
the Ex, -divide is strictly more difficult than preserving the smooth divide. 

The preservation of the relation |EG| 4 |Ex,| uses the following generalization of 
mutual genericity motivated by Proposition [I-7.9. 


DEFINITION 9.5.1. Let V[Ho|, V[H,] be generic extensions in some ambient ex- 
tension of V. We say that the pair V[H], V[H,] is pod generic if 


(1) for every ordinal a, Vy N V[Hjp] N V[H,] € V[Ho] n V[AY]; 

(2) for any disjoint sets ag € V[Hg| and a, € V[H,] which are subsets of V[Hg|N 
V[H;,], there are disjoint sets by, b} € V[Hg| N V[H;] such that ag C by and 
a, C by. 


The pod is the intersection V|H,] nN V[H;]. 


It is not hard to see that the first item implies that the intersection V[Hp| N V[H,] 
is a model of ZF, since it is weakly universal and closed under the Gédel functions 
[51, Theorem 13. 9]. If the intersection is in fact a model of ZFC, then the extensions 
V[Ho], V[H,] are mutually generic over it by Proposition However, we will be 
interested exactly in the situations where the intersection fails to satisfy even DC. The 
following is a simple observation which will be critical later. 


PROPOSITION 9.5.2. Let V[Ho|, V[H,] be a pod generic pair of extensions. Every 
Ex, Class represented in both V|Ho|, V[H,] is represented in V[Hy| N V[Hj]. 


PROOF. Let x9 € V[Hg] and x, € V[H;,] be points in w® below the identity func- 
tion which are E K, related. Find a natural number m € w such that for all k € oa, 
|Xo(k) — x1(k)| < m. Let dg C w Xa be the set xX, and let aj C w X w be the set 
{(k,l): |l — x(kK)| > m}. Thus, ag € V[Ho] and a, © V[H,] are disjoint sets, and 
therefore can be separated by some disjoint sets bg, by} C w X w in V[Hg| N V[Hy] by 
the mutual genericity assumption. The vertical sections of the set bg are all nonempty 
and the function y € 2%, which for each n € w indicates the smallest element of the 
vertical section (bg), belongs to V[H)] N V[H,]. Since y N a, = 0, it must be the case 
that y is Ex, -related to both x9, x; as desired. 
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The conclusion of the proposition fails for such simple pinned equivalence relations as 
F*, and this is exactly the point exploited in this section. We will need a notion of pod 
balance. 


DEFINITION 9.5.3. A Suslin forcing P is pod balanced if for every pod generic pair 
V[Ho], V[H,] and every pair of conditions pp € V[Hp] and p, € V[Hj], if po, p) € 
P are incompatible, then there are analytic sets Ag, A, C P coded in V[Hy| nN V[H,] 
such that XAjp, XA, are incompatible in P and pg, XAy are compatible and pj, XA, are 
compatible. 


THEOREM 9.5.4. In compactly balanced, pod balanced extensions of the symmetric 
Solovay model, |Eo| £ |Ex,| holds. 


PROOF. The main technical tool used in the proof is the countable support prod- 
uct Q of countably many copies of the Vitali forcing introduced for the proof of Theo- 
rem We first study the product Q in its own right. 


FACT 9.5.5. The poset Q is proper, bounding, and adds no independent reals. 


PROOF. The first two assertions are well-known, and follow for example from 
Theorem 5.6] or [115 Theorem 5.2.6]. The third assertion is more difficult. It can be 
derived from the work of [97, Section 4], and it appears explicitly in the forthcoming 


[118]. 


The poset Q is designed to add an interesting model of ZF. In the Q-extension, let 
(X, in € w) be the sequence of points Vitali-generic over the ground model added 
by the product Q. Let A C w x 2” be the relation consisting of all pairs (n, x) such that 
x is E-related to x,. For each number n € w, let M,, be the model of all sets hereditar- 
ily definable from x,, for m € n, A, and some parameters in the ground model. Also, 
let M be the model of all sets hereditarily definable from the set A and its elements, and 
parameters in the ground model. We have the following: 


CLAIM 9.5.6. 
(1) Mj) CM, CM, C-:- CM; 
(2) the sequence (M,,: n € w) belongs to M; 
(3) every set of ordinals in M belongs to he M,; 
(4) the model M does not contain any uniformization of the set A. 


Note also that the models M,, satisfy the axiom of choice, while the model M fails even 
DC, as item (3) shows. See Figure 


PROOF. The first item follows directly from the definitions of the models M,, and 
M: ifm © n ©€ ow are numbers then there are fewer definitions of elements of the 
model M,,, than of elements of the model M,,, and certainly fewer than the definitions 
of elements the model M. For (2), the sequence (M,,: n € w) is definable from the 
set A, since in the definition of the model M,, it certainly does not matter which Ep- 
equivalents of the points x,, for m € n one uses as the parameters. For (3), any defini- 
tion of a set of ordinals in the model M uses only finitely many parameters, and then 
must belong to the model M,, for a number n large enough so that the parameters of 
the definition are definable from x,, form € n, the set A, and some elements of the 
ground model. 
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FIGURE 9.5.1. A pod at work. 


Lastly, for (4), return to the ground model and assume towards a contradiction 
that some condition in Q forces (4) to fail. Then, in the poset Q, there exist a condition 
q, numbers n,k € w and a formula ¢ such that q forces that the formula ¢ uses only 
parameters x,, form € n, A, and some parameters in the ground model, it defines a 
uniformization y of the set A, and y(n) agrees with x, from k on. Let (x: m € w) 
be a Q-generic sequence of points meeting the condition q. By a basic analysis of the 
Vitali forcing in [[115, Section 4.7.1], there is also a point x,, € 2® Ep-related to x, 
which differs from x, at some point past k and such that (x,,: m # n,x;,) is a Q- 
generic sequence meeting the condition q. Applying the forcing theorem to the two 
sequences (x,,: m € w) and (x,: m # n,x},), we see that the formula ¢ should 
define a uniformization y of the set A such that y(n) is equal to both x,, and x, beyond 
k. This is impossible though as the two sequences x,,, x;, do differ at some point past 
k. 


Now, towards the proof of the theorem. Write E = Ej and F = Exg. Let x be an 
inaccessible cardinal. Let P be a Suslin forcing which is compactly balanced and pod 
balanced below x. Let W be a symmetric Solovay model derived from x and work in 
the model W. Let p € P be acondition and t be a P-name such that p forces t to be a 
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function from the E-quotient space to the F-quotient space. We must find a condition 
q < pand distinct E-classes which are forced by q to have the same t-image. 

The condition p and the name t must be definable from a parameter z € 2” and 
additional parameters from the ground model. Let V[K] be an intermediate forcing ex- 
tension obtained by a poset of cardinality smaller than x such that z © V[K]. Working 
in the model V[K], let Q) be the poset P(w) modulo finite, and let Q, be the product of 
countably many copies of the Vitali forcing as discussed in the preamble of the present 
proof. Let (U,x, : n © w) be objects generic over V[K] for the poset Qy x Q;; in par- 
ticular, U is an ultrafilter on w, and (x, : n € w) is a sequence of points in 2®. Since 
the poset Qy is a-closed, the models V[K] and V[K][U] compute the poset Q, in the 
same way and the poset Q, is proper in both. As a consequence, V[K][U][x, : n € @] 
is a Q,-extension of V[K][U] and 2°? Nn V[K][U][x, : n € w] = 2°N V[K][x,: n€ o] 
holds. Since (Fact the poset Q,; adds no independent reals, a density argument 
shows that U generates an ultrafilter in the model V[K][U][x, : n € o]. 

LetA C wx 2” be the relation consisting of all pairs (n, x) such that x is Ej-related 
to x,. In the model V[K][U]|x, : n € w] form the models M,, of all sets hereditarily 
definable from parameters x,, for m € n, A, and parameters in the model V[K][U], and 
let M be the model of all sets hereditarily definable from the set A and its elements and 
some other parameters in V[K][U]. Note that by Vopénka’s theorem [51 page 249], the 
sequence (x, : mn € ) is generic over the model M and the forcing adding it restores 
the axiom of choice in its generic extension of M. 

The following claim makes a critical use of the compact balance assumption. 


CLAIM 9.5.7. In the model M: 


(1) there is a sequence (py: n € w) such that each py is a balanced virtual condi- 
tion for M,, and p > po > pi > po > .---3 
(2) any sequence as in (1) must have a lower bound. 


PROOF. Start with item (1). Working in V[K][U], fix R,-names y, so that R,, is 
the product of the first n-many copies of the Vitali forcing in the product Q, and y, isa 
name for a balanced virtual condition stronger than p and than all y,, form € n. This 
is possible by Definition 9.2.1(2). Now, in the model V[K][U][x,: n € ] for each 
n € w let py, be the U-limit of the sequence (y,,/(x!, : m € n): i € w) in the compact 
space of balanced virtual conditions in the model M,, where x), € 2° is the binary 
sequence obtained from x,, by replacing its first imany entries with 0. The limit exists 
since U generates an ultrafilter in all models M,,. The balanced virtual conditions p,, 
for n € w form a decreasing sequence by Definition P.2.1(3). Also, the definition of the 
limit does not depend on the sequence (x, : 1 € w) but only on the set A, and therefore 
(py, : n € w) € Mas desired. 

Item (2) is somewhat trickier. Let N be some generic extension of M which restores 
the axiom of choice. In the model N, let B be the compact Hausdorff space of balanced 
virtual conditions for P. For each number n € w, consider the setC, ={pEB: p< 
pn}. This is a nonempty and closed subset of B by Definition 9.2.1(2) and (3). Since the 
closed sets C,, for n € w form a decreasing sequence, a compactness argument shows 
that the set ‘ar C,, isnonempty. Any of its elements is the required lower bound of the 
sequence (p,: n € w). 
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Work in the model M. By the forcing theorem, there exist a poset R of rank < « 
restoring the axiom of choice, an R-name o for a condition in the poset P stronger than 
all the balanced virtual conditions p,, forn € w and an R-name 7 for an element of w® 
such that R Ik Coll(w,< x) Ik o IFp t([ylz) = [n]p for all functions y uniformizing 
the relation A. The following claim uses the pod balance assumption. 


CLAIM 9.5.8. There exist a condition r € Randa point u € w® NM such that 
rlknF uu. 


PROOF. Suppose towards a contradiction that this fails. Let Hp, H, C R be filters 
mutually generic over the model M. Observe that the models M[H,], M[H,] form a 
pod generic pair over the pod M: if ag € M[H,] and a, € M[H,] are disjoint sets of 
ordinals, they must be separated by disjoint sets by, b, of ordinals in the model M by 
the mutual genericity over M and Proposition 

Now, let pp = o/Ho, Up = N/Ho, py = 0/H, and u, = 7/Hy,. Note that for every 
condition p € P NM, either both pp, p, are below 6 or both po, p; are incompatible 
with p. This occurs because by Claim there isa number n € w such that p € M,, 
the virtual condition p,, is either below p or incompatible with it by its balance, and 
Po» Pi < Dn- By the pod balance of the poset P, the conditions pp, p; have a lower bound 
in the poset P. By the forcing theorem in M and the initial contradictory assumption, 
Up, U, are not F-related to any element of M. By Proposition Ug cannot be F- 
related to u,. Thus, the lower bound of pp, p; would have to force the unique E-class 
of all uniformizations of the set A to be mapped by t simultaneously to [up| and to 
[u,]|-, which is impossible. 


Now, the claim together with the forcing theorem means that there exist a natural 
number n € w, a point u € M,, in w® and in the model M,, a poset S of cardinality 
smaller than x, an S-name y for a condition in the poset P stronger than p,, and an 
S-name & for an element of (2”)® which is not E-related to any point in M,,, such that 
S lk Coll(w, < x) IF y Ikp t([E]z) = [ti]p. Namely, the poset S is a remainder of the 
iteration of Q and R after the first n-many Q-generic reals are added. Let Hj, H,; C S 
be filters mutually generic over the model M, = V[K][U][x,,: m © n] and write 
Po = X/Ho, Yo = §/Ho, Pi = X/Hy, and y, = &/Hy,. By the balance of the virtual con- 
dition p,, the conditions po, p; have a lower bound. Since the equivalence relation E 
is pinned, the points yp, y, are not E-related. By the forcing theorem, the lower bound 
of the conditions pp, p; forces t([yolz) = t([,]z) = [u]p. This shows that t cannot be 
an injection and completes the proof of the theorem. 


EXAMPLE 9.5.9. The poset P = P(w) modulo finite is compactly balanced and pod 
balanced. Compact balance was proved in Example 9.2.4, Towards the pod balance, 
suppose that V[Ho|, V[H,] is a pod generic pair of extensions and pg, p,; € P are in- 
compatible conditions in the respective models, i.e. almost disjoint subsets of w. By 
the mutual genericity there exist almost disjoint sets po, pj € V[Ho|] NV [H,] of natural 
numbers such that pp C pp and p, C p}. These sets as conditions in P exemplify the 
pod balance. 


COROLLARY 9.5.10. 


(1) Let P = P(w) modulo finite. Then in the P-extension of the symmetric Solovay 
model, |EG| £ |Ex,| holds. 
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(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
nonprincipal ultrafilter on w, yet |Eq| # |Ex,|- 


EXAMPLE 9.5.11. Let K bea fragmented Borel simplicial complex on a Polish space 
X. The poset P = Px is pod balanced. To see this, let f be a Borel fragmentation func- 
tion, assigning to each a € K a countable partial function from Y to Z, where Y and 
Z are Polish spaces. Suppose that V[H|, V[H;] is a pod generic pair and py € V[Hol, 
P, € V[H,] are incompatible conditions in P. It must be the case that f(p9) U f(p;) is 
not a function. In other words, there exist a point y € dom(f(pp)) N dom(f(p,)) and 
pairwise disjoint basic open sets Og, O, C Z such that f(po)(y) € Op and f(p,)Qy) € 
O,. By the mutual genericity, the point Y belongs to the pod. Let Ag = {pE P: yE 
dom(f(p)) A f(p)(y) € Op} and A; = {p € P: y € dom(f(p)) A f(p)@) € O;}. These 
are analytic subsets of P coded in the pod. By the definitory properties of the fragmen- 
tation f, XAg and XA, are incompatible elements of the completion of P. In addition, 
Po < ZAp and p, < XA, holds. This completes the proof of the example. 


All locally countable simplicial complexes are fragmented by Theorem and in 
turn, many posets associated with locally countable simplicial complexes are com- 
pactly balanced. We get for example the following. 


COROLLARY 9.5.12. LetT bea Borel locally finite graph on a Polish space X satisfying 
the Hall’s marriage condition. 

(1) Let P be the poset adding a perfect matching to T with countable approxima- 
tions. Then in the P-extension of the symmetric Solovay model, |E>| # |Ex,| 
holds. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, T has a 
perfect matching, yet |EG| £ |Ex,|. 


EXAMPLE 9.5.13. Let P be the poset adding a linear ordering on the Ex -quotient 
space as in Example Then the poset P is compactly balanced and pod balanced. 
Compact balance was proved in Example 9.2.11] For the pod balance, suppose that 
V[Ho|, V[H;] is a pod generic pair of extensions, and pp € V[Ho], py € V[H;] are 
incompatible conditions. Passing to stronger conditions if necessary, we may assume 
that po, p; are linear orders on some subsets of the Ex, -quotient space. The only way 
they can fail to be compatible is that there are Ex, -classes c,d represented in both 
V[Ho], V[H;] such that (c, d) € pp and (d,c) € p;. In view of Proposition 9.5.2, c, d are 
represented in V[Hy| M V[Hj], so the conditions pp = {(c, d)} and p} = {(d, c)} belong 
to V[Hy| N V[H;] and exemplify the pod balance. 


COROLLARY 9.5.14. 
(1) Let P be the Ex, -linearization poset. Then in the P-extension of the symmetric 
Solovay model, |EG| £ |Ex,| holds. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, the Ex, - 
quotient space is linearly ordered, yet |EG| £ |Ex,|- 


EXAMPLE 9.5.15. Let I’, A be abelian Polish groups, with A divisible. Let P be the 
poset for adding a discontinuous homomorphism from A to I as in Definition 8-3-1] 
Then the poset P is compactly balanced and pod balanced. Compact balance was 
proved in Example For the pod balance, suppose that V[Ho|, V[H,] is a pod 
generic pair of extensions, and py € V[Ho|, p, € V[H,] are incompatible conditions. 
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Passing to stronger conditions if necessary, we may assume that Tn V[Ho| N V[Hy] Cc 
dom(py), dom(p,) holds. Since [TN V[Hp] N V[H,] is a subgroup of I, the only way 
how Pp, P; can fail to be compatible is that there is a point y € V[Hp] N V[H,] with 
Po”) # pi(y). Let Op, O, C A be basic open sets separating the values po(y) and p,(y) 
and let Ay = {q € P: y € dom(q) and q(x) € Op} and A; = {q € P: y € dom(q) and 
q(x) € O,}. Clearly, Ag, A, C P are analytic sets coded in V[Hg| N V[H;], the sums 
XAg, ZA, are incompatible in P, and py < XAg and p, < XA, holds. 


COROLLARY 9.5.16. Let IT’, A be abelian Polish groups, with A divisible. 
(1) Let P be the homomorphism poset. Then in the P-extension of the symmetric 
Solovay model, |Eq| £ |Ex,| holds. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
discontinuous homomorphism from I to A, yet |E¢| # |Ex,|- 


This section leaves perhaps more questions open than it resolves. We content ourselves 
with quoting one glaring case: 


QUESTION 9.5.17. Does the conclusion of Theorem stay in force if the as- 
sumption of pod balance on P is dropped? 


9.6. The pinned divide 


No unpinned equivalence relation can be reduced by a Borel function to a pinned 
one, see Fact This feature persists to the cardinality computations in balanced 
extensions of the choiceless Solovay model, with a small proviso. 


THEOREM 9.6.1. Let E, F be Borel equivalence relations on respective Polish spaces 
X,Y, E pinned and F unpinned. In balanced extensions of a symmetric Solovay model 
derived from an inaccessible limit of inaccessibles, |F| < |E| holds. 


We do not know if the increase in the large cardinal strength of the large cardinal hy- 
pothesis is necessary. We do know though that one has to consider Suslin forcings 
which are balanced everywhere below x as opposed to just cofinally balanced. This is 
clear from Example below. 


PROOF. Let x be an inaccessible cardinal which is a limit of inaccessibles. Let P 
be a Suslin forcing which is balanced below x. Let W be the symmetric Solovay model 
derived from x and work in the model W. Towards a contradiction, suppose that p € P 
is a condition and t a P-name for an injection from F-classes to E-classes. Both p,t 
are definable from some parameter z € 2” and parameters in the ground model. The 
assumptions imply that there exist an inaccessible cardinal 2 < « of V and a filter 
K Cc Coll(w, < 4) generic over V such that z € V[K]. 

Work in the model V[K]. The balanced assumption on the poset P implies that 

there is a balanced virtual condition p < pin P. Theorem shows that E is pinned 
in V[K] and therefore has at most ¢ = &, many virtual classes, while Theorem 
shows that F has at least 2®! many virtual classes. This is where the stronger large 
cardinal assumption is used. The argument splits into two cases: 
Case 1. For every poset R of cardinality smaller than x, every R-name for a condition 
o < pin the poset P, every F-pinned R-name 7 for an element of X and every R-name 
x for an element of X such that R Ik Coll(w, < x) lk a Ip t([y] 7) = [v]g, the name v 
is £-pinned. 
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In this case, by a counting argument with the virtual E- and F-classes, it must be 
the case that there are posets Rp, R, and respective names 09,7, Hy and o,7), 7, on 
them such that 79,7, are F-pinned, Yo, 7, are E-pinned, (Ro, ¥o)E(R}, 71) holds while 
(Ro. oF (R 1,71) fails, and Rg IF Coll(w@,< «) IF op IFp t([Nolz) = [Xolg and R, IF 
Coll(w, < «) IF o, IKp t([m |r) = [4 ]g- Let Hp C Ro, H, C R, be filters generic over 
V[K], and write pp = 09/Hy € P, py = %/H, € P, Xp = No/Hp € X, X1 = K1/H, EX, 
and yp = n/Hy € Y and y, = 7,/H, € Y. The balance of the virtual condition p in P 
implies that po, p; are compatible in P, and the pinned assumptions imply that x9 E x; 
holds and yo F y, fails. Since W is the symmetric Solovay extension of both models 
V[K][Ho] and V[K][H;], the forcing theorem in these two models implies that in W, 
the common lower bound of po, p; in P forces t([¥o) Fr) = [Xolz and t([J 17) = [X11 p. 
This contradicts the assumption that t is forced to be an injection. 

Case 2. Case 1 fails. Then, there has to be poset R of cardinality smaller than x, an 
R-name for a condition o < p in the poset P, an F-pinned R-name 7 for an element 
of X and an R-name y for an element of X such that the name 7 is not E-pinned and 
RIF Coll(w, < x) lk a Ip t([y] 7) = [7]z. In such a case, there exist filters Hp, H, C R 
mutually generic over V[K] such that the points x») = y/Ho,x, = 7/H, € X are E- 
unrelated. Let py = o/Hpo, p, = o/Hj, and let yp = n/Hp, y, = n/H, € Y. The balance 
of the virtual condition p implies that the conditions pg, p) € P are compatible, and 
the pinned assumptions imply that y) F y, holds. Since W is the symmetric Solovay 
extension of both models V[K][H,)] and V[K][H;], the forcing theorem in these two 
models implies that in W, the common lower bound of po, p, in P forces t([Vo]z) = 
[Xole and t([},]-) = [X,]g. This contradicts the assumption that 7 is forced to be a 
function. 


EXAMPLE 9.6.2. Let A C X = (2%)® be the set of all elements x € X such that 
rng(x) is linearly ordered by Turing reducibility, and let E = F, | A. Note that the 
E-quotient space is classified by subsets of 2° which are linearly ordered by Turing 
reducibility. There are uncountable sets of this form, and therefore E is unpinned. At 
the same time, such sets have size at most &j, so the virtual E-quotient space has size 
2§1, 

Now, let P be the collapse of E to |2|. The poset P is balanced if and only if 
2%o = 21 by Theorem in particular, it is cofinally balanced below any inac- 
cessible cardinal. Thus, the P-extension of the Solovay model is a cofinally balanced 
extension in which the (in ZFC) unpinned equivalence relation E has the same cardi- 
nality as 2%. 


CHAPTER 10 


Uniformization 


The question whether various forms of uniformization hold in the models within 
purview of this book is one of the more slippery issues we set out to resolve. 


10.1. Tethered Suslin forcing 


In order to prove all forms of uniformization in a clean sweep, the following defi- 
nition will be central. 


DEFINITION 10.1.1. Let P be a Suslin forcing and A be an infinite cardinal. The 
poset P is A-tethered if whenever V[H,], V[H,] are mutually generic extensions of V 
and po € V[Ho], p; € V[H,] are incompatible conditions, then there are incompatible 
virtual conditions po, p; € V represented on posets of cardinality smaller than A such 
that po, po are compatible and pj, p; are compatible. The poset P is tethered if it is 
A-tethered for some cardinal A. 


As the simplest initial example, consider the poset P of countable functions from 2” 
to 2, ordered by reverse inclusion. If V[H)], V[H,]| are mutually generic extensions of 
V and po € V[Ho]|, p; € V[H,] are incompatible conditions, then there exists a point 
x € dom(pyg) N dom(p,) such that po(x) # p,(x). By the product forcing theorem, it 
must be the case that x € V holds. Then, let py = {(x, po(x))} and pi = {(x, p;(x))} 
and observe that po, p; € V work as required in the definition of tether. 

One immediate corollary of tether is that it places an upper bound on the number 
of balanced classes, which we do not know how to obtain in general. 


PROPOSITION 10.1.2. Let P be a Suslin forcing and A be an infinite cardinal. If P is 
A-tethered then there are at most 27" many balanced classes. 


PROOF. Let A be the set of all virtual conditions of P represented on posets of car- 
dinality smaller than 2. It is a matter of elementary cardinal arithmetic to conclude 
that |A| < 27. Whenever j is a balanced virtual condition, write By ={qEA: p< qh. 
Note that for each q € A, ifq € By then p < qand if q ¢ B; then p,q are incompatible. 
To prove the proposition, it will be enough to show that the set B; characterizes the 
balanced virtual condition p. 

Now suppose that fo, p; are balanced virtual conditions such that B,, = By, ; de- 
note the common value by B and work to show that py = p,. To this end, suppose 
that Ro, R; are arbitrary posets, Hyp C Rp and H, C R, are mutually generic filters and 
Po € V[Hol, p: € V[H;,] are conditions below fo, p, respectively. In view of the def- 
inition of the equivalence of balanced pairs, it will be enough to show that pp, p; are 
compatible. However, if they were incompatible, by the tether assumption there would 
have to be incompatible virtual conditions po, p, € A such that po, po are compatible 
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and pj}, p; are compatible. By the note from the previous paragraph, it must be the case 
that po, p; € B holds. But then, po, p; are not incompatible because pg, p, are both 
their common lower bounds. 


Not every tethered poset must be balanced. As the simplest example of this phenome- 
non, use the poset P of finite maps from 2% to 2, ordered by reverse inclusion. The poset 
P is X,-tethered by the same argument as our initial example above. It is not balanced 
as the restriction of the P-generic function to any ground model infinite countable set 
does not belong to the ground model. 

Within the class of tethered forcings, the classes of balanced and weakly balanced 
posets coincide. This is immediately clear from the following proposition. 


PROPOSITION 10.1.3. Let P be a Suslin tethered poset. Let Q be a poset and Tt a Q- 
name for an element of P. Then the pair (Q,t) is balanced if and only if it is weakly 
balanced. 


PROOF. The forward implication is immediate from the definitions and does not 
use any tether assumption. For the reverse direction, suppose that the pair (Q,r) is 
weakly balanced. Let (R,o) be a P-pin. The weak balance of (Q, tT) shows that either 
RxQIl-Ft<oorRxXQ IF Tis incompatible with o in the separative quotient of 
P. Thus, if S is any poset, Gp X Hp, G, X H; C S x Qare filters mutually generic over 
V, and pp < t/Hp and p, < t/H, are conditions in the respective models V[Go, Ho] 
and V[G,, H,], then po, p; cannot be separated by any virtual conditions in the ground 
model. The tether assumption on the poset P then shows that the conditions pp, p, are 


compatible. By the definitions, in the ground model the pair (Q, rT) is balanced. 


As the last remark, we note that the class of A-tethered forcings for any fixed cardi- 
nal A > No and the class of tethered forcings are both closed under countable product. 
Thus, many uniformization theorems in this chapter can be combined. 


10.2. Uniformization theorems 


In this section, we prove several preservation theorems for tethered forcing. They 
all use a technical proposition we state first. 


PROPOSITION 10.2.1. Let « be an inaccessible cardinal. Let P be a poset tethered 
cofinally balanced below x. Let W be the symmetric Solovay model derived from x. Let 
G C P bea filter generic over W. In the model W[G], let a be any set of ordinals and let 
M be the model of all sets hereditarily definable from parameters in V and the additional 
parameters a,G. Then 


(1) M is a generic extension of V by a poset of cardinality smaller than x; 
(2) there is a balanced virtual condition in M whose realization belongs to the filter 
G. 


PROOF. As M is a model of ZFC, it belongs to W by Theorem by the cofinal 
balance assumption on the poset P. Viewed from W, it is a subset of a generic extension 
of the ground model by a poset of cardinality smaller than x by the basic properties of 
the Solovay model (Fact [1.7.16(3)). By basic forcing theory [51l, Corollary 15.42] M is 
itself a generic extension of the ground model by a poset of cardinality smaller than x. 
This verifies item (1). 
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For item (2), use the tether assumption to find a cardinal A € x such that M F P 
is A-tethered. Working in M, let D be the set of all virtual conditions in P represented 
on posets of cardinality smaller than 2. In W[G], let C C D be the set of all virtual 
conditions in the set D whose realization belongs to the generic filter G. The set C has 
just been defined from the ordinal 4 and the ultrafilter G, so C € M. By the genericity 
of the filter G, there must be a condition p € G which is below all conditions in C and 
incompatible with all the conditions in D \ C. By the forcing theorem, in M there have 
to be a poset Q of cardinality less than x and a Q-name f for a condition in P such that 
Q forces T to be below all conditions in C and incompatible with all conditions in D\ C, 
and such that there is a filter H C Q generic over the model M with p = t/H. We claim 
that in the model M, the pair (Q, tT) is balanced. 

To see this, suppose towards a contradiction that Rg, R; are posets and Ky X Hy C 
Ry X Qand K, X H,; C R,; X Qare filters mutually generic over the model M and pp, p; 
are conditions in the respective models below t/Hy and t/H, respectively. We must 
show that po, p; are compatible. This, however, is immediately clear from the A-tether 
assumption and the fact that for every virtual condition p on P represented on a poset 
of cardinality less than A and for every i € 2, p > pj © p € C and pis incompatible 
with p; if and only if p ¢ C. 

Still working in the model M, let p be a balanced virtual condition in the balance 
class of (Q, oc), obtained from Theorem 5.2.8} Clearly, the filter G contains a realization 
of it. 


All theorems below are stated using Convention [1.7.18. In the first theorem, we show 
that sets whose vertical sections are E-classes for a suitably regular equivalence relation 
E can be uniformized. 


DEFINITION 10.2.2. Let E be an equivalence relation on a Polish space X. 
E-uniformization is the statement: if B C 2° x X is a set whose vertical sections are 
E-classes, then there is a function f C B such that for every y € 2%, if B, # 0 then f(y) 
is defined (and is an element of B,). 


THEOREM 10.2.3. Let E be a pinned Borel equivalence relation on a Polish space X. 
In tethered, cofinally balanced extensions of the symmetric Solovay model, E-uniformiz- 
ation holds. 


To parse the statement of the theorem correctly, note that P needs to be tethered in all 
forcing extensions and balanced only in cofinally many forcing extensions below the 
inaccessible cardinal which gives rise to the symmetric Solovay model. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing which is bal- 
anced cofinally below x and tethered below x. Let W be a symmetric Solovay model 
derived from x. Let p € G be a condition and let t be a P-name for a subset of 2° x X 
such that each vertical section of t is a single E-class. Let z € 2® be a point such that 
both p,zt are definable from z and a ground model parameter. Let G C P be a filter 
generic over W, containing the condition p, and work in W[G]. Write B = t/G. Let 
y € 2 be an arbitrary point and let My be the model of all sets hereditarily definable 
from G, y, and parameters in the ground model. By Proposition there is a bal- 
anced virtual condition p in M, whose realization belongs to the filter G. Necessarily, 


psp. 
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In the model My, we will show that Coll(w, < x) IF p IFp ty N My # 0. Once this 
is done, the set B can be uniformized by the set of all pairs (y, x) such that x € My is 
the first point in the canonical well-ordering of the model M, which belongs to By. 

To prove the forcing statement in the previous paragraph, suppose towards a con- 
tradiction that it fails. Move to the model M,,. There have to be a poset R of cardinality 
smaller than x and R-names o fora condition in P stronger than p and 7 for an element 
of X which has no E-equivalent in the model My, such that R IF Coll(w, < x) IF o IFp 
(¥,9) € T. In W, let Ho, H; C R be filters mutually generic over the model My. Write 
Po = o/Ho, Py = O/H, Xo = 4/Hp and x; = n/H,. The balance of the condition p 
implies that po, p) € P are compatible conditions with a lower bound q. The pinned 
assumption on the equivalence relation implies that x9, x, € X are not E-related. 

Since W is also a symmetric Solovay extension of both M,|[Ho] and M,[H;], the 
forcing theorem applied in these two models implies that q IF X,X, € t,. This is 
impossible as t is forced to be an E-class and Xo, x, are not E-related. 


Theorem is the strongest possible result of its kind, as the following observation 
shows. 


THEOREM 10.2.4. Let E be an unpinned Borel equivalence relation on a Polish space 
X. Then E-uniformization fails in balanced extensions of the Solovay model. 


PROOF. Let W[G] bea balanced extension of the Solovay model and work in W[G]. 
For each parameter z € 2” write M, for the model of all sets hereditarily definable from 
parameters in V and additional parameters G and z. The model M, is well-ordered and 
therefore by Theorem it is a well-ordered subclass of W and an extension of V 
by a poset of cardinality smaller than x. The Borel equivalence relation E is unpinned 
in M, by Theorem By Theorem M, Fthere is a nontrivial E-pinned name 
on the poset Coll(w, w,). Note that (P(w,))” is a countable set in W. Thus, one can 
successfully define the set B C 2% x X by setting (z,x) € B if there is a filter g C 
Coll(w, ov?) generic over M, such that t,/g E x, where 1, is the first E-unpinned 
name in the canonical well-ordering of the model M,. Every vertical section of the set 
B then consists of precisely one E-equivalence class. 

To see that the set B cannot be uniformized, note that every P-name in the model 
W is definable from a real parameter and some additional parameters in the ground 
model, and therefore every element of W[G] is definable from a real parameter, the 
generic filter G, and some additional parameters in the ground model. Thus, if f : 2” > 
X is a putative uniformization of the set B, one can find a real parameter z € 2% such 
that f is definable from z, G and some elements of the ground model. Then f(z) should 
be an element of the model M, by the definition of the model M,. At the same time, 
the vertical sections B, contains no elements of M, by the definition of the set B. 


As the second uniformization result, we prove that a strong version of the 
countable-to-one uniformization statement holds in the extensions of the Solovay 
model by tethered balanced forcings. 


DEFINITION 10.2.5. Let E be an equivalence relation on a Polish space X. E-well- 
orderable uniformization is the statement: if E is a Borel equivalence relation on a Pol- 
ish space X and B C 2” x X is aset, then the following are equivalent: 


(1) for every y € 2°, By is a union of a well-orderable collection of E-classes; 
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(2) B= U Ba where for each ordinal a, By C 2% x X is a set whose vertical 
sections are either empty or E-classes and the variable a ranges over ordinals. 


Clearly, only the implication (1)(2) has nontrivial content. As a very special case, one 
can consider a set B C 2° x X with all vertical sections countable and E the identity 
on X. Then (2) yields in particular a function uniformizing the set B: for each y with 
By nonempty find the least a = ay for which the vertical section (By), is nonempty 
and then let f(y) = x for the unique x € X such that (y, x) € Be, This is the familiar 
countable-to-one uniformization. 


THEOREM 10.2.6. Let E be a Borel equivalence relation on a Polish space X. In teth- 
ered, cofinally balanced extensions of the symmetric Solovay model, E-well-orderable uni- 
formization holds. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing which is bal- 
anced cofinally below x and tethered below x. Let W the symmetric Solovay model 
derived from x. In the model W, let p € P be a condition and t be a P-name such that 
plktc 2 xX isa set whose vertical sections are well-orderable unions of E-classes. 
Let z € 2” be a parameter such that p, t are both definable from z and some additional 
ground model parameters. Let G C P be a generic filter meeting the condition p and 
let B = t/G. Work in the model W[G]. 

Fixa point y € 2® and consider the model M, ofall sets hereditarily definable from 
parameters y,z,G and parameters in the ground model. We claim that the vertical 
section By, consists of realizations of virtual E-classes of the model M,. Once this is 
proved, one can decompose the set B into the union B = U. B,, by setting (y, x) € By if 
(y, x) € Band x belongs to the realization of a-th virtual E-class in My in the canonical 
well-ordering of the model My. 

To this end, use Proposition to argue that there is a balanced virtual condi- 
tion p in the model My, such that its realization belongs to the generic filter G. Nec- 
essarily p < p must hold. Now, move to the model My and argue that in this model, 
Coll(w, < x) IF p IFp 7, consists of realizations of virtual E-classes of the model M,. 
The proof of the theorem is then concluded by an appeal to the forcing theorem applied 
in M,. 

Suppose towards a contradiction that the forcing statement in the previous para- 
graph fails and work in My. In view of Corollary .1.3, there exist a poset Ro of cardinal- 
ity less than x, an Ro-name 7 for an element of X® and an Ro-name op for an element 
of P stronger than p such that Ro Ik Coll(@, < x) Ik dg kp Vx EX (y,x) EN Fix E 
n(i). Also there must be a poset R, of cardinality smaller than x, an R,-name y for an 
element of X which is forced not to realize any virtual E-class in My, and an R,-name 
go, for a condition in P stronger than p such that R, IF Coll(w, < x) IF a Ik (i, x) € T. 

Working in W, let Hy C Rog and H, C R, be filters mutually generic over V, let 
u=n/Hp € X®, x = y/H, € X, Po = %/Ho € P and p, = o,/H, € P. The balance 
of the condition p implies that pp, p, are compatible conditions in the poset P with a 
lower bound q. The choice of the name y implies that x is not E-related to any element 
on the sequence u. Since W is a symmetric Solovay extension of the model M,[Ho], 
the forcing theorem applied in that model says that q Ik t = [rng(u)]g. Since W isa 
symmetric Solovay extension of the model M,[H;], the forcing theorem applied in that 
model says that q Ik X € t. Since x ¢ [rng(u)]p, this is a contradiction. 
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As the last uniformization result, we prove that a strong version of Saint Raymond 
uniformization holds in generic extensions of the Solovay model by tethered balanced 
forcing. 


DEFINITION 10.2.7. Let I be a downward closed collection of closed subsets of a 
Polish space X. I-Saint Raymond uniformization is the following statement: for every 
set B C 2° xX, the following are equivalent: 

(1) for every y € 2°, By is a union of a well-ordered collection of sets in J; 
(2) B= Be where for each ordinal w and each y € 2%, the vertical section 
(B,,)y C X is closed and belongs to I. 


As in the previous theorem, only the (1)—(2) implication has content. In the case of 
I =the collection of singletons (plus the empty set), we can again derive the familiar 
countable-to-one uniformization as a very special case. The following theorem is stated 
using Convention 


THEOREM 10.2.8. Let I be an analytic collection of closed subsets of a Polsh space 
X. In tethered, cofinally balanced extensions of the symmetric Solovay model, the I-Saint- 
Raymond uniformization holds. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing which is bal- 
anced cofinally below x and tethered below x. Let W be the symmetric Solovay model 
derived from x and work in W. Let p € P be acondition and t a P-name for a subset 
of 2° x X whose vertical sections are well-ordered unions of sets in I. Let z € 2” bea 
parameter such that p, t are both definable from z and some additional ground model 
parameters. Let G C P bea generic filter meeting the condition p and let B = 7/G. 

Work in W[G]. Fix a point y € 2® and consider the model M, of sets hereditarily 
definable from parameters G, z, y and parameters in the ground model. We claim that 
every nonempty vertical section By is a union of sets in J which are coded in the model 
My. Once this is proved, one can decompose the set B into the union B = Be by 
setting (y, x) € B, if (y, x) € B and x belongs to the a-th set in J in the model M, in the 
canonical well-ordering of the model M. y and this a-th set is a subset of B. 

To prove this, first use Proposition to find a balanced virtual condition p in 
M, whose realization belongs to the generic filter G. Work in the model M, and argue 
that Coll(w, < x) IF p lFp t, isa union of a collection of ground model coded elements 
of I. By the forcing theorem applied in the model My, this will complete the proof. 

To prove the forcing statement in the previous paragraph, work in M,. Suppose 
towards a contradiction that it fails. By the assumptions on the name rT, there must 
be a poset Ro of cardinality smaller than x and Rj-name 7 for a countable sequence of 
elements of I and an Rp-name op for a condition in P stronger than p such that Rg IF 
Coll(c, < x) IF 9 IFp (, x) € 9 Aix € (i). By the contradictory assumption, there 
also must be a poset R, of cardinality smaller than x and R,-name y for an element of 
X and an R,-name og, for a condition in P stronger than p such that R; Ik Coll(w,< 
x) IF a, IF (y, x) € t and y does not belong to any element of I which belongs to M, 
and is a subset of T;. 

Move to the model W. Let Hp, H, C Ro, R, be filters mutually generic over My, 
and let pp = 09/Hp and p, = o,/H,. By the balance of the condition p, po, p) € 
P are compatible conditions with a lower bound q € P. Let x = y/H, € X. The 
contradiction is now reached by a split into cases. 
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Case 1. There exist a condition r € H, and a closed set C € mg(n/Hg) such that 
the ground model closed set D = X \ U{O: O Cc X is a basic open set such that 
r lk y € O} is a subset of C. By the closure of the collection I under subsets, D € I 
holds; by the definition of the set D, x € D holds. Now, W is the symmetric Solovay 
extension of both models M,|H | and M,[H,]. The forcing theorem applied in My| Ho | 
shows that W F q Ik D C C Ct. The forcing theorem applied in M,[H,] shows that 
W F q|lF X € D and x belongs to no ground model closed set in I which is a subset of 
Ty. Thus, the same condition q forces two contradictory statements. 

Case 2. Case 1 fails. Then, by the mutual genericity of the filters Hp, H, it must be the 
case that x ¢ J rng(y/Ho). Now, W is the symmetric Solovay extension of both models 
My[Ho] and M,[H,]. The forcing theorem applied in M,[H | shows that W F q IF 
ty = Umg(n/Hp). The forcing theorem applied in M,[H,] shows that W F q Ik x € 
ty \ Urng(y/Ho). So again, the same condition q forces two contradictory statements. 
The proof is complete. 


There are also consequences of tether which have apparently nothing to do with uni- 
formization. The following theorem is stated using Convention 


THEOREM 10.2.9. In a-closed, balanced, No-tethered extensions of a symmetric Solo- 
vay model there are no tournaments on the F2-quotient space. 


The o-closure demand can be relaxed to include the formally not o-closed posets of 
Section we omit the details. The role of X-tether is less clear. The linearization 
poset on the F,-quotient space of Example B.7.5|is o-closed, balanced, and adds a tour- 
nament, so clearly some additional assumption beyond the closure and balance is nec- 
essary. However, No-tether is not preserved under taking a regular subposet, while the 
conclusion of the theorem is. Thus, there is a room for improvement in the statement 
of the theorem. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing which is o- 
closed, and balanced and No-tethered below x. Let W be a symmetric Solovay model 
derived from x and work in W. Suppose towards a contradiction that p € P is a condi- 
tion and t is a P-name such that p lk t is a tournament on the F,-quotient space. Both 
p,t must be definable from some real parameter z € 2” and some parameters in the 
ground model. Let V[K] is an intermediate extension by a poset of size < « such that 
zeEV{[K]. 

Work in the model V[K] for a moment. Let p < p be a balanced virtual condition 
in the poset P in V[K]. Let 2 < x be a cardinal such that p is represented on a poset 
of size < A, let Qy be the finite support product of copies of Coll(w, 2) indexed by At 
with finite product of copies of the Cohen forcing indexed by 2 x A*. for any ordinal 
a € A* write Q% for the part of the product indexed by ordinals below a. Let yn and n, 
be the Q)-names for the sets of Cohen generic reals indexed by {0} x A* and {1} x at 
respectively. In the Qp-extension of V[K] consider the poset Q, which is the poset P of 
conditions which are stronger than some realization of p. Let Q denote the iteration 
Qo * Q;, and let v be a Q-name for the virtual condition in P consisting of all conditions 
in P stronger than all conditions in the generic filter on Q). 


CLAIM 10.2.10. Q forces x to be a balanced virtual condition in P below p. 
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PROOF. Let G C Q) and H Cc Q, be generic filters over V[K] and work in 
V[K][G][H]. First, use the o-closure assumption on P to conclude that in fact 7/G * H 
is forced to be a nonzero virtual condition. In some further collapse extension, the fil- 
ter H contains a cofinal countable sequence, which then has a lower bound and that 
lower bound will be a condition below y/G * H. 

Second, use the tether assumption to conclude that y/G « H is a balanced virtual 
condition. Observe that by a genericity argument with the filter H, for every analytic 
subset A C P coded in the V[K][G,], H contains a condition which is either below 
some element of A or incompatible with all elements of A. Since the poset P (so Q; 
as well) is a-closed in V[K][G], it does not add any new analytic subsets of P. As a 
result, it is forced that y/G « H is either stronger than or incompatible with any given 
virtual condition in P in the model V[K]|G][H] carried by a poset of size < Nog (ie. an 
analytic subset of P). The balance of v/G « H immediately follows from the definition 
of No-tether. 


Since y is forced to be balanced, we also have Q Ik Coll(w,< x) Ik y decides the 
statement (9,71) € T. Let q € Q be acondition such that q Ikg Coll(@, < x) IF y IFp 
(No.1) € T (or vice versa). Let q = (qo, q;) be a breakdown of the condition q in the 
iteration Qo * Q;. Use the A*-c.c. of the poset Qo to find an ordinal a € A* such that qo 
is a condition in QF and q, is a Qj-name. 


CLAIM 10.2.11. There are filters Gy, Gy C Qo which are separately generic over V[K]| 
such that 


(1) Go N QF and G, N Q§ are mutually generic over V[K], both containing q; 
(2) V[K][Go] = VIK][G,] 
(3) No/Go = 1/G, and m,/Go = No/G\. 


PRooF. Let I = AU (2 x A). Consider any bijection z: I > I such that z”A = 4. 
Such a bijection induces an automorphism of the poset Q and the class of Q-names, 
which by an abuse of notation we denote by z again. If in addition we assume that 
n"{0} x A = {1} xA and z"{1} x A = z{0} x A, then the automorphism switches the 
names 7, and n,. If in addition we assume that "a is disjoint from a and z”(2 x a) is 
disjoint from 2 x a, then the conditions q, z(q) are compatible. Let Gp C Qy be a filter 
generic over V[K] meeting the lower bound of q and z(q), and let G, = (2~1)”Go. The 
filters Gp, G, are as required. 


Now, let Go, G, be filters as in the claim. Let Ag = N9/Gp = ,/G, and Ay = 7,/Gp = 
No/G,. The conditions pg = q/Gp) and p, = q/G, are compatible in the poset P by 
(1), and their lower bound must exist in the model V[K][Gp] = V[K][G,]. Let H c P 
be a filter generic over V[K][Gp | meeting that lower bound and consider the balanced 
virtual condition p = y/Gp * H, which is equal to 7/G, * H. Now, since the filter 
Go * H C Q contains the condition q, the forcing theorem shows that in the model W, 
p IF (Ay, A;) € T. By the same argumentation, since the filter G, x H C Q contains the 
condition q, the forcing theorem shows that in the model W, p Ik (A;, Ag) € T. This is 
a contradiction concluding the proof. 
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10.3. Examples 


In this section we present several examples of tethered and untethered partial 
orders. In all affirmative examples below, the conclusion is that in view of Theo- 
rems and the extensions of the symmetric Solovay model by the 
posets in question satisfy the pinned uniformization, the well-orderable uniformiza- 
tion, and the Saint Raymond uniformization. 

We start with simplicial complex posets which naturally live on Polish spaces as 
opposed to quotient spaces. 


EXAMPLE 10.3.1. Let K be a fragmented Borel simplicial complex on a Polish space 
X. The poset P = Py is No-tethered. 


PROOF. Let f be a Borel fragmentation function, assigning to each a € K a count- 
able partial function from Y to Z, where Y and Z are Polish spaces. Suppose that 
V[Ho], V[H,] are mutually generic extensions of V and py € V[Ho], p; € V[H,] are 
incompatible conditions in P. It must be the case that f(p))U f(p;) is not a function. In 
other words, there must be a point y € dom(f(pp)) Ndom(f(p,)) and pairwise disjoint 
basic open sets Op, O; C Z such that f(po)(y) € Op and f(p,)(y) € O;. By the product 
forcing theorem, y € YN V holds. Let Ap = {p € P: y € dom(f(p)) A f(p)Q) € Oo} 
and A, = {p € P: y € dom(f(p)) A f(p)Q) € O,}. These are analytic subsets of P 
coded in the ground model. By the definitory properties of the fragmentation f, ZAg 
and XA, are incompatible elements of the completion of P. In addition, py < ZAp and 
Pi < ZA, holds. This completes the proof of the example. 


EXAMPLE 10.3.2. Let K be a Gs-matroid on a Polish space X as in Definition 
Then the poset P = Py is No-tethered. 


PROOF. Suppose that V[Ho], V[H,] are mutually generic extensions of V and pp € 
V[Ho|, pi: € V[H;] are incompatible conditions. Expanding the models V[H)], V[H; | 
and strengthening the conditions pp, p, if necessary, we may assume that for every 
point x €E XN V, either x € pp or Do U {x} is not a K-set, and similarly for p,. 

Let dg = PoNV and q, = p, NV. There are several cases. If qg # qi, with say a point 
xX € Go \qy, thenlet Ay = {q EP: x EqghandA, ={q EP: Jac [q] aU{x} ¢ K}. 
It is clear that both sets Ag, A, C P are analytic and their suprema XApy and XA, are 
incompatible in P, and pg < XAg and p, < XA,. Suppose then that qg = q,, denote 
the common value p and use the product forcing theorem to show that p € V holds. 
Suppose first that p is not a maximal K-set. Then there must be x € X \ p such that 
p U {x} is a K-set and inclusion-minimal finite sets ag C po and a, C p, such that 
Ap U {x} € K and a, U {x} ¢ K. By the assumption on x, ay ¢ V anda, ¢ V must 
hold. Let b = ag MN a, and let Og, O, C X be basic open sets separating the nonempty 
sets dy \ b and a, \ b; note that b € V holds by the product forcing theorem. Let 
Ao = {q EP: bc qand there is a finite set c C qN Op such that bUcU {x} € K}and 
A, ={qe€P: bc qand there isa finite set c C qNOy such that bUcU{x} ¢ K}. Clearly, 
Aj, A, C Pare analytic sets coded in the ground model, ZA, and XA, are incompatible 
in P by the exchange property of the matroid K, and pp < XAg and p, < XA). 

We come to the last case, where p is a maximal K-set in the ground model. This 
is impossible though: p is then a balanced virtual condition in P by Theorem 
Po < pand p, < Pp, SO Po, p; must be compatible by the balance of p. This contradicts 
the initial choice of Po, pj. 
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EXAMPLE 10.3.3. Let I be a Borel graph on a Polish space X of countable coloring 
number. The I-coloring poset P of Definition is No-tethered. 


PROOF. We identify P with its Suslin dense subset isolated in Theorem Sup- 
pose that V[Ho], V[H,] are mutually generic extensions of V and py € V[Ho], pi € 
V|H, | are incompatible conditions. Expanding the models V[H9 |, V[H,] and strength- 
ening the conditions po, p, if necessary, we may assume that for every point x € XNV, 
x € dom(p,) and x € dom(p,) both hold. 

Let qo = Po | Vand q, = p, | V. Suppose first that gg # q,. Then there must be a 
point x € V and distinct numbers vg, n, € w such that qo(x) = np and qy(x) = ny. Let 
Ao = {q E&P: x € dom(q) A q(x) = nos and A, = {q E P: x € dom(q) A q(x) = ny}. 
Clearly, Ag,A; C P are analytic sets coded in the ground model, XAp and XA, are 
incompatible in P and pp < ZAp and p, < XA}. 

Now suppose that qg = q, and work towards a contradiction. Write p for the 
common value and note that by the product forcing theorem, p € V holds. Now pisa 
balanced virtual condition in P by Theorem Po < pand p, < Pp, so Po, py must 
be compatible by the balance of p. This contradicts the initial choice of Do, py. 


EXAMPLE 10.3.4. Let I, A be abelian Polish groups, with A divisible. The homo- 
morphism poset of Definition is No-tethered. 


PROOF. Suppose that V[Ho], V[H,] are mutually generic extensions of V and pp € 
V[Hol, Pp) € V[H;] are incompatible conditions. Expanding the models V[H)], V[H, | 
and strengthening the conditions pp, p, if necessary, we may assume that for every 
point y €lnV, y € dom(p,) and I € dom(p,) both hold. 

Let dg = Po | V and q, = p, | V. Suppose first that qg # q,. Then there must 
be a point y € V and disjoint basic open sets Op,O, C A such that po(y) € Op and 
Pi(y) € O,. Let Ag = {q € P: y € dom(q) Aq(y) € Ops} and A, ={qEP:ve 
dom(q) A q(y) = O;}. Clearly, Ap, A; C P are analytic sets coded in the ground model, 
XAg and XA, are incompatible in P and pg < ZA and p, < XA}. 

Now suppose that gg = q, and work towards a contradiction. Write p for the 
common value and note that by the product forcing theorem, p € V holds. Now pisa 
balanced virtual condition in P by Theorem Po < pand p, < Pp, so Pog, p; must 
be compatible by the balance of p. This contradicts the initial choice of Do, p). 


The following two examples deal with quotient simplicial complex posets. 


EXAMPLE 10.3.5. Let E C F be Borel equivalence relations on a Polish space X 
such that every F-class consists of countably many E-classes. The E, F-transversal 
poset P of Definition is tethered. 


PROOF. We will show that P is A-tethered where 2 = 2,,,. Let V[Ho], V[Hj] be 
mutually generic extensions of the ground model V, and let pp € V[Hp] and p,; € 
V[H, | be incompatible conditions in P. There must be elements x9 € pp and x, € py; 
which are F-related but not E-related. In view of Proposition the points Xo, xX, 
must both be realizations of a virtual F-class in V and by Claim there are virtual 
E-classes dy # d; in V such that xp is a realization of dy and x, is a realization of dj. 

In V, let pp = {q € P: qcontains some realization of the virtual E-class do} and 
p; = {tq € P: qcontains some realization of the virtual E-class d,}. These are vir- 
tual conditions on the posets which carry the virtual E-classes dp, d,, and these are of 
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cardinality smaller than 2 by Theorem 22.5.6 In addition, po, p| are incompatible, and 
Po < po and p, < p} as required. 


The following example covers all posets which associate a structure to each G-class 
where G is a countable Borel equivalence relation on a Polish space, as in Example 6.4.8. 


EXAMPLE 10.3.6. Let X be a Polish space and let E Cc F be Borel equivalence 
relations on X such that F is pinned and for each F-equivalence class C C X, E | Cis 
smooth. Then the E, F-transversal poset P of Definition is No-tethered. 


PROOF. Let V[Ho], V[H,] be mutually generic extensions of the ground model V, 
and let pp € V[Ho] and p, € V[H,] be incompatible conditions in P. There must 
be elements Xy € Dp and x, € p, which are F-related but not E-related. Since the 
equivalence relation F is pinned, there must be a point x € X NV which is F-related to 
both x9, x,. By the initial assumptions on E, F, in the ground model there also must bea 
Borel map h: [x]p- — 2% reducing EF to the identity. Since h(xo) # h(x;), there must be 
distinct binary strings so, s; € 2” for some n € w such that sg C h(xXo) and s, C h(x}). 
Let Ay = {q EP: pnh [so] < Of}and A, = {qe P: pnh1[s,] # 0}. It is clear that 
Ao, A, are analytic subsets of P coded in the ground model, XAg is incompatible with 
XA, in P, and pp < XAg and p; < XA, as required. 


EXAMPLE 10.3.7. Let ¥ bea Fraissé class in a finite relational language with strong 
amalgamation. Let E be a Borel equivalence relation on a Polish space X. Then the 
E, ¥ -Fraissé poset P of Definition is tethered. In addition, if E is pinned, then P 
is No-tethered. 


PROOF. Start with the general case. Let A = 2,,,. We will show that the poset P 
is A-tethered. For brevity, assume that F has just one relational symbol of its language 
of some finite arity n € w. Thus, a condition p € P is just a single n-ary relation on a 
countable set dom(p) which respects the equivalence E, and such that its E-quotient is 
a F-structure. Let V[H)], V[H,] be mutually generic extensions of the ground model 
V and po € V[Ho] and p,; € V[H;] be incompatible conditions. In view of the strong 
amalgamation assumption, there must be n-tuples X, and X, in dom(po) and dom(p;) 
respectively such that for each i € n, Xo(i) E X,(i) holds, and Xp € po and X, € p; (or 
vice versa). By Proposition 2.1.7, there is an n-tuple d of virtual E-classes in V such that 
for each i € n, Xo(i), X,(i) are realizations of d(i). Let pp = {q € P: dom(q) contains 
an n-tuple X which is a realization of dandxe q}and p; = {q € P: dom(q) contains 
an n-tuple X which is a realization of dand x €¢ p}. These are virtual conditions on 
the posets which carry the virtual E-classes on the tuple d, and these are of cardinality 
smaller than 2 by Theorem In addition, po, p; are incompatible, and po < po 
and p, < pj as required. 

The case of a pinned equivalence relation FE proceeds in the same way, noting that 
in this case theE-quotient space and the virtual E-quotient space coincide. 


The ultrafilter posets typically do satisfy the tether demands. 


EXAMPLE 10.3.8. The poset P of all infinite subsets of w ordered by inclusion is 
N.-tethered. 


PROOF. Let V[Ho], V[H,] be mutually generic extensions of V, containing the re- 
spective conditions po, p; € P which are incompatible in P. Removing finitely many 
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numbers from each, we may assume that in fact pp N p; = 0. By Proposition [1.7.9, 
there are disjoint sets po, p; C w in the ground model such that pp C pp and p, C Pp}. 
These sets as conditions in P exemplify the tether of the poset P. 


EXAMPLE 10.3.9. Let A be a Ramsey sequence of finite structures. The poset P = 
Py of Definition is No-tethered. 


PROOF. We use the terminology of Section [7.3 In particular, the sequence A is 
written as (A, : n € w) of structures on pairwise disjoint sets. Let n € w be a natural 
number. Write D,, for the set of all copies of A,, which are a subset of some A,, for 
m>n. 

Let V[Ho|, V[H,] be mutually generic extensions of the ground model V, and let 
Po € V[Ho] and p, € V[H;] be incompatible conditions in P. Expanding the models 
and strengthening the conditions if necessary, by Claim we may assume that for 
each n € w and each set b C D, in the ground model, either pa" Cc bor Do” nb=0 
modulo finite, and similarly for subscript 1. Let (F,), be the set of all ground model 
elements of P(D,,) for which the first option prevails, and similarly for subscript 1. 

Suppose first that there is a number  € w for which (F,)) # (F,);. For definite- 
ness, suppose that there is some set b € (F,)o \ (F,)1. Then let pp ={p € P: p4» cb 
modulo finite} and p, ={p € P: p4" nb = 0 modulo finite}. The sets pp, p C P are 
analytic and coded in the ground model. Also, clearly 2 po, Zp; are incompatible in P, 
and Pp < Xp and p, < Xp} as desired. 

Now suppose that the sets (F, )o, (F,); are equal for all n € w. Write F, for their 
common value. The product forcing theorem shows that F, € V and even (F,: n € 
w) € V. Itis not difficult to check that it is an A-sequence of ultrafilters. Theorem [7.3.4 
then shows that it yields a balanced virtual condition p, and pg, p; < p. Since Do, p; < 
p, the balance of p shows that po, p; are compatible conditions, contradicting the initial 
choice of Dg, P}. 


EXAMPLE 10.3.10. Let (I, -) be a countable semigroup. The poset P = P(I) of 
Section [7.4] is No-tethered. 


PROOF. We adopt the terminology of Section [7.4. Let V[Ho], V[H,] be mutually 
generic extensions of V, containing the respective conditions pg, p}) © P which are 
incompatible in P. By Proposition extending the models and strengthening the 
conditions if necessary, we may assume that both pp, p; sort out the set P(w) NV. Let 
do = {a CT: ac Vand pp accepts a} and q, = {a Cl: ae Vand p, accepts a}. 

Suppose first that qg # q,, and for definiteness assume that there isaseta € qo \q,. 
Let pp = {q € P: qaccepts a}and p, = {q € P: qdeclines a}. Itis clear that po, p, C P 
are analytic sets coded in V, Xpo, Zp; are incompatible, and pp < Zpo, pi < =p}. 

Suppose now that qo = q; and work towards a contradiction. Denote the common 
value by p and use the product forcing theorem to see that p € V. Since the conditions 
Po» P; sort out P(T)N V, pis an ultrafilter. In V, Proposition then shows that p is 
an idempotent ultrafilter, and by Theorem it yields a balanced virtual condition 
in the poset P. Since po, p; < Dp, the balance of p shows that po, p, are compatible 
conditions, contradicting the initial choice of Dp, py. 


Finally, we include two examples of balanced posets which are not tethered. 
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EXAMPLE 10.3.11. Let E be a non-smooth Borel pinned equivalence relation on 
a Polish space X. The collapse poset P of |E| to 2° of Definition is not tethered. 
Countable-to-one uniformization fails in the resulting extension of the symmetric Solo- 
vay model. 


PROOF. We prove the last sentence. The poset P is balanced by the pinned as- 
sumption on £ and Theorem In the P-extension of the symmetric Solovay model, 
|E| < |2°| holds by the definition of the poset P. In addition, |E)| < |E| holds by the 
Glimm-Effros dichotomy as E is assumed to be non-smooth. In sum, |Eo| < |2®| holds, 
as witnessed by some function g: 2® — 2°. In addition, Corollary [11.5.8 shows that in 
the P-extension of the symmetric Solovay model, E, has no transversal, and therefore 
the function g has no left inverse. This feature of g stands witness to the failure of the 
countable-to-one uniformization. 


EXAMPLE 10.3.12. Let E be a pinned Borel equivalence relation with uncountably 
many uncountable classes on a Polish space X. The poset P of Example adding a 
complete countable section to E is not tethered. In the P-extension of the symmetric 
Solovay model, the countable-to-one uniformization fails. 


PROOF. We prove the last sentence. View P is the poset of all countable sets p C X 
ordered by p, < po if p1 N[ Pole = Po. Let o be the P-name for the union of the generic 
filter, which is a countable complete E-section. We will show that the set (X x d)NE C 
X xX is forced not to have a uniformization in the P-extension of the symmetric Solovay 
model. 

Let x be an inaccessible cardinal. Let W be a symmetric Solovay model derived 
from x and work in W. Towards contradiction, assume that p € P is a condition and 
t is a P-name such that p IF t is a uniformization of (X¥ x 0) N FE. Let z € 2% bea 
point such that both p and 7 are definable from parameters in the ground model and 
an additional parameter z. Let V[K] be an intermediate generic extension by a poset 
of cardinality smaller than x containing z and work in V[K]. 

Let x C X be a point such that [x]; is an uncountable E-class containing no ele- 
ments of p. Leth: 2° > [x], be acontinuous injection. Let Q be the Cohen poset on 
2®, with its associated name ype, for a generic point in 2%. Let p be a Q-name for the 
set DUM" |Ygenle, U(X \ [Pp U {x}lz C X. This set defines a balanced virtual condition 
below p by Theorem By a balance argument (Proposition 6.2.4), there must be 
an infinite binary sequence t € 2® with only finitely many unit entries and a condition 
q © Qsuch that q IF Coll(w, < x) IF p IF t(X) = hOgen + t). Let Yo, y) € 2% be distinct 
E9-related points in q generic over V[K]. Note that the models V[K]|[yo] and V[K][,] 
coincide, and so do the sets p/yp and p/y,. As a result, in the model W the common 
value of these sets forces in P that t(x) is simultaneously equal to h(y) +t) and h(y, +4), 
which is impossible. 


There are also partial orders where we are unable to decide the status of their tether, 
such as the FinxFin poset of Definition [7.2.1] 


CHAPTER 11 


Locally countable structures 


This chapter introduces a methodology for proving that certain models of ZF plus 
DC we produce do not contain locally countable structures of certain type. In particu- 
lar, we learn how to produce models of ZF+DC which contain locally countable struc- 
tures of one type but not of another type. The whole enterprise should be viewed as a 
parallel to the extensive field of descriptive set theory of locally countable structures. 
There are many striking similarities present, and many others are sure to be found in 
the future. 


11.1. Central objects and notions 


In this section, we introduce certain basic locally countable graphs and hyper- 
graphs and the associated concerns of the descriptive set theory of locally countable 
structures. Some of the critical issues deal with the comparison of chromatic and Borel 
chromatic numbers of various analytic hypergraphs on Polish spaces. An analytic hy- 
pergraph on a Polish space X is a set G C [X]<*o which is an analytic subset of the hy- 
perspace K(X) with the Vietoris topology. The elements of a hypergraph are referred to 
as hyperedges. Thus, our hypergraphs contain finite hyperedges only-they are finitary; 
it may occur though that there is no fixed n € w (arity) such that G C [X]". Asa matter 
of convention, our hypergraphs contain no singleton sets. A graph is a hypergraph of 
arity 2. If G,H are hypergraphs on respectve spaces X,Y, a functionh: X > Yisa 
homomorphism if the h-image of any G-hyperedge is an H-hyperedge. An anticlique 
is aset a C X such that [a]<®° mG = 0. The chromatic number of G is the smallest 
cardinality of a set of anticliques covering the whole space X. Since we are working 
in the choiceless context, where cardinalities are not well-ordered, we distinguish only 
between countable and uncountable chromatic number and different values of count- 
able chromatic numbers. 

Most of the central analytic hypergraphs in this section are in fact products of hy- 
pergraphs on finite or countable domain. The following definition explains the typical 
construction. 


DEFINITION 11.1.1. Let (a,, Hy, t, : m € w) be a sequence such that a, is a non- 
empty countable (often finite) set, H,, is a hypergraph on a, and t, € JJ, en Gm are 
finite strings such that the set {t, : n € w} is dense in U,, [] Gy. Let X = JT, an 
and define: 


men 


(1) (the skew product) |], Hn, tn is the hypergraph on X containing all sets b CX 
such that for some n € w, Vm 4 nVXp9, xX, € DX9(m) = x,(m), Vx € bt, C x, 
and {x(n): x € b} € H,; 
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(2) (the product) [[,, Hy is the hypergraph on X containing all sets b C X such 
that for some n € w, Vm # nVXo,X, € bXo(m) = x, (mM), and {x(n): x € 
b} € Hy. 


In all cases, the sets a, are implicit in the notation. The definition of the product (as 
opposed to the skew product) does not depend on the strings ¢,. Among the product 
graphs, the Hamming graphs are prominent. 


DEFINITION 11.1.2. Letn > 2 bea natural number. H,,, the Hamming graph on n®, 
is the product of infinitely many cliques of cardinality n. H.,,, the diagonal Hamming 
graph on the space [[,,(n + 1), is the product of cliques of all possible nonzero finite 
cardinalities. Finally, H,,, the Hamming graph on w®, is the product of infinitely many 
cliques on w. 


Skew products are useful as minimal examples of various phenomena. One standard 
example is the uncountable Borel chromatic number of graphs: 


DEFINITION 11.1.3. Let G be an analytic hypergraph on a Polish space X. G has 
countable Borel chromatic number if there are Borel G-anticliques B, C X forn € w 
such that X = U), By. 


DEFINITION 11.1.4. For each n € a, let a, = 2, let H,, be the graph on a,, contain- 
ing only the whole set a, as an edge and let t,, € 2” be a string such that {t, : n © w} C 
2< is dense. The graph Go is defined as [],, Hn, tn- 


FACT 11.1.5. (The Go-dichotomy [(61]])(ZF+DC) For every analytic graph G on a 
Polish space X, exactly one of the following occurs: 
(1) the Borel chromatic number of G is countable; 
(2) there is a continuous map from 2° to X which is a homomorphism of Go to G. 


Uncountable chromatic numbers of locally countable graphs can be used in ZF+DC to 
rule out seemingly unrelated phenomena. The following humble proposition will be 
useful at several points of this book: 


PROPOSITION 11.1.6. (ZF+DC) If the chromatic number of Go is greater than two 
then 
(1) there is no linear ordering of the Ey-quotient space; 


(2) |Eo| £ 2°); 


(3) there is no discontinuous homomorphism between Polish groups. 


PROOF. For the first item, consider the equivalence relation E on 2 connecting 
points x,y © 2° if they differ in a finite, even number of entries. Then FE C Ep; asa 
subset of a hyperfinite equivalence relation, it is itself hyperfinite and therefore Borel 
reducible to Ey [54, Theorem 8.1.1]. Now, suppose that the Ey-quotient space is linearly 
orderable; then so is the E-quotient space, and one can define the function c: 2° > 2 
by setting c(x) = 0 if among the two E-classes which constitute the Eg-class of x, x 
belongs to the smaller one in the fixed linear ordering of the E-quotient space. It is not 
difficult to show that c is a Gg-coloring with two colors. 

The second item follows from the first, since the inequality |E)| < |2°| yields a 
linear ordering on the Ey-space by simply pulling back the usual lexicographical order 
on 2” to the Eg-quotient space via the assumed injection from the E,-quotient space 
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to 2°. The third item is much harder. [89] constructs, in ZF+DC, a coloring of the 
Hamming graph H), (a superset of the Gy-graph) with two colors from the assumption 
that there is a discontinuous homomorphism between Polish groups. 


It is not difficult to extend the Gg-dichotomy to arbitrary finitary analytic hypergraphs, 
see Fact In this generality, one has to allow for uncountably many basis hyper- 
graphs, which are nevertheless easy to describe: 


DEFINITION 11.1.7. Suppose that (a,,, Hy, ty : m € w) is a sequence such that each 
dy, is aa finite set of cardinality at least two, H,, is the hypergraph on it containing a, 
as its only hyperedge, and t, € [T,, en %m is a string such that the set {t, : n € w} is 
dense in U,, [Len Gm: Then the hypergraph [[,, Hn, t, on [J,, dn is called a principal 
skew product. 


Any standard proof (such as that of [(61]] or [82)]) of the Go-dichotomy (Fact[I1.1.5) read- 
ily generalizes to yield the following dichotomy. Details of the routine generalization 
are left to the patient reader. 


FACT 11.1.8. (ZF+DC) Let G be a finitary analytic hypergraph on a Polish space X. 
Exactly one of the following occurs: 


(1) the Borel chromatic number of G is countable; 
(2) there exist a principal skew product and a continuous homomorphism of it to 
the hypergraph G. 


In this chapter, we will also use more involved variations of the uncountable Borel 
chromatic number. 


DEFINITION 11.1.9. Let G be an analytic finitary hypergraph on a Polish space 
X. The hypergraph G has Borel o-bounded chromatic number if there are Borel sets 
B, Cc X forn € w such that X = U,, Bn and for every n € a, every finite subset of B,, 
has G-chromatic number less than n + 2. 


It is immediate that countable Borel chromatic number implies Borel o-bounded chro- 
matic number. The opposite implication does not holds as the following examples 
show. 


EXAMPLE 11.1.10. The Hamming graph H, has uncountable Borel chromatic 
number by Fact but it does have Borel o-bounded chromatic number. To see 
this, observe that it contains no odd length cycles and therefore H on each finite sub- 
set of 2° has chromatic number 2. The sequence B,, defined by B, = 2” and B,, = 0 for 
alln # 1 exemplifies the Borel c-bounded chromatic number of H3. 


EXAMPLE 11.1.11. The diagonal Hamming graph H_.,, does not have Borel 
o-bounded chromatic number. To see this, by the Baire category theorem it is enough 
to show that any non-meager Borel subset of X = [[,,(n + 1) contains arbitrarily large 
finite H.,,-cliques. Thus, let B C X be non-meager Borel and let m € w be a number. 
Let t be a finite string of natural numbers such that B is comeager int and |t| =n > m. 
A simple construction yields a point x € X such that t C x and for every i € n the 
point x;, obtained from x by rewriting its n-th entry with i, belongs to the set B. Since 
the set {x;: ie n} C Bisan H.,,-clique, the argument is complete. 
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The class of analytic finitary hypergraphs which do not have Borel o-bounded chro- 
matic number has a simple basis. 


DEFINITION 11.1.12. Let (a, Hy, ty : m € w) be a sequence such that a, is a non- 
empty finite set, H,, is a hypergraph on a,, of chromatic number > n, t, € ILn en &m> 
and the set {t, : n € w} is dense in L), [],¢, An: The skew product [],, Hn, ty is then 
called a large skew product and the product IL, H,, is called a large product. 


A straightforward Baire category argument as in Example [11.1.11]| shows that a large 
skew product does not have Borel g-bounded chromatic number. The following fact is 
proved in the same way as the Gg-dichotomy, and we omit the standard argument. 


FACT 11.1.13. Let G be a finitary analytic hypergraph on a Polish space X. Exactly 
one of the following occurs: 


(1) G has Borel c-bounded chromatic number; 
(2) there is a large skew product H on a Polish space Y and a continuous homo- 
morphism h: Y > X of H toG. 


Many interesting natural examples of hypergraphs which do not have Borel o-bounded 
chromatic number actually have a stronger property encapsulated in the following def- 
initions. 

DEFINITION 11.1.14. Let a be a finite set and G be a hypergraph on a. The frac- 
tional chromatic number of G is the maximum of all numbers Zyeq f(v) where f : a > 
[0, 1] ranges over all functions such that Z)<pf(v) < 1 for all G-anticliques b C a. 


A word about the terminology is in order. In fractional graph theory [91], the fractional 
chromatic number is typically defined for graphs only. In the graph context, the def- 
inition above corresponds to the fractional clique number of G, which is equal to the 
standard fractional chromatic number of G by a linear programming duality argument 
(91, Section 3.1]. In order to maintain coherent terminology, we neglect this important 
but for our ends irrelevant point. A trivial restatement of the fractional chromatic num- 
ber will be used below: it is the largest real number r such that there is a probability 
measure on a in which every G-anticlique has mass < 1/r. 

Note that the fractional chromatic number is no greater than the chromatic num- 
ber. Just as in the case of the chromatic number, if Gg, G; are hypergraphs on dg, a; 
respectively and h : ag — a, isa homomorphism of Gp to G, then the fractional chro- 
matic number of G, is not smaller than the fractional chromatic number of Gp. The 
following examples further elucidate the relationship between the chromatic number 
and its fractional counterpart. 


EXAMPLE 11.1.15. For every n € w let G,, be the graph on [n]? connecting pairs 
a, b if the smaller element of a is equal to the larger element of b or vice versa. Then the 
chromatic numbers of G,, tend to infinity with n, but the fractional chromatic numbers 
remain bounded by 4. 

For the former statement, note that if n is such that n > (3)?, then the chromatic 
number of G,, is greater than m: if [n]? = Uiem Bi then by the Ramsey property of n 
there is i € mand a triple c C n such that [c]* C Bj; however, [c]* clearly contains a 
G-edge. 

For the latter statement, suppose that 1 is a probability measure on [n]?, and let 
A be the normalized counting measure on P(n). Let B = {(a,x) € [n]* x P(n): x 
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contains the smaller number in a but not the larger number in a}. The vertical sections 
of B have A-mass 1/4, so by the Fubini theorem there must be a horizontal section B* 
whose p-mass is > 1/4. It is not difficult to check that B* is a G-anticlique. 


EXAMPLE 11.1.16. Let ¢ > 0 bea fixed real number. For each n € w, let G,, be the 
graph on 2” which connects x, y if the set {m € n: x(m) = y(m)} has size at most en. 
The fractional chromatic numbers of G,, tend to infinity with n. To see this, consider 
the normalized counting measure jz, on 2”, the normalized Hamming metric d,, on 2”, 
and the concentration of measure results for the Hamming cubes Theorem 4.3.19]: 
for every 6 > 0 there is a number k € w such that for every n > k and every set b C 2” 
of ,-mass greater than 6, the ¢/2-neighborhood of b in 2” in the sense of the metric d, 
has mass greater than 1/2. For each such number n € @, every set b C 2” of z,-mass 
greater than 6 contains a G,,-edge. To produce the edge, consider the automorphism 
Ty: 2” — 2” defined by z,,(x)(m) = 1 — x(m). The set 7”b has p-mass greater than 
6 again. The ¢/2-neighborhoods of the sets b and z”b in the sense of the metric d, 
have both 4, mass greater than 1/2 and therefore intersect. It follows that there must 
be points x € band y € z"”b with d,,(x, y) < en, and then x, z~'y are G,,-connected 
elements of the set b. 


EXAMPLE 11.1.17. Foreveryn € @, let H, be the hypergraph on n ofarity 3 consist- 
ing of all arithmetic progressions of length 3. Then the fractional chromatic numbers 
of H,, tend to infinity with n—just consider the normalized counting measure on n and 
the density van der Waerden’s theorem [[101]]. 


DEFINITION 11.1.18. Let G be an analytic finitary hypergraph on a Polish space 
X. We say that G has Borel o-bounded fractional chromatic number if there are Borel 
sets B, CX such that X = |), B, and for each n € w, the hypergraph G has fractional 
chromatic number less than n + 2 on every finite set a C B,. 


Clearly, Borel o-bounded chromatic number implies Borel o-bounded fractional chro- 
matic number but the opposite implication fails. The most natural class of Borel graphs 
exemplifying the distinction is the following: 


EXAMPLE 11.1.19. Let E be a Borel non-smooth equivalence relation on a Polish 
space X. Let Q be the poset of all pairs q = (ag, b,) of finite subsets of X such that 
(a, x bz) NE = 0; the ordering is that of coordinatewise reverse inclusion. Let G be 
the graph connecting two conditions in Q if they are incompatible. Then G does not 
have Borel o-bounded chromatic number, yet it does have Borel o-bounded fractional 
chromatic number. 


PROOF. To show that G does not have Borel c-bounded chromatic number, first 
use the Glimm-Effros dichotomy to find a Borel reduction h: 2° — X of Eg to E. For 
Fo-unrelated points yo, y, € 2% let r(vo, 1) = ({h(yo)}, {201 )}) and note that r(yo, 4) € 
Q. By the Baire category theorem, it will be enough, for any Borel nonmeager set B C 
2° x 2 and every n € w, to produce a finite subset b C B such that the chromatic 
number of G on q"b is greater than n. To this end, let to, t, € 2“ be two binary strings 
of the same length such that B C [tg] x [t,] is comeager. Let k € w be a number such 
that k > (3)?. A simple construction yields points y; € 2® for i € k such that for any 
ie j €k, (to yi,t; y) € B holds. It will be enough to show that the graph G on the 


setc = {q(to yt, yj): i € j © k} has chromatic number greater than n. To see this, 


232 11. LOCALLY COUNTABLE STRUCTURES 


suppose that c = en dm. By the choice of the number k, there exist m € n and 
numbers i, € i, € i, such that any pair of them gives rise to a condition in the set d,,. 
Now note that the conditions (to yj,,t, yi,) and r(to yi,» t; Yi,) are incompatible in Q, 
so form a G-edge. 

To show that G has Borel o-bounded fractional chromatic number, let B, = {q € 
Q: |ag U bg| < nj, observe that the set B, is Borel and Q = Le Bae and argue that for 
every finite set c C B,, the fractional chromatic number on G on c is < 2”. Indeed, 
assume that yz is any probability measure on the set c; we will produce a set of z-mass 
> 2—" consisting of pairwise compatible conditions, i.e. a G-anticlique. To do this, let 
e be the finite set of all E-classes with nonempty intersection with Le ee (Aq U bq) and 
let A be the normalized counting measure on P(e). Let A = {(q,u) Ec X P(e): ag C 
Uuar by n Uu = 0}. Since ¢ C By, all vertical sections of the set A have A-mass 
> 27”. By the Fubini theorem, there is a horizontal section of A of z-mass > 2~". This 
horizontal section is the desired G-anticlique of u-mass > 27”. 


Examplefl1.1.11)actually shows that the diagonal Hamming graph does not have Borel 
o-bounded fractional chromatic number, since the density of a clique of cardinality n is 
n. Many other examples arise from various density versions of Ramsey-type theorems. 


EXAMPLE 11.1.20. Suppose that Z acts in a Borel, free and measure-preserving 
way on a Polish probability measure space (X, 4). Let G be the Borel hypergraph on X 
of arity 3 containing a triple {x, y, z} if there ism € w such thatn-x =yandn-y =z. 
The hypergraph G does not have Borel o-bounded fractional chromatic number. 


PROOF. Suppose towards a contradiction that X = ee B,, is a decomposition of X 
into Borel sets witnessing the Borel o-bounded fractonal chromatic number of G. Pick 
n € wande > Osuch that u(B,) > ¢. Use the density version of van der Waerden 
theorem [[101]] to find a number my € w such that in every subset of mp of cardinality 
> Mo/n, one of the classes contains an arithmetic progression of length three. Use the 
density van der Waerden theorem again to find a number m, such that every subset of 
m, of size > em, contains an arithmetic progression of length mg. Let C C m, x X 
be the set C = {(i,x): x € i- B,}. As every vertical section of the set C has u-mass 
> «, by the Fubini theorem there must be a point x € X such that the horizontal 
section C* C m, contains more than em, many numbers, so an arithmetic progression 
{i+ jk: k © mo} for some choice of i,k as well. Let x; = (-i — jk) - x for j € m, 
and note that {x;: j © mo} C B, holds. By the choice of mo, the fractional chromatic 
number of G on the set {xj : j © mo} is larger than n, contradicting the choice of the 
set B,. 


The class of analytic finitary hypergraphs which do not have Borel o-bounded frac- 
tional chromatic number has a simple basis. 


DEFINITION 11.1.21. Suppose that (a), Hy, ty, : n € w) is a sequence such that a, 
is a nonempty finite set, H,, is a hypergraph on a, such that every H,,-anticlique has 
fewer than |a,,|/(n + 2) many elements, and t, € Pee A» and the set {t, : n € w} 
is dense in Un, ILn en Gn: The skew product IL, H,,, ty, is then called a large measured 
skew product. 
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A straightforward Baire category argument shows that a large measured skew product 
does not have Borel o-bounded fractional chromatic number. The following fact is 
proved in the same way as the Gg-dichotomy, and we omit the standard argument. 


FACT 11.1.22. Let G be a finitary analytic hypergraph on a Polish space X. Exactly 
one of the following occurs: 
(1) G has Borel a-bounded fractional chromatic number; 
(2) there is a large measured skew product H ona Polish space Y and a continuous 
homomorphism h: Y > X of H toG. 


We now include two definitions and related dichotomies which deal with the clique 
number of Borel graphs. 


DEFINITION 11.1.23. Let G be an analytic graph on a Polish space X. We say that 
G has Borel o-bounded clique number if there are Borel sets B, C X forn € w such that 
no B,, contains a G-clique of size n + 2. 


FACT 11.1.24. Let G be an analytic graph on a Polish space X. Exactly one of the 
following occurs: 


(1) G has Borel a-bounded clique number; 
(2) there is a continuous homomorphism from a skew product of infinitely many 
cliques of increasing finite size to G. 


DEFINITION 11.1.25. Let G be an analytic graph on a Polish space X. We say that 
G has Borel o-finite clique number if there are Borel sets B, C X for n € w such that no 
B,, contains an infinite G-clique. 


FACT 11.1.26. Let G be an analytic graph on a Polish space X. Exactly one of the 
following occurs: 
(1) G has Borel o-finite clique number; 
(2) there is a continuous homomorphism from a skew product of infinitely many 
infinite cliques to G. 


Finally, we state a dichotomy for analytic hypergraphs of infinite, countable arity. 


DEFINITION 11.1.27. Let X be the dense Gs subspace of w® consisting of all func- 
tions x € w® such that for infinitely many n € w, x(n) > x(m) for allm € n. Let 
{s, : n € w} bea collection of finite strings of natural numbers such that s, € w” 
and {s,: n € w} C w<” is dense. Define the hypergraph G,, to consist of all tuples 
(Xm: m € w) such that there isn € w such that each s,, is an initial segment of all 
points X,,, X,,(n) = m holds for all m, and the tails x,, | (n,@) are the same for all 
ME. 


FACT 11.1.28. [[75]] Let G be an analytic hypergraph on a Polish space Y of countable 
arity. Exactly one of the following occurs: 


(1) G has countable chromatic number; 
(2) there is a continuous homomorphism of G,, to G. 


11.2. Definable control 


This section is devoted to the class of apparently the softest balanced Suslin exten- 
sions one can find: those in which the balanced virtual conditions can be found in an 
easily definable way. 
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DEFINITION 11.2.1. Let P be a Suslin forcing. We say that P is definably balanced if 
for each condition p € P there is a balanced virtual condition p < p which is definable 
from a real parameter. 


The following results are stated using Convention [I.7.18. The first theorem shows that 
definably balanced forcings preserve uncountable chromatic number of infinitary an- 
alytic hypergraphs. This should be compared with the conclusion of Theorem 


THEOREM 11.2.2. In definably balanced extensions of the symmetric Solovay model, 
whenever I is an analytic hypergraph of countable arity on a Polish space X of uncount- 
able Borel chromatic number, then T has uncountable chromatic number. 


PROOF. In view of the dichotomy for analytic hypergraphs (Fact {I11.1.28), it is 
enough to prove the theorem for T = G,, where G,, is the hypergraph of Definition 
Let X be the domain Polish space of F and {s, : n € w} be the collection of 
finite strings of natural numbers from which I is defined. 

Suppose that x is an inaccessible cardinal. Suppose that P is a Suslin forcing such 
that P is definably balanced below x. Let W be the symmetric Solovay model derived 
from « and work in W. Let p € P be a condition and let t be a P-name for a func- 
tion from X to w; we must find a T-edge (x,,: m © w), a number k € w and some 
strengthening of the condition p which forces t(X,,) = k for all m € w. The condition 
p as well as the name 7 are defined from some parameters in the ground model and 
perhaps an additional parameter z € 2”. Find an intermediate extension V[K] of the 
ground model using a poset of cardinality smaller than x such that z € V[K], and work 
in the model V[K]. 

Let Q be the product of uncountably many copies of Cohen forcing on w”, indexed 
by countable ordinals. Let H C Q be a filter generic over V[K] and work in V[K][H]. 
It is well-known that the filter H is specified by a sequence (x, : a € w,) of Cohen 
generic points in X. Moreover, for each ordinal a € w,, writing V|K][H,] for the 
model V[K][(xg : 6 # q)], the point x, € X is R-generic over V[K][H,,] where R is the 
Cohen forcing on w”, viewed as the poset of finite strings of natural numbers ordered 
by reverse extension. By the definable balance assumption on P, there is an element 
v & 2” and a definition of a balanced virtual condition p < pusingv asa parameter. By 
ac.c.c. argument with the poset Q, there is an ordinal a € w, such that v € V[K][H,]. 
Work in the model V[K][H,]. 

Let Xgen be the R-name for the generic point in X. By a balance argument (Propo- 
sition 5.2.4), there must be a condition r € Randa number k € wo such that r IF 
Coll(w, < x) IF p IF t(Xgen) = k. Let x € w® be a point R-generic over V[K][Hz] 
such that r C x. Use a genericity argument to find a number m € w large enough that 
Sm is an initial segment of x andr C 4#,,. For each number n € w@ let x, € X be the 
point obtained from x by overwriting its m-th entry with n. Thus, each point x,, is R- 
generic over V[K][H,], extends r, and V[K][H,|[x] = V[K]|Hq][x,]. The evaluation 
of the definition of p < p yields the same balanced virtual condition in these identical 
models. By the forcing theorem, in the model W p Ip t(X,,) = k must hold for every 
number n. In view of the fact that the sequence (x, : n € w) is a I-hyperedge, the 
proof is complete. 
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Among many other consequences of definable balance, we prove only one: in defin- 
ably balanced extensions of the Solovay model, cardinalities of quotient spaces of cer- 
tain countable Borel equivalence relations are preserved in a precise sense. In fact, 
we cannot prove any theorem to this effect in any other circumstance beside definable 
balance. The conclusion should be compared with Corollary 


THEOREM 11.2.3. Let I be a non-amenable countable group, acting on X = 2° by 
left shift, inducing an orbit equivalence relation E. In definably balanced extensions of 
the symmetric Solovay model, |E| < | 


ol- 


PROOF. As a preamble to the proof, let 4 be the usual Borel probability measure 
on 2". We will need the following standard fact. 


CLAIM 11.2.4. Let B C X be a Borel \-positive setand h: B > 2® be a Borel map. 
Then 


(1) either there is a group element y € T such that the set{x € Bi: y-x E BA 
ah(x) Eg h(y - x)} is u-positive; or 
(2) there is a point y € 2® such that the set h~ {y} is u-positive. 


PROOF. Suppose that the first item fails. Then, for each group element y € I the 
set C, = {x € B: y-x € BATh(x) Ep h(y-x)} is ¢-null, so the Borel set By = B\U, Cyc 
X is u-positive. Note that h | By isa homomorphism of E to Ej. The homomorphism 
can be extended to one whose domain is all of X. To see this, put k(x) = h(x) if x € Bo, 
k(x) = h(y - x) where 7 is the first element of I such that y - x € By ifx € [Bolg \ Bo, 
and h(x) = z for some fixed z € 2” if x € [Bolz. 

Now, by [46, Theorem A4.1] there is an E-class whose k-preimage has j/-mass one. 
By a o-additivity argument, there must be a point y € 2” in this Ey-class such that the 
set k~!{y} M Bo is u-positive. This confirms the second item and proves the claim. 


Suppose now that x is an inaccessible cardinal. Suppose that P is a Suslin forcing such 
that P is definably balanced below x. Let W be the symmetric Solovay model derived 
from x and work in W. Let p € P be a condition and let t be a P-name for a function 
from the quotient E-space to the quotient E)-space; we must find distinct E-classes and 
condition stronger than p forcing t to map the two E-classes to the same E-class. The 
condition p as well as the name 7 are defined from some parameters in the ground 
model and perhaps an additional parameter z € 2. Find an intermediate extension 
V[K] of the ground model using a poset of cardinality smaller than x such that z € 
V[K], and work in the model V[K]. 

Let Y = X®! be the product space and let v be the Borel probability measure on 
Y obtained as the product of 8, many copies of uz. Let Q be the random algebra asso- 
ciated with v [B5, 254J, Volume 2]. Let H C Q be a filter generic over V[K] and work 
in V[K][H]. It is well-known that the filter H is specified by a sequence (xq: a € @ ) 
of points in X. Moreover, for each ordinal a € w,, writing V[K][H,]| for the model 
VIK]l(xg: 6 #@)], the point x, € X is R-generic over V[K][H,]| where R is the poset 
of u-positive Borel subsets of X ordered by inclusion. By the definable balance assump- 
tion on P, there exist an element v € 2® and a definition ofa balanced virtual condition 
p < p using v as a parameter. By ac.c.c. argument with the poset Q, there is an ordinal 
a@ € w, such that v € V[K][H,]. Work in the model V[K][H,]. 
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Let Xgen be the R-name for the generic point in X. By a balance argument (Propo- 
sition 5.2.4), there must be a condition B € R and an R-name 7» for an element of 2° 
such that B IF Coll(w, < x) IF p IF t([Xgenlz) = [n]e,. Strengthening the condition B 
if necessary we may find a continuous function h : B > 2® such that B IF 9 = h(Xgen). 
As per Claim there are two options. 

Case 1. There is a group element y € I such that the setC = {x € Bi y-xe€ 
BA -W7h(x) Eg h(y - x)} is u-positive. In such a case, let x € C be a point R-generic 
over V[K][H,]. Since the measure y is invariant under the action, the point y- x € X 
is a point R-generic over V[K]|[H,,| as well, and V[K][H][x] = V[K]|H][y - x]. The 
evaluation of the definition of p < pyields the same balanced virtual condition in these 
two equal models. By the forcing theorem, in the model W, the condition p forces in 
the poset P that t([x]z) = [h(x)]e, and t(ly - xlz) = [h(y - x)]e,. However, the left 
hand sides of these equations are equal while the right hand sides are not by the case 
assumption. This is a contradiction showing that Case 1 is in fact impossible. 

Case 2. There is a point y € 2® such that the set C = h~!{y} is u-positive. Let x € C 
be a point R-generic over V[K]|H,]. By a simple density argument, the set D = {u € 
2° nV[K][Ha| : u+x € Chis uncountable in V[K][H,|[x], where + is coordinatewise 
binary addition on 2". Let u € Dbe point such that u+< is not E-related to x. Since the 
measure y is invariant under coordinatewise binary addition of u, it follows that the 
point u+x € Cis also R-generic over V[K][H, |; clearly V[K][H,][x] = V[K][H,][u+ 
x]. The evaluation of the definition of 6 < p yields the same balanced virtual condition 
in these two equal models. By the forcing theorem, in the model W, the condition p 
forces in the poset P that t([X]z) = [V]e, and t([u+ x]z) = [Vle,. Now, the right hand 
sides of these equations are equal by the case assumption while the left hand hand sides 
are not by the choice of u € 2°. It follows that p forces T not to be an injection from 
the E-quotient space to the Ey-quotient space as required. 


EXAMPLE 11.2.5. Let P be the partial ordering introducing a nontrivial automor- 
phism of the algebra P(w) modulo finite as in Section 8.4 As proved in Theorem 
the balanced virtual conditions are classified precisely by automorphisms of the alge- 
bra. At the same time, every condition ( an automorphism of a countable subalgebra) 
can be extended into a total automorphism which is trivial, i.e. generated by a bijection 
between cofinite subsets of [| Theorem 2.3]. Such a total automorphism is clearly 
definable from a real. 


COROLLARY 11.2.6. 


(1) Let P be the poset for adding a nontrivial automorphism of the algebra P(w) 
modulo finite of Section 8.4, In the P-extension of the Solovay model, there is no 
discontinuous homomorphism between Polish groups. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
nontrivial automorphism of P(w) modulo finite, and there is no discontinuous 
homomorphism between Polish groups. 


PROOF. The poset P is definably balanced by Example It is clearly o-closed, 
so in the P-extension of the Solovay model, ZF+DC holds. By Theorem {11.2.2, in the 
P-extension the chromatic number of the Hamming graph H, is uncountable.. By a 
ZF+DC result of [89], this abstractly implies that there are no discontinuous homo- 
morphisms between Polish groups. 
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EXAMPLE 11.2.7. Let E be a pinned Borel equivalence relation on a Polish space 
X. The poset P of Example adding a countable complete section of E is definably 
balanced. To see this, present P as the poset of countable sets p C X ordered by p; < Do 
if p} N[Polz = Po, ordered by reverse inclusion. The balanced virtual conditions are 
classified by subsets of X which have nonempty intersection with every E-class. For 
every condition p € P one can easily produce a balanced virtual condition below p- 
one option is the balanced virtual condition p < p associated with the set pUX \ [Dlp. 


COROLLARY 11.2.8. Let E be a pinned Borel equivalence relation on a Polish space 
X. Let T be a non-amenable countable group acting on 2" by shift, inducing a countable 
Borel orbit equivalence relation F. 
(1) Let P be the partial ordering adding a countable complete section to E. In the 
P-extension of the symmetric Solovay model, |F| £ |Eo| holds. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, E has a 
complete countable section, yet |F| £ |Eo|. 


The following examples are stated without their attendant corollaries. 


EXAMPLE 11.2.9. Let P be the poset of Section 8.5] adding a cofinal Kurepa family 
on a fixed Polish space X. For every condition p € P (a countable set of countable 
subsets of X closed under intersection) one can find a balanced virtual condition p < p 
represented by the pair (Coll(w, X), T) where Tt is the name for the condition obtained 
from p by adding the set X N V. This is indeed a balanced pair as proved in Theo- 
rem and it is definable from a real. 


EXAMPLE 11.2.10. Let P be the poset of Definition adding a function f : [X}* 
— [X]*o without a free triple. Theorem shows that every set mapping from [X]? 
to P(X) without a free triple yields a balanced virtual condition. Now, given a condition 
p € P, one can consider the set mapping g: [X]? > P(X) defined by letting g(x, y) be 
p(x, y) if {x, y} € dom(p) and X \ {x, y} otherwise. It is not difficult to see that g yields 
a definable balanced virtual condition below p. 


EXAMPLE 11.2.11. Let I be the clopen graph on 2® connecting points x) # x; 
if the smallest number n such that xg(n) # x(n) is even. Let P be the partial order 
of Example forcing a failure of OCA by adding an uncountable subset of 2” 
containing no uncountable I’-clique or I’-anticlique. For every condition p € P (which 
is a pair (ap, bp) where a, C 2 is a countable set and b, is a countable collection of 
closed I’-cliques and closed T’-anticliques) one can find a balanced virtual condition p < 
p represented by the pair (Coll(c, 2”), 7) where t is the name for the pair (ap, bp) where 
bp is the set of all closed I-cliques and all closed I’-anticliques coded in the ground 
model. This is indeed a balanced pair below p as shown in Example and it is 
definable from a real. 


11.3. Centered control 


In this section, we provide technology for preserving uncountable chromatic num- 
bers for arbitrary analytic finitary hypergraphs. The method requires a brief preamble 
describing a familiar variation of c.c.c. for partial orders. 


DEFINITION 11.3.1. Let Q be a partial order. A set A C Q is centered if every finite 
subset of A has a common lower bound in Q. 
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DEFINITION 11.3.2. Let R be a Suslin forcing. We say that R is Suslin-o-centered if 
R= U,An where each A, is a centered analytic set. 


It is obvious that a Suslin-o-centered poset is c.c.c. because no centered set can contain 
incompatible conditions. We need a small variation of a familiar finite support iteration 
preservation theorem. 


PROPOSITION 11.3.3. Let R be a Suslin-o-centered poset and let Q be its finite support 
iteration of length w,. There is a parameter z € 2 such that Q is covered by sets each of 
which is centered and definable from z and an ordinal parameter. 


PROOF. We start with a general claim which will be re-used several times later. 
Let R be any Suslin forcing, let R = ee A,, be a cover by countably many analytic sets. 
Let Q be the finite support iteration of R of length w,. For every finite partial function 
gi @, > wlet B, = {q € Q: supp(q) = dom(g) and Va € dom(g) q [ a IF q(a) € 
Aga)}: 


CLAIM 11.3.4. For every condition q € Q there exist a finite partial function g : w, > 
« and a condition stronger than q in the set By. 


PROOF. This argument is standard. First, use a Shoenfield absoluteness argument 
to prove that R = sae, holds in every forcing extension. Now, to find q’ < q and g, 
by induction on n € w build conditions q,,, ordinals a, € w, and numbers m, € w so 
that 


°9=%2Un 2 2--5 
* & = max(dom(q)) and a,,; = max(dom(qn41)) N an; 


7 vp Ey Qn) = Gn+1(B8) and Qn+1 [ ty IF q(an) € Am, 


This is easily done. Once q,, a, are known, just find a condition q in the iteration 
Q | a, up to a, and a number m, € w such that q < qy | a, and q IF qy(a) € An,.- 
Let Qn41 = GU Qn | [On ©1), M41 = Max dom(qy,+1) Na, and continue the induction. 
By a well-foundedness argument, the process has to stop at some n € w. The only way 
it can stop is that dom(qy,41)N@, = 0. For such number n € a, itis clear that q,41 <q 
is a condition in the set B, where g is the function such that g(a) = mj; for alli < n. 


Now, to the specific situation of the proposition. Let R = ee be a cover by 
analytic centered sets. Let z € 2” be a parameter defining R and the cover. Note that 
each of the sets A, remains centered and R = [J 1 An holds in every forcing extension 
by Shoenfield absoluteness. For each finite partial function g: w, > let B, = {q € 
Q: supp(q) = dom(g) and Va € aq | a IF q(a) € Agcqy}. These sets are definable 
from z and an ordinal parameter, and their union is dense in Q by Claim Thus, 
it is enough to verify that each set B, is centered. 

Ifn € wand q; for i € n are conditions in B,, by induction on the ordinal a € 
dom(g) find Q | a-names 7, for conditions in R which are (forced to be) the lower 
bound of q;(a) for all i € n. This is possible as the analytic set Ag(g) C R is centered. 
In the end, the sequence (yy : a € dom(g)) is a lower bound of the conditions q; for 
i € nas required. 


Finally, we are in a position to speak about balanced forcing. 
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DEFINITION 11.3.5. Let P be a Suslin forcing. We say that P is balanced with cen- 
tered control if for every condition p € P there exist a parameter z € 2” and a pair 
(Q, 0) definable from parameter z such that 

(1) Qisa poset and ca is a Q-name; 

(2) Q l- cisa balanced virtual condition in P below p; 

(3) Q is covered by sets each of which is centered and definable from z and an 
ordinal parameter. 


THEOREM 11.3.6. LetT be a finitary analytic hypergraph of uncountable Borel chro- 
matic number. In extensions of the symmetric Solovay model by balanced posets with 
centered control, T has uncountable chromatic number. 


PROOF. As a preliminary consideration, it is clear from Fact that it is 
enough to consider the case of I which is a principal skew product as in Definition 
11.1.7, Let (ay, Hy, tn : n € w) be a sequence such that H, = {a,}andT = J], An tn. 
Write X = [| , Gn; the set X is equipped with the usual compact Polish topology. 

Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is balanced 
with centered control below x. Let W be a symmetric Solovay model derived from x 
and work in W. Let t be a P-name and p € P bea condition forcing Tt to be a coloring 
from X to w. We must find a l-hyperedge e € I and a condition stronger than p which 
forces e to be monochromatic in T. 

The condition p and the name 7 are definable from some parameter Zz) € 2” and 
some other parameters in the ground model. Let V[Kg]| be an intermediate extension 
obtained by a forcing of cardinality smaller than x such that z € V[Ky]. Work in V[Ko]. 
Let Px be the Cohen forcing with the space X, with its name X,e, for the generic point 
of the space X. View Py as the poset of all functions s such that dom(s) € w and for 
all n € dom(s), s(n) € a,, holds; the ordering is that of reverse extension. Let R be the 
product of w, many copies of Py, and let H C R be a filter generic over V[Ky]. By the 
initial assumptions on the poset P, in the model V[K9|[H] there is a parameter z, € 2° 
defining a pair (Q, o) as in Definition By ac.c.c. argument with the poset R, the 
name for the parameter z, depends on only countably many coordinates of the product 
R. Fix a coordinate of the product R on which the name for z, does not depend, let K, 
be the filter obtained from H by disregarding this coordinate, and work in the model 
V[Ko][K1]. 

Note that the model V[Ko |[H] is a R-generic extension of V[Ko |[K,]. By a balance 
argument (Proposition with the virtual condition o, it must be the case that Py Ik 
Q Ik Coll(w,< x) Ik o decides the value of T(Xgen). Let (s,q) be a condition in the 
iteration R * Q and m € w bea number such that (s, q) Ik Coll(w, < «) IF T(Xgen) = M. 
Use the centeredness assumptions on the poset Q and strengthen the condition s if 
necessary to find a specific definition for a centered set C C Q such that s lk q EC. 
Strengthening the condition s further if necessary, we may assume that s = t,, for some 
number n € a. 

Let x € X bea point R-generic over the model V[Kg|[K, | and work in the model 
V[Ko][Kj][x]. For each index i € ay, let x; be the function obtained from x by replacing 
its n-th entry with i. Thus, each x; € X is a point Ry-generic over V[Ko][K,] and 
the model V[Ko [Kj ][x;] is equal to V[Ko |[K; [x]. Consider the poset Q in the model 
V[Ko][K,][x]. Observe that the evaluation of the definition of Q and the centered set 
C does not depend on x or any x; fori € ay. 
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The conditions q; = q/x; for i € a, all belong to the centered set C, and thus have 
a common lower bound. Let G C Q be a filter containing this common lower bound 
and work in the model V[Ko|[K,]|x]|G]. Let p be the balanced virtual condition o/G. 
Let i € a, be an arbitrary index. By the forcing theorem applied with x; and G, we 
conclude that Coll(, < x) Ik p lk t(X;) = m. By the forcing theorem, in the model W, 
p IF {X; : i © a,} isa t-monochromatic hyperedge in the hypergraph I. This completes 
the proof. 


Now we attend to the task of producing interesting definably centered control posets. 
All of our examples will be finite support iterations of Suslin-c-centered posets of length 
w,. Accordingly, the arguments consist of two stages. In the regularity stage, we pro- 
duce a definable, definably centered poset R with a name 7 for a virtual condition in 
P. In the amalgamation stage, we show that R can be iterated with finite support in 
length w,, yielding a definably centered iteration Q and Q-names t, for a € w, for 
virtual conditions in P, and we show that these virtual conditions can be amalgamated 
into a balanced virtual condition which can extend any condition p € P specified be- 
forehand. 

Our first example is motivated by a ZF+DC result of [20]: for every Borel locally 
finite graph on a Polish space X, if the chromatic number of G is < n, then there exist 
a meager set B C X and a decomposition of the set X \ B into 2n — 1 many Borel 
G-anticliques. We have: 


EXAMPLE 11.3.7. Let G be a Borel locally finite graph on a Polish space X of chro- 
matic number n. Let E be the G-path connectivity equivalence relation on X. Let P be 
the poset of countable functions p assigning to each E-class represented in the domain 
of p a G-coloring of the class with 2n — 1 many colors, ordered by reverse inclusion. 
Then P is a balanced Suslin forcing with centered control. 


PROOF. Recall that the balanced virtual conditions for P are classified by functions 
which to each E-class assign a G-coloring on that E-class-Example Thus, we 
strive for a definably centered poset adding such a function by a definable name. 

In the regularity stage of the proof, let R consist of finite partial G-colorings r from 
X to 2n — 1 satisfying the boundary condition: for every x € dom(r), if there is y € 
X \ dom(r) such that {x, y} © G, then r(x) ¢ n. The ordering on R is that of reverse 
inclusion. Let t be the R-name for the union of the generic filter on R. 


CLAIM 11.3.8. 


(1) The poset R is Suslin and Suslin-c-centered; 
(2) R forces t: X NV > 2n —1 to be a G-coloring with domain X NV. 


PROOF. For the first item, it is not difficult to see that the poset R is Suslin. To 
show that R is Suslin-o-centered, call a pair (0, f) a descriptor of a condition r € R ifo 
is a finite collection of basic open subsets of X such that each point x € dom(r) belongs 
to exactly one set in O € o which moreover contains no other points G-connected to 
some element of dom(r) besides possibly x, each set in o contains exactly one point 
in dom(r), and f is a function with domain o such that for every open set O € 0, 
f(O) = r(x) for the unique element x € dom(r) n O. It is not difficult to see that there 
are only countably many available descriptors, each condition r € R has at least one, 
and for each descriptor (0, f) the set A = {r € R: (o, f) is a descriptor of r} is analytic 
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and centered. For the centeredness, it is not difficult to see that ifa C A is a finite set 
then Ja is a G-coloring. The coloring (J a also satisfies the boundary condition: if 
(x € dom(\J a) and y € X \ dom((J a), are G-connected, then x € r for some rr € a, 
so r(x) € n by the boundary condition for r. Thus, |) a € R is acommon lower bound 
of the set a. This completes the proof of (1). 

For the second item, it is necessary to show that ifr € Ris acondition and x € X is 
a point, then there is a condition s < rsuch that x € dom(s). To this end, let ay, a3, a4 C 
X be the finite sets of all points y € X which have G-distance from dom(r)U {x} smaller 
than 2, 3, 4 respectively. Letc: a, > 2n—1bea G-coloring extending r which uses only 
colors in on a4 \ dom(r); such a coloring exists by the chromatic number assumption 
on G and the boundary condition onr € R. Letd: a, — 2n — 1 be the map defined 
by dy) = c(y) ify € az, dQ) = Oif c(y) = 0, and d(y) = c(y) + n— 1 otherwise. An 
inspection reveals that d is a G-coloring. Now, let a = a3 U{y € ag: 4z € a3 d(z) = 
0A {z, y} € G}and lets =d [ a. 

By the definitions, s is a partial G-coloring extending r and x € dom(s). We have 
to show that s satisfies the boundary condition. Suppose that points y € aandz ga 
form a G-edge. Then y € a, since a3 C a. Thus, d(y) = 0 or d(y) € n. The former case 
is impossible: in it, y € a3 must hold by the definition of the set a, and this implies that 
z € a by the definition of the set a. The necessity of the latter case shows that s € R 
holds as desired. 


We are ready for the amalgamation stage of the proof. Let Q be the finite support it- 
eration of the poset R of length w,. Claim {11.3.8(1) and Proposition show that 
the poset Q is definably centered. For each ordinal a € w, let Tt, be the Q-name for the 
coloring obtained by the a-th iterand in Q, and let M,, be the Q-name for the generic 
extension obtained by the first a-many stages of the iteration. Let o be the Q-name 
for the amalgamation of the maps Ty: for every point x € X, o(x) = T(x) where a 
is the first ordinal a € w, such that x € M, holds. By a c.c.c. argument with Q, o is 
a name for a total map from X to 2n — 1. Since the graph G is locally finite, for any 
edge {x, y} © G and any ordinal a € w,,x € My — y € Mg holds. This means that 
a(x) = T_(x) and o(y) = T,(y) for the same ordinal a € w, and a isa name for a total 
G-coloring. 

Now, suppose that a condition p € P in the ground model is prescribed. Let o, be 
the Q-name for a total function on the E-quotient space which to each E-class c assigns 
the coloring p(c) if c € dom(p) and the coloring o [| cifc ¢ dom(c). This is a definable 
Q-name; Q IF a, is a balanced virtual condition by Theorem 


COROLLARY 11.3.9. Let G be a locally finite Borel graph on a Polish space X of fi- 
nite chromatic number n. Let H be a finitary analytic hypergraph of uncountable Borel 
chromatic number. 


(1) Let E be the G-path connectivity equivalence relation on X. Let P be the poset 
of all partial G-colorings p with 2n — 1 many colors such that dom(p) is an 
E-invariant set, ordered by reverse inclusion. In the P-extension of the Solovay 
model, the chromatic number of H is uncountable. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds and the 
chromatic number of G is < 2n—1 and the chromatic number of H is uncount- 
able. 
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Our second example shows how to turn a given countable Borel equivalence relation 
into an orbit equivalence relation of a (discontinuous) action of Z, without changing 
uncountable chromatic numbers of analytic hypergraphs. 


EXAMPLE 11.3.10. Let E be a countable Borel equivalence relation on a Polish 
space X with all classes infinite. The uniformization poset P of Example of count- 
able functions assigning a Z-ordering to each E-class in the domain, ordered by reverse 
inclusion, has centered control. 


PROOF. Recall that the balanced virtual conditions in P are classified by functions 
which to each E-class assign an ordering on that E-class isomorphic to Z by Exam- 
ple 6.4.8. Thus, we strive to construct a definably centered poset Q which adds such a 
function via a definable name. 

Start with the regularity stage of the proof. Let R consist of finite sets r C E such 
that, viewing r as a directed graph on X, each vertex has r-outflow < 1 and r-inflow 
< land ris acyclic. The ordering on R is that of reverse inclusion. Let t be the R-name 
for the union of the generic filter. 


CLAIM 11.3.11. 


(1) Risa Suslin, Suslin-o-centered poset; 
(2) R forces t to be a directed graph which on each E-class in V is isomorphic to the 
successor graph on Z. 


PROOF. The second item follows from a straightforward density argument. For 
the first item, it is easy to oberve that R is Suslin. To show that R is Suslin-o-centered, 
use the Feldman-Moore theorem to find a countable group I acting on X in a Borel 
way such that E is the resulting orbit equivalence relation. For any condition r € R, 
write uv, C X for the set of all points mentioned in one of the edges in r, and say that 
a pair (o, f) is a descriptor of r if o is a finite collection of pairwise disjoint subsets of 
X, each point x € vu, belongs to exactly one open set in 0, each open set in o contains 
exactly one point of v,, and f is a partial function from o x o to T such that f(Op, O;) 
equals to some element y € [such that y- x) = x, whenever Xq, x, are the unique 
points in v, M Op and v, N O, and (vp, v,) € r. It is not difficult to see that there are 
only countably many available descriptors, each condition in R has one, and for each 
descriptor (0, f), the set A = {r € R: (o, f) isa descriptor of r} is analytic and centered. 
This completes the proof of the claim. 


The amalgamation stage of the proof proceeds just like in Example Let Q be 
the finite support iteration of the poset R of length w,. Claim [11.3.11(1) and Proposi- 
tion show that the poset Q is definably centered. For each ordinal a € w, let ty 
be the Q-name for the directed graph obtained by the a-th iterand in Q, and let M, be 
the Q-name for the generic extension obtained by the first w-many stages of the itera- 
tion. Let o be the Q-name for the amalgamation of the graphs 1,: for any pair of points 
Xo,X1 € X, (Xp, X1) € T & (Xo, X1) E Ty where a is the first ordinal a € w, such that 
Xo, X, € M;, holds. By ac.c.c. argument with Q and the countability of the equivalence 
relation E, o isa name for a directed graph which is isomorphic to the successor graph 
on Z on every E-class. 

Now, suppose that a condition p € P in the ground model is prescribed. Let o, be 
the Q-name for a total function on the E-quotient space which to each E-class c assigns 
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the ordering p(c) if c € dom(p) and the transitive closure of the directed graph o | c 
ifc ¢ dom(c). This is a definable Q-name; Q IF g, is a balanced virtual condition by 


Theorem and Example 6.4.9. 


COROLLARY 11.3.12. Let E be a countable Borel equivalence relation on a Polish 
space X with all classes infinite. Let H be a finitary analytic hypergraph of uncountable 
Borel chromatic number. 


(1) Let P be the poset of Example 6.4.9 In the P-extension of the Solovay model, the 
chromatic number of H is uncountable. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, E is an 
orbit equivalence relation of a Z-action, yet the chromatic number of H is un- 
countable. 


Our third example shows that it is possible to collapse the cardinality of quotient of any 
pinned Borel equivalence relation down to |Eg| without changing uncountable chro- 
matic numbers of analytic hypergraphs. 


EXAMPLE 11.3.13. Let E be a pinned Borel equivalence relation on a Polish space 
X. The collapse poset of |E| to |Eg| as in Definition has centered control. 


PROOF. Note that by Theorem the balanced virtual conditions in the poset 
P are classified by injections from the E-quotient space to the E9-quotient space. This 
observation guides the construction. 

Start with the regularity stage of the proof. Let R be the poset of all conditions r 
such that for some number n(r), r: X > 2” is a finite partial function. The ordering 
is defined by s < rif dom(r) Cc dom(s), for every x € dom(r) r(x) C s(x), and for all 
x EF yin dom(r) and all m € n(s) \ n(r) s(x)(m) = s(y)(m). Let t be the R-name for the 
coordinatewise union of the generic filter. 


CLAIM 11.3.14. 


(1) Risa Suslin, Suslin-o-centered poset; 
(2) R forces t to be a function from X NV to 2” \ V such that for all x» Nx, € X \V, 
Xq EX,  T(Xo) Ep T(x). 


PROOF. The second item follows from a straightforward density argument. For the 
first item, the Suslinity of R is immediate. To argue that R is Suslin-o-centered, call a 
pair (0, f) a descriptor of a condition r € Rifo isa finite collection of basic open subsets 
of X such that each point in dom(r) belongs to one set in o and each set in o contains 
exactly one point in dom(r), and f is a function with domain o such that for every open 
set O € o, f(O) = r(x) for the unique element x € dom(r) nO. It is not difficult to see 
that there are only countably many available descriptors, each condition r € R has at 
least one, and for each descriptor (0, f) the set A = {r € R: (o, f) is a descriptor of r} 
is analytic and centered. This completes the proof. 


Now we are ready for the amalgamation stage of the proof. Let Q be the finite support 
iteration of the poset R of length w,. Claim and Proposition show that 
the poset Q is definably centered. For each ordinal a € w, let Tt, be the Q-name for the 
function obtained by the a-th iterand in Q, and let M, be the Q-name for the generic 
extension obtained by the first a-many stages of the iteration. To amalgamate the maps 
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T, for a € w, let o be the Q-name for a map from the E-quotient space to the Eo- 
quotient space defined by o(c) = d if for the smallest ordinal « € w, such that M, 
contains some representative x € c,d = [T,(x)]-, holds. First note that the choice 
of the representative x € M, is irrelevant by Claim [11.3.14(2), so the map o is well- 
defined. Second, the map a is an injection. To see this, suppose that cg, c, are distinct 
E-classes, and a, a, € w, are the smallest ordinals such that cg, c; have representatives 
Xo, xX, € X in the models M,, and M,, respectively. If ap = a, then Tz, (Xo) Eo Ta, (%1) 
fails by Claim [I1.3.14(2). It follows that o(cg) # o(c;) holds. If a # a then note that 
a(co) € May +1 \ Ma, and o(c1) € Ma, 41 \ Ma, holds by Claim [I1.5.7(2) again, so the 
two E, classes must be distinct in this case as well. 

Finally, suppose that p € P is a condition in the ground model. To amalgamate 
the injection o with p, consider the Q-name for a map o, which takes the same values 
as p on the E-classes in dom(p) and the same values as o on the E-classes which do not 
belong to dom(p). It is not difficult to see that o, yields a balanced virtual condition 
stronger than p via Theorem 


COROLLARY 11.3.15. Let E be a pinned Borel equivalence relation on a Polish space 
X. Let H be a finitary analytic hypergraph of uncountable Borel chromatic number. 
(1) Let P be the collapse poset of |E| to |Eg| as in Definition In the P-extension 
of the Solovay model, the chromatic number of H is uncountable. 
(2) Itis consistent relative to an inaccessible cardinal that ZF+DC holds, |E| < | 
yet the chromatic number of H is uncountable. 


ol 


11.4. Linked control 


Certain independence results exploit the difference in arity of a given problem; typ- 
ically, they require a countable coloring of a hypergraph of a higher arity while adding 
no such coloring for hypergraphs of lower arity. This section shows how to preserve 
the uncountable chromatic number of analytic graphs, while possibly adding a color- 
ing for hypergraphs of arity 3 and higher. We need a brief preamble, elaborating on a 
standard variation of centeredness in partial orders. 


DEFINITION 11.4.1. Let Q be a poset. A set A C Q is linked if any two conditions 
in Q are compatible. 


DEFINITION 11.4.2. Let R be a Suslin forcing. We say that R is Suslin-o-linked if 
there are linked analytic sets A, C R for n € w such that U nAn: 


It is clear that every Suslin-o-linked poset is c.c.c. since no linked set contains incom- 
patible conditions. The following is a small variation on a standard finite support iter- 
ation preservation theorem. 


PROPOSITION 11.4.3. Let R be a Suslin-o-linked poset and let Q be its finite support 
iteration of length w,. There is a parameter z € 2® such that Q is covered by sets each of 
which is linked and definable from z and an ordinal parameter. 


PROOF. Let R = An be a cover by analytic linked sets. Note that each of the 
sets A, remains linked and R = U,An holds in every forcing extension by Shoenfield 
absoluteness. Let z € 2” be a parameter defining R and the cover. For each finite 
partial function g: @, > let B, = {q € Q: supp(q) = dom(g) and Va € ag | alr 
Qa) € Agcy}. In view of Claim it is enough to show that each set B, is linked. 
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If qo, q; for i € n are conditions in B,, by induction on the ordinal a € dom(g) 
find Q | a-names y, for conditions in R which are (forced to be) the lower bound of 
Jo(&),9,(@). This is possible as the analytic set Ag(g) C R is linked. In the end, the 
sequence (yn, : a € dom(g)) is a lower bound of the conditions qo, q, as required. 


Finally, we are ready to consider balanced posets. 


DEFINITION 11.4.4. Let P be a Suslin forcing. We say that P is balanced with linked 
control if for every condition p € P there is a parameter z € 2® and a pair (Q,¢) 
definable from parameter z such that 

(1) Qisa poset and a is a Q-name; 

(2) Q |- cisa balanced virtual condition in P below p; 

(3) Q is covered by sets each of which is linked and definable from z and an or- 
dinal parameter. 


THEOREM 11.4.5. LetT be an analytic graph of uncountable Borel chromatic num- 
ber. In generic extensions of the symmetric Solovay model by balanced posets with linked 
control, T has uncountable chromatic number. 


PROOF. As a preliminary consideration, it is clear from Fact that it is 
enough to consider the case of f = Go. Let (a,,Hy,t, : m € w) be a sequence such 
that for each n € w, a, = H, = 2andT = JJ, Hy, tn. Write X = [,, dn; the set X is 
equipped with the usual compact Polish topology. 

Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is balanced 
with centered control below x. Let W be a symmetric Solovay model derived from x 
and work in W. Let t be a P-name and p € P bea condition forcing Tt to be a coloring 
from X to w. We must find a l-edge e € I and a condition stronger than p which forces 
e to be monochromatic in T. 

The condition p and the name Tt are definable from some parameter z) € 2” and 
some other parameters in the ground model. Let V[Ky]| be an intermediate extension 
obtained by a forcing of cardinality smaller than x such that z € V[K)]. Work in V[Ko]. 
Let Py be the Cohen forcing with the space X, with its name Xge, for the generic point 
of the space X. View Py as the poset of all functions s such that dom(s) € w and for 
all n € dom(s), s(n) € a, holds; the ordering is that of reverse extension. Let R be the 
product of w, many copies of Ry, and let H C R be a filter generic over V[Ky]. By the 
initial assumptions on the poset P, in the model V[Kg|[H] there is a parameter z, € 2° 
defining a pair (Q, c) as in Definition By ac.c.c. argument with the poset R, the 
name for the parameter z, depends on only countably many coordinates of the product 
R. Fix a coordinate of the product R on which the name for z, does not depend, let K, 
be the filter obtained from H by disregarding this coordinate, and work in the model 
V[Ko][Ky]. 

Note that the model V [Kg |[H] is a R-generic extension of V[Ko |[K,]. By a balance 
argument (Proposition with the virtual condition a, it must be the case that Py IF 
Q Ik Coll(w,< x) Ik o decides the value of T(Xgen). Let (s,q) be a condition in the 
iteration Py * Q and m € w bea number such that (s, q) IK Coll(w, < x) IEF T(Xgen) = 
m. Use the linkedness assumptions on the poset Q and strengthen the condition s if 
necessary to find a specific definition for a linked set C C Q such that s Ik q € C. 
Strengthening the condition s further if necessary, we may assume that s = t,, for some 
number n € a. 
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Let x € X be a point Py-generic over the model V[Ko|[K,] and work in the model 
V[Ko|[K,][x]. For each index i € 2, let x; be the function obtained from x by replacing 
its n-th entry with i. Thus, each x; € X is a point R-generic over V[K|[K,] and 
the model V[Ko|[ Kj ][x;] is equal to V[K,][K, ][x]. Consider the poset Q in the model 
V[Ko][K,][x]. Observe that the evaluation of the definition of Q and the centered set 
C does not depend on x or any x; fori € 2. 

The conditions q; = q/x; for i € 2 both belong to the linked set C, and thus have 
a common lower bound. Let G C Q be a filter containing this common lower bound 
and work in the model V[Ko|[K;]|x]|G]. Let p be the balanced virtual condition o/G. 
By the forcing theorem applied with x; and G, we conclude that Coll(w, < x) Ik p IF 
T(Xo) = t(X,) = m. By the forcing theorem, in the model W, f Ib {Xo,X,} is a T- 
monochromatic edge in the graph I. This completes the proof. 


Our first example is motivated by a result of Marks and Unger [/79] which found 
perfect matchings with the Baire property in many Borel bipartite graphs. In order to 
do this, they isolated the following strengthening of the well-known Hall’s condition 
of [43]. Recall that Hall’s condition on a Borel bipartite graph G demands every finite 
set a of vertices on any side of the bipartition to have at least |a] many neighbors in the 
graph; Hall’s theorem says that for every bipartite graph, Hall’s condition is equivalent 
to the existence of a perfect matching. The Marks-Unger condition makes the search 
for perfect matchings somewhat easier. 


DEFINITION 11.4.6. Let G bea locally finite bipartite Borel graph on a Polish space 
X. We say that G satisfies the Marks—Unger condition if there is a real number ¢ > 0 
such that for every finite set a C X on one side of the bipartition, the number of G- 
neighbors of a is at least (1 + €)|a]. 


EXAMPLE 11.4.7. Let G bea locally finite bipartite Borel graph on a Polish space X 
satisfying the Marks-Unger condition. Let E be the G-path-connectedness equivalence 
relation on X. Let P be the poset of all countable functions assigning to each E-class 
in the domain a G-perfect matching on it, ordered by reverse inclusion. Then P has 
linked control. 


PROOF. The word matching in this proof always refers to G-matching. Recall that 
the balanced virtual conditions of P are classified by total functions on the E-quotient 
space which to each E-class assign a perfect matching on it by Example Thus, we 
strive to produce a definably linked poset which adds such a function via a definable 
name. 

In the regularity stage of the proof, consider the poset R of all finite G-matchings 
which can be extended to a perfect matching, ordered by reverse inclusion. Let t be 
the R-name for the union of the generic filter. 


CLAIM 11.4.8. 
(1) Risa Suslin, Suslin-o-linked poset; 
(2) R forces t to be a perfect matching on the set of ground model points of X. 


PROOF. The second item is proved by a straightforward density argument. For the 
first item, we start with the Suslinity of R. For a condition r € R, write v, C X for the 
set of all points x € X which appear in one of the edges in r. It is clear that a finite 
set r C G belongs to R if it is a matching, and it can be extended to a perfect matching 
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on [v;]z. By Hall’s theorem [43], this is equivalent to the statement that G restricted 
to [v,;]- \ vu, satisfies Hall’s condition, which is a Borel statement. Clearly, conditions 
1%, € R are compatible just in case % Un € R, which is a Borel statement again. 

For the Suslin-o-linked property, fix a rational number ¢ > 0 witnessing the Marks- 
Unger property of the graph G. Fora condition r € R say that a pair (0, g) is a descriptor 
if o is a finite collection of pairwise disjoint basic open subsets of X, every element of 
v, belongs to exactly one element of 0, each element of o contains exactly one ele- 
ment of v,, and writing n, = |v,|, for every point x € X which is within G-distance 
max{2, 4n,e~'} of some point in vu, in the graph G, either x € vu, or x ¢ Jo. In addi- 
tion, g is a graph on o connecting open sets Og, O, € o if the unique points xy € OgNv, 
and x, € O; Nv, are connected in r. 

It is clear that there are only countably many available descriptors, every condition 
in r has a descriptor by the local finiteness assumption on the graph G, and for each 
pair (0, g) the set A, , = {r € R: (0,g) is a descriptor of r} is Borel. We must show that 
the set Ay, C R is linked. 

Let," € Ao, be arbitrary conditions and write vp = v,,, 0; = U,,,N = |Uo| = [v4]. 
It is immediate that % U7 is a matching. To show that m Un € R, we must verify that 
the graph G restricted to X \ (Ug Uv,) has a perfect matching. To verify Hall’s condition, 
let a C [Up UY |g \ (Up U v;) be a finite set on one side of the bipartition of the graph 
G; we must show that the set of neighbors of a which are not in Up U v, has size at least 
jal. 

Case 1. There are vertices x) € Up \ v; and x, € v, \ Up and a G?-path from xp to 
x, consisting of points in a. The path has to contain at least 2ne~! many points by the 
definition of a descriptor; thus, |a| > 2ne~! holds. By the Marks-Unger property on 
the graph G the set of neighbors of a has size at least (1 + ¢)|a| of which at most 2n 
many belong to Up U v;. As a result, the set a has at least (1 + ¢)|a| — ela] = |a| many 
neighbors which do not belong to Ug U vy. 

Case 2. Case 1 fails. Then one can find a partition a = ag U a, such that no point in X 
has a G-neighbor in ag and a G-neighbor in a,, and no point in v, \ Up has a neighbor in 
dp, and no vertex in Ug \ v, has a neighbor in a;. Since % € R holds, ag can be matched 
without using the vertices in ug since % € R; the matching will use no vertices in v, by 
the choice of ag. Similarly, a; can be matched without using vertices in Ug U v,. The 
two matchings do not clash by the first demand on the sets ag and a,, and together 
they yield |a|-many neighbors of the set a which are not in ug U vy. 


The amalgamation stage follows Example [11.3.7 verbatim, with a reference to Propo- 
sition replaced with Proposition [I1.4.3, 


COROLLARY 11.4.9. Let G be a locally finite Borel bipartite graph on a Polish space 
X satisfying the Marks—Unger condition. Let H be an analytic graph on a Polish space of 
uncountable Borel chromatic number. 


(1) Let E be the G-path-connectedness equivalence relation on X. Let P be the poset 
of all countable functions assigning to each E-class in the domain a G-perfect 
matching on it, ordered by reverse inclusion. In the P-extension of the Solovay 
model, the chromatic number of H is uncountable. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
perfect G-matching, and the chromatic number of H is uncountable. 
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Other partial orders have linked control because of redundancy of certain hyper- 
graphs as in Definition We include a couple of instructive examples. 


EXAMPLE 11.4.10. Let E be a countable Borel equivalence relation on a Polish 
space X. Let I’ c [X]? be a Borel hypergraph such that every hyperedge consists 
of pairwise E-related elements, and for every two points x9,x, © X the set {x € 
X: {x9,X1,X2} € T} is finite. Let P be the poset of countable functions on the E- 
quotient space which assign to each E-class in the domain a total I-coloring with o- 
colors on that class, ordered by reverse inclusion. The poset P has linked control. 


PROOF. Recall that the balanced virtual conditions are classified by total functions 
on the E-quotient space which to each E-class assign a total I-coloring on the class— 
Example 6.4.8, Thus, we strive to produce a definably linked poset which adds such a 
function via a definable name. 

In the regularity stage of the proof, let R be the poset of all finite '-colorings, or- 
dered by reverse inclusion. Let t be the R-name for the union of the generic filter on 
R. 


CLAIM 11.4.11. 


(1) Risa Suslin, Suslin-o-linked poset; 
(2) R forces t to be a T-coloring on the set of ground model elements of X. 


PROOF. The second item is proved by a straightforward density argument. For the 
first item, it is immediate that the poset R is Suslin. For the Suslin o-linkedness, for 
every condition r € R say that a pair (0, f) is a descriptor of r if o is a finite collection 
of pairwise disjoint basic open subsets of X, every point in dom(r) belongs to exactly 
one set in o and every open set in o contains exactly one point in dom(r), and whenever 
Xo, X, € dom(r) are distinct points and x, € X isa point such that {x9, x;, x2} ET, then 
either x. € dom(r) or else x. ¢ Jo. In addition, we require f(O) = r(x) whenever 
O € oand x is the unique point in dom(r) n O. 

It is clear that there are only countably many available descriptors. The local finite- 
ness assumption on the hypergraph I shows that each condition r has at least one de- 
scriptor. For each pair (0, f) the set Ay ¢ = {r € R: (0, f) is a descriptor of r} is a Borel 
subset of R. Thus, it will be enough to show that the set A, ¢ is linked. Let %,7 © Ao, 
be conditions. Clearly, 7 U 7 is a function; we have to show that it is a I-coloring. 
suppose that {x9, x1, X2} € dom(% Un) is a hyperedge. Two points of this hyperedge 
must belong to the domain of one of the conditions; for definiteness, assume X9,X, € 
dom(1%). Since (0, f) is a descriptor of 7%, it follows that x. € dom(%) or x2 € LJo. In 
the former case, 1% | {X9, X), Xz} is not constant as % € R, som UN, | {Xo, X1, Xz} is not 
constant as desired. The latter case is impossible as then x. ¢ dom(%m Un) C Uo. The 
proof is complete. 


The amalgamation stage follows Example [11.3.7] verbatim, with a reference to Propo- 
sition replaced with Proposition {11.4.3} 


COROLLARY 11.4.12. Let Z act in a Borel free way on a Polish space X and let T be 
the hypergraph containing a triple {xo, X ,X} if there isn € Z such that n- x9 = x, and 
N+ X, =X. Let H be an analytic graph of uncountable Borel chromatic number. 
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(1) Let P be the poset of countable functions choosing a T-coloring on each orbit, 
ordered by reverse extension. In the P-extension of the Solovay model, the chro- 
matic number of H is uncountable; 

(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds and the 
chromatic number of T is countable while the chromatic number of H is un- 
countable. 


The assumption that I be a locally countable hypergraph appears necessary in the pre- 
vious example. Without it, the difficulties in the amalgamation stage (as in the end 
of the proof of Example appear unsurmountable. To prove a theorem about 
non-locally countable hypergraphs, we need to increase the redundancy of [ as in the 
following example. 


EXAMPLE 11.4.13. Let T c [X]* bea Borel hypergraph on a Polish space X such 
that for every two points x9, x, € X, the set of all hyperedges containing both xy and x, 
is finite. Let P be the coloring poset of Definition 8.2.3, The poset P has linked control. 


PROOF. Recall that the balanced virtual conditions are classified by total I- 
colorings from X to w-Theorem Thus, we strive to produce a definably linked 
poset which adds such a coloring via a definable name. 

In the regularity stage of the proof, let A Cc [X]? be the hypergraph on X of all 
triples {x9,x,,2} such that there is a point x3; € X with {x9, X,, Xz, x3} € I. By the 
Lusin-Novikov theorem [58, Theorem 18.10], A is indeed a Borel set. Let R be the 
poset of all finite A-colorings, ordered by reverse inclusion. Let t be the R-name for the 
union of the generic filter on R. The proof of the following claim follows Claim 
verbatim. 


CLAIM 11.4.14. 


(1) Risa Suslin, Suslin-o-linked poset; 
(2) R forces t to be a A-coloring on the set of ground model elements of X. 


In the amalgamation stage of the proof, the extra redundancy of the hypergraph [ 
comes into play. Let Q be the finite support iteration of the poset R of length w. 
Claim and Proposition show that the poset Q is definably linked. For 
each ordinal a € w, let tT, be the Q-name for the function obtained by the a-th iterand 
in Q, and let M, be the Q-name for the generic extension obtained by the first a-many 
stages of the iteration. To amalgamate the maps T, for a € wy, let o be the Q-name for 
a map from X to w defined by o(x) = T,(x) where a € w, is the smallest ordinal such 
that x € M,. We first show that o is a name for T-coloring. 

In the Q-extension, let e € T be a hyperedge. Let a € w, be the smallest ordinal 
such that e C M,. By the redundancy assumption on the hypergraph I, it follows 
that the set en U Bec Mg can have cardinality at most one. In other words, the set 
enM,\U Bea Mg has cardinality at least three and therefore contains a subset d C e 
such that d € A. Theno | d = t, | d,sod and e are not o-monochromatic. 

Asa final step in the proof, we have to show that the coloring o can be amalgamated 
with any given condition p € P in the ground model. Indeed, define the (name for a) 
map 9, : by setting o)(x) equal to p(x) if x € dom(p) and o(x) otherwise. It is not 
difficult to use the redundancy of I as in the previous paragraph to show that o is a 
T-coloring extending p as desired. 
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COROLLARY 11.4.15. LetT be the hypergraph on R? consisting of vertices of squares. 
Let H be an analytic graph of uncountable Borel chromatic number. 


(1) Let P be the [-coloring poset as in Definition In the P-extension of the 
Solovay model, the chromatic number of H is uncountable; 

(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds and the 
chromatic number of T is countable while the chromatic number of H is un- 
countable. 


11.5. Measured control 


In this section, we provide a way for preserving chromatic numbers of hypergraphs 
which do not have Borel o-bounded fractional chromatic number. The method requires 
a brief preamble dealing with a familiar feature of c.c.c. forcings. 


DEFINITION 11.5.1. Let Q bea poset and A C Q beaset. We say that A is measured 
if there is a positive real number ¢ > 0 such that for every finite collection {q; : i € n} 
(possibly listed with repetitions) of conditions in A, there is a set b C n such that |b| > 
en and the conditions q; for i € b have a common lower bound. 


DEFINITION 11.5.2. Let R be a Suslin forcing. We say that R is Suslin-o-measured 
ifR= U,An where each A, C R is a measured analytic set. 


In particular, every Suslin-o-measured poset is c.c.c. as no measured set can contain 
an infinite antichain. The following is a variation on a standard c.c.c. iteration preser- 
vation theorem. 


PROPOSITION 11.5.3. Let R be a Suslin-o-measured poset and let Q be its finite sup- 
port iteration of length w,. There is a parameter z € 2° such that Q is covered by sets each 
of which is measured and definable from z and an ordinal parameter. 


PROOF. Let R = U,An be a cover by analytic measured sets. Let z € 2” bea 
parameter defining R and the cover. Note that each of the sets A,, remains measured 
(with the same witnessing real number) and R = UJ, A, holds in every forcing ex- 
tension by Shoenfield absoluteness. For each finite partial function g: #, —> w let 
B, = {q € Q: dom(q) = dom(g) and Va € aq | & IF q(a) € Aggy}. In view of 
Claim it is enough to verify that each set B, is measured. To do this, for each 
a € dom(g) let ¢g > 0 be a positive real number witnessing the measured property of 
the set Aga). Lete = J], edom(g) €a- It is straightforward to verify that the number ¢ 
witnesses the measured property of the set By. 


Finally, we are ready to work on balanced partial orders. 


DEFINITION 11.5.4. Let P be a Suslin forcing. We say that P is balanced with mea- 
sured control if for every condition p € P there is a parameter z € 2” and a pair (Q, co) 
definable from parameter z such that 


(1) Qisa poset and cg is a Q-name; 

(2) Q IF cisa balanced virtual condition in P below p; 

(3) Q is covered by sets each of which is measured and definable from z and an 
ordinal parameter. 
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THEOREM 11.5.5. Let T bea finitary analytic hypergraph which does not have Borel 
o-bounded fractional chromatic number. In generic extensions of the symmetric Solovay 
model by balanced posets with measured control, T has uncountable chromatic number. 


PROOF. As a preliminary consideration, it is clear from Fact that it is 
enough to consider the case of T which is a large measured skew product as in Def- 
inition [11.1.2] Let (a,,H,, ty: nm © w) be a sequence such that H,, is a hypegraph on 


IQn 


the finite set a,, such that every H,,-anticlique has fewer than 
r= IL, H,,, ty. Write X = IL, a,; the set X is equipped with the usual compact Polish 
topology. 

Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is balanced 
with measured control below x. Let W be a symmetric Solovay model derived from x 
and work in W. Let t be a P-name and p € P bea condition forcing t to be a coloring 
from X to w. We must find a l-hyperedge e € I and a condition stronger than p which 
forces e to be monochromatic in T. 

The condition p and the name 7 are definable from some parameter Zz) € 2” and 
some other parameters in the ground model. Let V[Kg]| be an intermediate extension 
obtained by a forcing of cardinality smaller than x such that z € V[Ko]. Work in V[Ko]. 
Let Px be the Cohen forcing with the space X, with its name Xge, for the generic point 
of the space X. View Py as the poset of all functions s such that dom(s) € w and for 
all n € dom(s), s(n) € a,, holds; the ordering is that of reverse extension. Let R be the 
product of w, many copies of Ry, and let H C R be a filter generic over V[K,]. By the 
initial assumptions on the poset P, in the model V[K|[H] there is a parameter z, € 2° 
defining a pair (Q, o) as in Definition By ac.c.c. argument with the poset R, the 
name for the parameter z, depends on only countably many coordinates of the product 
R. Fix a coordinate of the product R on which the name for z, does not depend, let K, 
be the filter obtained from H by disregarding that coordinate, and work in the model 
V[Ko][Ki]. 

Note that the model V[Kg |[H] is a R-generic extension of V[Ko |[K,]. By a balance 
argument (Proposition with the virtual condition o, it must be the case that Py Ik 
Q IF Coll(w, < x) IK o decides the value of T(Xgen). Let (s,q) be a condition in the 
iteration Py * Q and m € w bea number such that (s, q) IK Coll(w, < «) IF T(Xgen) = 
m. Use the measured assumptions on the poset Q and strengthen the condition s if 
necessary to find a specific definition for a measured set C C Q such thats Ik q EC. 
Strengthening the condition s further if necessary, we may assume that it identifies a 
rational number ¢ > 0 witnessing the measured property of the set C and that s = t,, 
for some number n € w with e(n + 2) > 1. 

Let x € X bea point Py-generic over the model V[Ko|[K,] and work in the model 
V[Ko|[Kj][x]. For each indexi € ay, let x; be the function obtained from x by replacing 
its n-th entry with i. Thus, each x; € X is a point Ry-generic over V[K|[K,] and 
the model V[Ko|[K, ][x;] is equal to V[Ko][K, ][x]. Consider the poset Q in the model 
V[Ko][K,][x]. Observe that the evaluation of the definition of Q and the measured set 
C does not depend on x or any x; fori € ay. 

The conditions q; = q/x; for i € a, all belong to the measured set C. Thus, there 
is a set b C a, of cardinality at least ela,| > ae such that the set {q;: i € b} has 


a lower bound in Q. Let G C Q be a filter containing this lower bound and work in 


5 elements, and write 
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the model V[Ko][K;,][x][G]. By the initial assumptions on the hypergraph I, there is 
a H,-hyperedge c C b. Let p be the balanced virtual condition a/G. Leti € c be 
an arbitrary index. By the forcing theorem applied with x; and G, we conclude that 
Coll(w, < x) Ik p lk t(X;) = m. By the forcing theorem, in the model W, p lk {%;: i€ 
c} is a t-monochromatic hyperedge in the hypergraph I. This completes the proof. 


THEOREM 11.5.6. Let E be a pinned Borel equivalence relation on a Polish space X. 
The collapse poset P of |E| to |2°| of Definition has measured control. 


PROOF. Recall that the balanced virtual conditions in the poset P are classified by 
injections from the E-quotient space to 2” by Theorem 6.4.2. Thus, we need to find a 
definably measured poset adding such an injection via a definable name. 

In the regularity stage of the proof, let R be the poset of all finite functions r such 
that dom(r) Cc X, rng(r) C 2” for some number n = n(r) € a, and for all x9, x, € 
dom(r), X9 E x, implies r(x9) = r(x,). The ordering is defined by s < rif dom(r) C 
dom(s) and for all x € dom(r), r(x) C s(x). Let t be the coordinatewise union of the 
generic filter. 


CLAIM 11.5.7. 


(1) Risa Suslin, Suslin-measured poset. 
(2) R lk t: XNV = 2° \ Visa function such that for all x9,x1 € X NV, 
Xo E x1 © T(X9) = T(X}). 


PROOF. The second item follows from a straightforward density argument. For the 
first item, it is immediate that R is a Suslin forcing. To verify the Suslin-o-measured 
property of R, consider the function m: R > (0, 1] defined by m(r) = 2-"* where n € 
w is such that rng(r) C 2”, and k € w is such that dom(q) has nonempty intersection 
with exactly k many E-classes. For each positive rational number ¢ > 0 let A, = {r € 
R: m(q) > «}. Since the sets A, C R are all analytic and R = U.Ae» it is enough to 
show, given ¢ > 0 and a finite sequence (7; : i € j) of elements of the set A,, there is 
a set b C j of size greater than ¢j such that the conditions 7 for i € b have a common 
lower bound. 

To this end, let a be the set of all E-classes with nonempty intersection with 
U dom(%). Let u be the usual probability measure on 2® and let A be the product 
measure on Y = (2”)*. Define the set B C j x Y as the set of all pairs (i, y) such that 
Vx € dom(y) 7(x) C y([x]z). By the definition of the function m, the vertical sections 
B; have A-mass > ¢ each. By the Fubini theorem applied to the counting measure on j 
and A, there must be a point y € Y such that the horizontal section BY has size greater 
than ¢j. Itis easy to check that the set {j : i € B”} has acommon lower bound in R. 


For the amalgamation stage of the proof, let Q be the finite support iteration of the 
poset R of length «,. Claim [11.5.7(1) and Proposition show that the poset Q is 
definably measured. For every ordinal « € @, let M,, be the Q-name for the model 
obtained after the initial segment of the iteration of length a, and let t, be the function 
obtained from the a-th iterand. To amalgamate the maps T, for a € wy, let o be the Q- 
name for a map from the E-quotient space to 2® defined by o(c) = y if for the smallest 
ordinal a € w, such that M, contains some representative x € c, T,(x) = y holds. First 
note that the choice of the representative x € M, is irrelevant by Claim[I1.5.7(2), so the 
map oc is well-defined. Second, the map a is an injection. To see this, suppose that co, c, 
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are distinct E-classes, and ag, a, € w, are the smallest ordinals such that cg, c, have 
representatives x9,x; € X in the models M,, and M,,, respectively. If @) = a, then 
Tay (Xo) # Tey (x1) by Claim [11.5.7(2). It follows that o(co) # o(c,) holds. Ifa # oy 
then note that o(c9) € Mg,41 \Ma, and o(c,) € Mz, 41 \ Mg, holds by Claim [11.5.7(2) 
again, so the two binary sequences must be distinct in this case as well. 

Finally, suppose that p € P is a condition in the ground model. To amalgamate 
the injection o with p, consider the Q-name for a map o, which takes the same values 
as p on the E-classes in dom(p) and the same values as o on the E-classes which do not 
belong to dom(p). It is not difficult to see that op yields a balanced virtual condition 
stronger than p via Theorem 


COROLLARY 11.5.8. Let P be the collapse poset of Eg to 2® of Definition 


(1) In the P-extension of the Solovay model, the chromatic number of the diagonal 
Hamming graph is uncountable; 

(2) itis consistent relative to an inaccessible cardinal that ZF+DC holds and |Eg| < 
|2®|, yet the chromatic number of the diagonal Hamming graph is uncountable; 
in particular, there is no Eg-transversal. 


Note that the collapse does change some chromatic numbers to their lowest possible 
value; for example, it forces the chromatic number of Gg to be equal to two, by Propo- 
sition [11.1.6. The following example shows a somewhat more dramatic case of this 
behavior, as the graph in question does not have Borel o-bounded chromatic number. 


EXAMPLE 11.5.9. Let E be a Borel equivalence relation on a Polish space X. Let Q 
be the poset of all pairs q = (aq, bg) of finite subsets of X such that (ag x bg) NE = 0; 
the ordering is that of coordinatewise reverse inclusion. Let G be the graph connecting 
two conditions in Q if they are incompatible. Then in ZF, |E| < |2®| if and only if the 
chromatic number of G is countable. 


Note that the graph G does not have Borel c-bounded chromatic number as soon as the 
equivalence relation E is non-smooth as per Example In particular, there is a 
Borel graph which does not have Borel o-bounded chromatic number, yet the collapse 
of |E9| to |2®| forces countable chromatic number to it. 


PROOF. For the left-to-right direction, let h: X — 2 be a reduction of E to the 
identity on 2%. For every n € w and every set c C 2” let B. = {q € Q: Vx € dg h(x) | 
necAVx € by h(x) | n € c}. Since the function h is E-invariant, the sets B, C Q are 
G-anticliques. Now, if q € Q is a condition, there isn € w such that for all x») € a, and 
xX € bg, A(Xo) | n # h(x) | n. Thus, writing c = {h(x) | n: x © ag}, we conclude 
that q € B,. It follows that Q = UL. B, is a cover of Q by countably many G-anticliques. 

For the right-to-left direction, let Q = ),, By be a cover of Q by G-anticliques. For 
each n € a, let A, = [Uses, dg|z and let h: X — 2® be the function defined by 
h(x)(n) = 0 if x € A,. We claim that this is a reduction of E to the identity on 2°, 
thus inducing the desired inequality |E| < |2|. To see this, let x9, x, € X be arbitrary 
points. If x9 E x, holds then h(x 9) = h(x,) since the sets A,, are E-invariant. On the 
other hand, if x9 E x, fails, then q = ({xo}, {x;}) is a condition in Q and there must 
be n such that q € B,. It is not difficult to see that then h(xg)(n) = 0 # h(x,)(n), so 
A(Xo) # h(%). 
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11.6. Ramsey control 


In this section, we provide a way for preserving chromatic numbers of graphs 
which do not have Borel o-bounded clique number. As in the previous sections, we 
need a brief preamble dealing with a rather standard variation of centeredness for par- 
tial orders, which should be compared to [99, Definition 3]. 


DEFINITION 11.6.1. Let Q be a poset and A C Q be aset. We say that A is Ramsey 
if for every m € w there is n € w such that for every collection {q; : i € n} (possibly 
listed with repetitions) of conditions in A, there is a set b C n such that |b| > mand 
the conditions q; for i € b have a common lower bound. 


DEFINITION 11.6.2. Let R be a Suslin forcing. R is Suslin-o-Ramsey if there are 
analytic sets A, for n € w such that each A; is a Ramsey subset of R and R = LU An: 


In particular, a Suslin-o-Ramsey poset must be c.c.c. as no Ramsey set contains an in- 
finite antichain. We need a variation of a standard finite support iteration preservation 
theorem. 


PROPOSITION 11.6.3. Let R be a Suslin, Suslin-a-Ramsey poset. Let Q be the finite 
support iteration of R of length w,. Then there is z € 2® such that Q can be covered by 
sets each of which is Ramsey and definable from z and an ordinal parameter. 


PROOF. LetR = UJ nAn bea cover of R by countably many analytic Ramsey sets. A 
straightforward Shoenfield absoluteness argument shows that every analytic Ramsey 
piece A, as above remains Ramsey and R = U,An holds in every forcing extension. 
In fact, whenever k,m € w are numbers such that any set of m many elements of A, 
contains a subset of cardinality k with a common lower bound, then these numbers 
keep the same property in every forcing extension. 

Let Q be the finite support iteration of R of length w,. For each finite partial func- 
tiong: w, > wletB, = {qe Q: dom(q) = dom(g) and Va € aq | alF q(a) € Aga}. 
In view of Claim it is enough to verify that each set B, is Ramsey. To see this, 
let m € w be given. By downward recursion on a € dom(g) find natural numbers ng 
such that for every collection {7 : i € ng} of conditions in Agcy there is a set b C ng 
of size ng such that the collection {7 : i € b} has a common lower bound in R. Here, 
f is either the first element of dom(g) larger than a, or in case « = max(dom(g)) use 
m instead of ng. Finally, let 2 = Nmin(dom(g))- It is straightforward to verify that the 
number n witnesses the fact that the set B, is Ramsey for m. 


Finally, we are ready to work on balanced partial orders. 


DEFINITION 11.6.4. Let P be a Suslin forcing. We say that P is balanced with Ram- 
sey control if for every condition p € P there is a parameter z € 2® and a pair (Q, 0c) 
definable from parameter z such that 

(1) Qisa poset and gc is a Q-name; 

(2) Q l- cisa balanced virtual condition in P below p; 

(3) Q is covered by sets each of which is Ramsey and definable from z and an 
ordinal parameter. 


THEOREM 11.6.5. Let I be a finitary analytic graph which does not have Borel o- 
bounded clique number. In generic extensions of the symmetric Solovay model by bal- 
anced posets with Ramsey control, T has uncountable chromatic number. 
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PROOF. As a preliminary consideration, it is clear from Fact that it is 
enough to consider the case of I which is a skew product of infinitely many cliques 
as in Definition (1). Let (a,, Hy, ty : m € w) be a sequence such that the sizes 
of the finite sets grow to infinity, H,, is a clique on a,, and = J], Ay,ty. Write 
X= Ti a,; the set X is equipped with the usual compact Polish topology. 

Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is balanced 
with centered control below x. Let W be a symmetric Solovay model derived from x 
and work in W. Let t be a P-name and p € P bea condition forcing Tt to be a coloring 
from X to w. We must find a T-edge e € I and a condition stronger than p which forces 
e to be monochromatic in T. 

The condition p and the name 7 are definable from some parameter Zz) € 2” and 
some other parameters in the ground model. Let V[Kg]| be an intermediate extension 
obtained by a forcing of cardinality smaller than x such that z € V[K)]. Work in V[Ko]. 
Let Py be the Cohen forcing with the space X, with its name Xge, for the generic point 
of the space X. View Py as the poset of all functions s such that dom(s) € w and for 
all n € dom(s), s(n) € a, holds; the ordering is that of reverse extension. Let R be the 
product of w, many copies of Ry, and let H C R be a filter generic over V[Ky]. By the 
initial assumptions on the poset P, in the model V[Ko|[H] there is a parameter z, € 2® 
defining a pair (Q, a) as in Definition By ac.c.c. argument with the poset R, the 
name for the parameter z, depends on only countably many coordinates of the product 
R. Fix a coordinate of the product R on which the name for z, does not depend, let K, 
be the filter obtained from H by disregarding this coordinate, and work in the model 
V[Ko][Ky]. 

Note that the model V[Kg |[H] is a Ry-generic extension of V[Ko |[K, ]. By a balance 
argument (Proposition with the virtual condition a, it must be the case that Py IF 
Q Ik Coll(w,< x) Ik o decides the value of T(Xgen). Let (s,q) be a condition in the 
iteration Ry *Q and m € w bea number such that (s, g) Ik Coll(w, < x) Ik T(Xgen) = M. 
Use the centeredness assumptions on the poset Q and strengthen the condition s if 
necessary to find a specific definition for a Ramsey set C C Q such thats Ik qd EC. 
Strengthening the condition s further if necessary, we may assume that it identifies 
some number k € such that any collection of k many elements in C contains two 
compatible conditions, and s = t,, for some number n € w such that |a,,| > k. 

Let x € X bea point R-generic over the model V[Kg|[K, | and work in the model 
V[Ko|[K, ][x]. For each indexi € a,, let x; be the function obtained from x by replacing 
its n-th entry with i. Thus, each x; € X is a point R-generic over V[K|[K,] and 
the model V[Ko|[ Kj ][x;] is equal to V[K,][K, ][x]. Consider the poset Q in the model 
V[Ko][K,][x]. Observe that the evaluation of the definition of Q and the Ramsey set C 
does not depend on x or any x; for i € ay. 

The conditions q; = q/x; fori € a, all belong to the Ramsey set C, and thus there 
are distinct indices i, j € a, such that q;,q; have a common lower bound. Let G C Q 
be a filter meeting this common lower bound and work in the model V[Ko |[K, ][x][G]. 
Let p be the balanced virtual condition a/G. By the forcing theorem applied with x; and 
G, we conclude that Coll(c, < x) IF p IF t(X;) = t(X) = m. By the forcing theorem, in 
the model W, p IF {X;, Xj} is a t-monochromatic edge in the graph I. This completes 
the proof. 
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THEOREM 11.6.6. Let n > 2 be a number. Let T bea Borel graph on a Polish space 
X containing no injective homomorphic image of K,,,. Let P be the coloring poset of Def- 
inition The poset P is balanced with Ramsey control. 


PROOF. The balanced virtual conditions of P are classified by total I-colorings by 
Theorem Thus, we must produce a definable poset Q which is covered by de- 
finable Ramsey sets and adds (via a definable name o,) a total I-coloring extending a 
given condition p € P. As usual, the work is divided into two stages. 

In the regularity stage, consider the poset R of partial finite [-coloringsr: X > a, 
ordered by reverse inclusion; also, let t be the R-name for the union of the generic filter. 


CLAIM 11.6.7. 


(1) Risa Suslin, Suslin-o-Ramsey poset; 
(2) R forces t to be a T-coloring with domain X NV. 


PROOF. The second item follows from a straightforward density argument. For the 
first item, it is clear that R is Suslin. To show that R is Suslin-o-Ramsey, for a number 
meéoletA, = {rE R: |dom(r)| < mand rmg(r) c m}. Clearly, the sets A,, are all 
Borel and R = Un Am: It will be enough to prove that each number m € w, the set 
Ay, C Ris Ramsey. 

Let k € w be an arbitrary number greater than both 2n and m. We have to find 
1 € w such that every set {7j : i € I} C Am contains a subset of size k with a common 
lower bound. We will show that any number | such that 1 > (Kk) 02 41 works. To see 
this, let {7 : i € I} C Aj, be a set. Let < be any linear ordering of the space X, for each 
i,u € w write x;, for the u-th element of dom(%) in the ordering < if it exists, and define 
a partition z: [I]? + (mx m x 2) U {oo} by requiring the following. Ifi € j € l and 
(i, j) = (u,v, 0) then xj, = Xjy and H(Xj,) 4 G(Xjp); ifzG, J) = (u,v, 1) then xy, T x jy 
and 7(Xi,) = (x;y); and if z(i, j) = oo then no u,v as in the previous items can be 
found. 

Use the Ramsey property of the number! to find a set a C 1 of size k which is homo- 
geneous for the partition 7. It is enough to argue that the set {, : i € a}has a common 
lower bound. To see this, inquire about the homogeneous partition value achieved. It 
cannot be of the form (u, v, 0) where u # v because then there are irreconcilable candi- 
dates for x;,, where i is the second element of a. It cannot be of the form (u, v, 0) where 
u = vbecause then the colors 7(x;,,) for i € a must be all distinct while there are only m 
colors available. The homogeneous partition value cannot be of the form (u, v, 1) since 
then the points x;,, where i ranges over the first n many elements of a, and x ;, where j 
ranges over the second n-many elements of a, form an injective homomorphic copy of 
Ky)» in I, contradicting the initial assumptions on I’. Thus, the homogeneous color is 
oo, which precisely says that U; eq /i iS a function which is a -coloring and therefore a 
common lower bound of the conditions 7 fori € a. 


The amalgamation stage of the proof is more demanding than in the previous sec- 
tions. Let Q be the finite support iteration of R of length w,. By Claim [11.6.7(1) and 
Proposition 11.6.3} this is a definably Ramsey poset. For each countable ordinal a € w,, 
let M,, be the Q-name for the model obtained after the first w-many stages of the iter- 
ation and t,: X N My — w be the name for the [-coloring obtained from the a-th 
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iterand. We need a claim: 


CLAIM 11.6.8. For every ordinal a € w, and every point x € Mz \ eee Mg, the set 
a,={ye Usea Mg : {x,y} € T} has cardinality smaller than n. 


PROOF. If this failed, there would be a specific ordinal 6 such that the set b = {y € 
Mg: {x,y} € T}has cardinality at least n. But then, the setc = {z EX: Vy Ebty,z}e 
T} has size smaller than n by the initial assumption on the graph T. The set c C X is 
Borel with a code in Mg, so all of its elements belong to Mg by a Mostowski absoluteness 
argument. However, x € c holds, and this contradicts the initial assumptions on the 
point x. 


The claim makes it possible to amalgamate the (names for) colorings t, fora € @ 
to a total coloring. Let (a, : n € w) bea recursive partition of w into infinite sets. 
Now, by transfinite recursion on @ define a (name for a) map og: Mz > w by setting 
Og(x) = og(x) if x € Mg for some f € a, and otherwise o,(x) is the least number 
m € 4...) such that for no ordinal 8 € a and no point y € Mg [-connected to x 
og(y) = m holds. This gives a correct definition of a map from X to w by Claim 
By induction on @ € w, itcan be also proved that o, is a -coloring: no monochromatic 
edge can lead from a point in M, \ U sea Mp toa point in J pea Mp by the definition 
of the map o,. There is also no monochromatic edge between two points in the set 
Ma \U pee Mg since T,, is a T-coloring. 

Thus, the map o = J, og is a total I-coloring definable from the sequence of 
partial colorings t, for a € @,. Finally, the coloring o can be amalgamated with any 
initial condition p € P by a process similar to the previous paragraph, which we leave 
to the patient reader. 


EXAMPLE 11.6.9. Let D C R be a Borel set algebraically independent over Q, con- 
sisting of positive reals. Let be the graph on X = R? connecting two points if their 
Euclidean distance belongs to D. The graph I does not contain an injective homomor- 
phic copy of Ky, for some large number n [}66, Theorem 1]. 


An application of Theorems [11.6.5 and now yields the following. 


COROLLARY 11.6.10. Let D C R be a Borel set algebraically independent over Q, 
consisting of positive reals. Let T be the graph on X = R? connecting two points if their 
Euclidean distance belongs to D. 


(1) Let P be the coloring poset of Definition In the P-extension of the Solovay 
model, the diagonal Hamming graph H.,, has uncountable chromatic number; 

(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds, the chro- 
matic number of T is countable and the chromatic number of H.,, is uncount- 
able. 


EXAMPLE 11.6.11. Let X be a Polish group and C C X be a Borel set such that 
there is a number m € w such that any m distinct points lie on at most one right shift 
of the set C. (Think of a circle in R? passing through the origin and m = 3.) Let’ be 
the graph on X connecting points x, yifxy~! € C or yx-! € C. Letn € w be anumber 
such that, in the Hungarian arrow notation, (") > (™): Then I does not contain an 


injective homomorphic copy of K;, y. 
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A standard Baire category argument shows that the graph I has uncountable Borel 
chromatic number just in case the set C C X accumulates around the unit element of 
the group X. 


PROOF. Suppose towards a contradiction that a,b C X are disjoint finite sets of 
size n such thataxb CT. Letd C axbbe the set of all pairs (x, y) such that xy~! € C. 
By the Ramsey assumption on n, there are sets a’ C a and b’ C b of size m such that 
a’ x D’ is either a subset of d or disjoint from d. In the former case, all points of a’ lie 
on the shift C - y for every y € b’, and by the initial assumption on the set C the set b’ 
must be a singleton. In the latter case, all points of b’ lie on the shift C- x for all x € a’, 
and by the initial assumption on the set C the set a’ must be a singleton. In both cases 
we have reached a contradiction. 


An application of Theorems [11.6.5 and now yields the following. 


COROLLARY 11.6.12. Let C C R? bea circle passing through the origin. Let T be the 
graph on R? connecting points x, y ifx —y € Cory—x€C. 
(1) Let P be the coloring poset of Definition In the P-extension of the Solovay 
model, the diagonal Hamming graph H.,, has uncountable chromatic number; 
(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds, the chro- 
matic number of T is countable and the chromatic number of H.,, is uncount- 
able. 


11.7. Liminf control 


In this section, we provide a way for preserving chromatic numbers of graphs 
which do not have Borel o-finite clique number. As usual, we need a brief preamble 
dealing with a rather standard variation of centeredness. The variation in question has 
been used in several contexts to guarantee that various posets do not add dominating 
reals [[1, 81]; we will use it for a different purpose. 


DEFINITION 11.7.1. Let Q be a poset and A C Q be aset. We say that A is liminf- 
centered if for every collection {q; : i € w} (possibly listed with repetitions) of condi- 
tions in A, there is a condition (a liminf-bound) q € Q such that each strengthening of 
q is compatible with q; for infinitely many indices i € w. 


DEFINITION 11.7.2. Let R be a Suslin forcing. We say that R is Suslin-o-liminf- 
centered if R = LJAn where each A, C R is a liminf-centered analytic set. 


In particular, every Suslin-c-liminf-centered poset is c.c.c. since no liminf-centered 
poset can contain an infinite antichain. 


PROPOSITION 11.7.3. Let R be a Suslin-o-liminf-centered poset and let Q be its finite 
support iteration of length w,. There is a parameter z € 2® such that Q is covered by sets 
each of which is liminf-centered and definable from z and an ordinal parameter. 


PROOF. Let R = U An be a cover by analytic liminf-centered sets. We first show 
that each of the sets A, remains liminf-centered and R = ),, A, holds in every forcing 
extension; this is somewhat more slippery than in previous sections. First note that the 
poset R remains c.c.c. in all forcing extensions by [50]. Now, the statement that a given 
analytic set A C R is liminf-centered is equivalent to the following: for every sequence 
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(r,: i € w) of conditions in A, the set of all conditions which are compatible with only 
finitely many elements of the sequence is not predense. Provided that R is c.c.c., this 
translates to the following: for every sequence (7 : i € w) of conditions in A, for every 
sequence (s;: j © w) of conditions in R and every function f € w® either there are 
j € andi > f(j) such that s;, 7, are compatible, or there is a condition s € R which is 
incompatible with conditions s; for all j € w. This is a II}-statement. An application 
of the Shoenfield absoluteness now shows that in every generic extension, each set A, 
for n € w remains liminf-centered and R = L),, An as desired. 

Let Q be the finite support iteration of the poset R. For each finite partial function 
g: @, > ow, the set B, = {q © Q: supp(q) = dom(g) and for all a € supp(q), q | 
a IF g(a) € Aggy} C Q. In view of Claim it is enough to verify that each set 
B, is liminf-centered. Let {q; : i € w} C By be an infinite set. To find a liminf-bound, 
by induction on the ordinal « € dom(g) find Q | a-names 7, such that (ng: B € 
anmdom(g)) is in Q | a a liminf-bound of the conditions {q; | a: i € o}, so it forces 
that the set yz = {i € w: q; | a belongs to the generic filter} is infinite. Moreover, 
we require that 7, is forced to be a condition in R which forces the set {i € Yq: qi(a) 
belongs to the generic filter} to be infinite. This is possible as the analytic set Ag¢g) C R 
is liminf-centered. In the end, the sequence (yn, : a € dom(g)) is a liminf-bound of the 
conditions q; for i € w as required. 


Finally, we are in a position to talk about balanced forcing. 


DEFINITION 11.7.4. Let P be a Suslin forcing. We say that P is balanced with liminf 
control if for every condition p € P there is a parameter z € 2® and a pair (Q,¢) 
definable from parameter z such that 

(1) Qisa poset and gc is a Q-name; 

(2) Q lF cisa balanced virtual condition in P below p; 

(3) Q is covered by sets each of which is liminf-centered and definable from z 
and an ordinal parameter. 


THEOREM 11.7.5. Let I be a finitary analytic graph which does not have Borel o- 
finite clique number. In generic extensions of the symmetric Solovay model by balanced 
posets with liminf control, T has uncountable chromatic number. 


PROOF. As a preliminary consideration, it is clear from Fact that it is 
enough to consider the case of I which is a skew product of infinite cliques. Let 
(ay, Hy, ty : n € w) be a sequence such that each set a, is countably infinite and H,, is 
a clique on ay, and write T = IL, Hy, ty. Write X = IL, a,; the set X is equipped with 
the usual compact Polish topology. 

Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is balanced 
with measured control below x. Let W be a symmetric Solovay model derived from x 
and work in W. Let t be a P-name and p € P be a condition forcing Tt to be a coloring 
from X to w. We must find a T-edge e € I and a condition stronger than p which forces 
e to be monochromatic in T. 

The condition p and the name 7 are definable from some parameter zp) € 2” and 
some other parameters in the ground model. Let V[Kg] be an intermediate extension 
obtained by a forcing of cardinality smaller than x such that z € V[Kp]. Work in V[Ko]. 
Let Py be the Cohen forcing with the space X, with its name Xge, for the generic point 
of the space X. View Py as the poset of all functions s such that dom(s) € w and for 
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all n € dom(s), s(n) € a, holds; the ordering is that of reverse extension. Let R be the 
product of w, many copies of Py, and let H C R be a filter generic over V[Ky]. By the 
initial assumptions on the poset P, in the model V[K|[H] there is a parameter z, € 2° 
defining a pair (Q, o) as in Definition By ac.c.c. argument with the poset R, the 
name for the parameter z, depends on only countably many coordinates of the product 
R. Fix a coordinate of the product R on which the name for z, does not depend, let K, 
be the filter obtained from H by disregarding this coordinate, and work in the model 
V[Ko][K1]. 

Note that the model V[Ko |[H] is a Ry-generic extension of V[Ko |[K,]. By a balance 
argument (Proposition with the virtual condition a, it must be the case that Py IF 
Q Ik Coll(w, < x) Ik o decides the value of T(Xgen). Let (s,q) be a condition in the 
iteration R *Q and m € w bea number such that (s, g) Ik Coll(w, < x) Ik T(Xgen) = M. 
Use the centeredness assumptions on the poset Q and strengthen the condition s if 
necessary to find a specific definition for a liminf-centered set C C Q such that s Ik 
q € C. Strengthening the condition s further if necessary, we may assume that s = t, 
for some number n € w. 

Let x € X bea point R-generic over the model V[Ko || K,] and work in the model 
V[Kol[K,][x]. For each index i € ay, let x; be the function obtained from x by re- 
placing its n-th entry with i. Thus, each x; € X is a point Py-generic over V[Ko][K;] 
and the model V[Ko|[K;]|x;] is equal to V[Ko][K,][x]. Consider the poset Q in the 
model V[Ko|[K;][x]. Observe that the evaluation of the definition of Q and the liminf- 
centered set C does not depend on x or any x; fori € ay. 

The conditions q; = q/x; for i € a, all belong to the liminf-centered set C. Thus, 
there must be distinct indices i, j € a, such that the conditions q;,q; have a common 
lower bound in Q. Let G C Q be a filter meeting this common lower bound and work 
in the model V[Ko][K,][x][G]. Let p be the balanced virtual condition o/G. Leti € c 
be an arbitrary index. By the forcing theorem applied with x; and G, we conclude that 
Coll(w@,< x) IF p IF t(X;) = 1(%) = m. By the forcing theorem, in the model W, 
p IF {X;, X} is a t-monochromatic edge in the graph I’. This completes the proof. 


THEOREM 11.7.6. Letn € w bea number. Let T be a Borel graph on a Polish space 
X containing no injective homomorphic image of either Kz; OF Ky,., for some number 
n € w. Let P be the coloring poset of Definition The poset P is balanced with liminf 
control. 


PROOF. The balanced virtual conditions of P are classified by total -colorings by 
Theorem Thus, we must produce a definable poset Q which is covered by de- 
finable Ramsey sets and adds (via a definable name o,) a total I-coloring extending a 
given condition p € P. As usual, the work is divided into two stages. 

In the regularity stage, consider the poset R of partial finite [-coloringsr: X > a, 
ordered by reverse inclusion; also, let t be the R-name for the union of the generic filter. 


CLAIM 11.7.7. 
(1) Risa Suslin, Suslin-o-liminf-centered poset; 
(2) R forces t to be a T-coloring with domain X NV. 


PROOF. The second item follows from a straightforward genericity argument. For 
the first item, itis easy to see that R is a Suslin forcing. To show that R is Suslin-o-liminf- 
centered, for each number n € w let A, = {r € R: |dom(r)| < mand rng(r) C n}. It 
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is clear that each set A, is Borel and R = [J nAn- Assume that one of the sets A, is 
not liminf-centered and work to produce an injective homomorphism from K;, tol’. 
This will prove the claim. 

Suppose that {7 : i € w} is acollection of conditions in A,, without a liminf-bound. 
Let 7 € R be inclusion-maximal such that 7 C ¥ holds for infinitely many i € @; 
thinning out the original collection if necessary, we may assume that 7 C 7 holds for 
alli € w. Thinning out even further, we may assume that the sets dom(y \ r) fori € w 
are pairwise disjoint. 

By recursion on j € w build conditions 5 ER such that 

°7CS; 

- forallxe Uke; dom(s;, \ 7) U Uke; dom(n, \ 7), (x) > n; 

+ for all but finitely many numbers i € a, s; Uy ER. 
This is possible as the collection {7 : i € w} has no liminf-bound. Note that the first 
and third item imply that for a given j € @, for all but finitely many numbers i € w 
there are elements x € dom(s;) and y € dom(j \ /) such that x [ y and s;(x) = j(y) 
both hold. In addition, the point x € X cannot belong to |) = dom(s;,)UU a dom(7,) 
by the second item. 

Now, let < be any linear ordering of the space X. For numbers j,m write x(j,m) 
for the m-th element of dom(s;) \ U ke} dom(s;,) U U ice] dom(y,) in the ordering <. 
Similarly, write y(i, m) for the m-th element of dom(y) in the ordering <. Let U be a 
nonprincipal ultrafilter on w. For each j € w there are numbers hj, g; € @ such that 
the set aj = {i Ew: x(j, hj) T yl, g;)} belongs to the ultrafilter U. Also, there exist a set 
d C win U andanumber g € w such that for all j € d, g; = g holds. Now by recursion 
onk € wdefine an increasing sequence of numbers j;, so that j, € dn ar cx 2j,- Finally, 
define the map 7: 2x w > X by 2(0,k) = x( jn, hj,,) and 71, k) = yUj2x41, 8). It is 
not difficult to see that z is an injective homomorphism of K,,., toT. 


The amalgamation stage follows almost word by word the argument in Theorem[I1.6.6. 


EXAMPLE 11.7.8. The graph H.,, does not contain an injective homomorphic copy 
of K .,, since for any point x, its H ..,.-neighbors form a sequence converging to x; there- 
fore, any two distinct points can have only finitely many common neighbors. 


An application of Theorems and now yields the following. 


COROLLARY 11.7.9. LetT be the graph Hey. 


(1) Let P be the coloring poset for T as in Definition In the P-extension of the 
Solovay model, the graph H,, has uncountable chromatic number. In particular, 
there is no Eg-transversal; 

(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds and the 
chromatic number of H.,, is countable and the chromatic number of H,, is un- 
countable. 


EXAMPLE 11.7.10. Let 7 be a sequence of positive real numbers converging to zero. 
Let I be the graph on X = R? connecting two points if their Euclidean distance is on 
the sequence 7. The graphT does not contain an injective homomorphic copy of K3 .: 
if x9, x, € X are distinct points and ¢ > 0 is some real number, then there are only 
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finitely many points in the plane which are [-connected to both and of > ¢-distance 
to both. Now, if x9, x1, x, € X are distinct points and ¢ > 0 is smaller than half of the 
minimum distance between two of the three, we see that every point of the plane is at 
a distance > ¢ from two of the three, so there are only finitely many points I-connected 
to all three. 


An application of Theorems and now yields the following. 


COROLLARY 11.7.11. Let? be a sequence of positive real numbers converging to zero. 
Let I be the graph on X = R? connecting two points if their Euclidean distance is on the 
sequence F. 
(1) Let P be the coloring poset of Definition In the P-extension of the Solovay 
model, the graph H,, has uncountable chromatic number; 
(2) it is consistent relative to an inaccessible cardinal that ZF+DC holds, the chro- 
matic number of T is countable and the chromatic number of H,, is uncountable. 


11.8. Compactly balanced posets 


In this section we prove an additional preservation property of compactly balanced 
posets of Definition 9.2.1] which concerns locally countable structures. 


DEFINITION 11.8.1. Let G be an analytic finitary hypergraph on a Polish space X. 
The hypergraph is actionable if there is a countable group [ acting on X such that all 
hyperedges of G consist of pairwise orbit-related elements and for every y € T, y-G = G. 


The following theorem is stated using Convention Recall that a finitary hyper- 
graph is one all of whose hyperedges are finite. 


THEOREM 11.8.2. Let G be an analytic, finitary, actionable hypergraph on a Polish 
space X which does not have Borel o-bounded chromatic number. Then in compactly 
balanced extensions of the Solovay model, G has uncountable chromatic number. 


The actionable assumption is necessary, see Example [11.8.11| The main difference 
between the general and actionable hypergraphs we exploit is the following routine 
strengthening of Fact {11.1.13} instead of skew products we can deal with the usual 
product. 


FACT 11.8.3. Let G be a finitary analytic actionable hypergraph on a Polish space X. 
Exactly one of the following occurs: 


(1) G has Borel c-bounded chromatic number; 
(2) there exist a large product H on a Polish space Y and a continuous homomor- 
phism h: Y > X of H toG. 


PROOF OF THEOREM In view of Fact it is enough to prove the theo- 
rem for large product hypergraphs. Thus, let (a, H, : n € w) be a sequence such that 
for every n € , H,, is a hypergraph on the finite set a,,, and |a,,| > 2 and the chromatic 
number of H), is at least n, and assume that G is in fact the product hypergraph |], Hn 
on the space Y = i, ay. With a large product of this form, we associate the poset R 
of all functions r with domain w such that for every n € w,r(n) C a, is a nonempty set 
and the chromatic numbers of H,, on r(n) are unbounded as n tends to infinity. The 
ordering on R is that of coordinatewise inclusion. Clearly, the poset R adds a point 


11.8. COMPACTLY BALANCED POSETS 263 


Ygen € Y defined by Ygen(n) is the only element of the set (\ir(n) : r belongs to the 
generic filter}. The following claim is key. 


CLAIM 11.8.4. The poset R is proper, bounding, and adds no independent reals. 


PROOF. The first two assertions of the claim are standard and proved by the usual 
fusion arguments. The last assertion is the heart of the present proof. Suppose that 
r € Ris acondition and t is an R-name for a subset of w; we have to find a condition 
s < rand an infinite set c C w such that s Ik ¢ C rorént = O. Strengthening the 
condition r if necessary, a standard fusion argument will yield a continuous function 
f: IL, 7@ > P(@) such that r IF t = FOzen). 

Now, let B Cc IL, r(n) Xw be the Borel set given by (y,n) € Bifn € f(y) holds. For 
each number n € w define a function yz, on P(a,) by letting u,,(b) be the chromatic 
number of the hypergraph H,, restricted to b. Thus, uz, is a submeasure on a, and the 
numbers j/,,(a,,) tend to infinity. A partition result [97, Theorem 1.4] applied with an 
infinite subsequence of the sets r(n) and the submeasures 1, shows that there exist a 
condition s < rand an infinite set c C w such that either IL, s(n)xXc C Bor C1, s(n) Xx 
c) MB = 0. In the former case, s Ik ¢ C T; in the latter case, s Ik én Tt = 0. The claim 
has just been proved. 


Let x be an inaccessible cardinal. Let P be a Suslin forcing which is compactly bal- 
anced below x. Let W be the Solovay model derived from x and work in the model W. 
Let p € P be acondition and t be a P-name such that p Ik 7: X > wisa function. We 
must find a G-hyperedge and a condition stronger than p which forces tT to be constant 
on the hyperedge. 

The condition p € P as well as the name ft are definable in the model W from 
parameters in the ground model and a parameter z € 2”. Let V[K] be an intermediate 
forcing extension obtained by a poset of size < «x, containing the point z. Work in V[K] 
and consider the poset Q x R where Q is the poset of infinite subsets of w ordered by 
inclusion. Let U Cc Q and y € Y be mutually generic filter objects for the product; so 
U is in fact a nonprincipal ultrafilter on @ in the model V[K][U]. The poset Q is o- 
closed, and therefore R computed in the model V[K][U] is the same as R computed in 
the model V[K] and y is in fact R-generic over the model V[K][U]. By the continuous 
reading of names for the poset R, the sets P(w) NV[K][U][y] and P(w)NV[K][y] are the 
same. By a mutual genericity argument and the fact that R adds no independent reals, 
U generates an ultrafilter on w in the model V[K][U]|y]. Work in the model V[K][U]. 


CLAIM 11.8.5. There is an R-name o for a balanced virtual condition in P such that 
RIF Vy €Y |yAYgen| < %o > F/Vgen = 9/9. 


To parse the claim correctly, note that any point of the space Y which is up to finitely 
many entries equal to Yge, is in fact R-generic again and yields the same forcing exten- 
sion. The claim therefore says that the evaluation of the name o does not depend on 
the specific generic point, but only on its modulo finite equivalence class. 


PROOF. Choose an arbitrary R-name y for a balanced virtual condition below the 
condition p. We now use the ultrafilter U and the compact balance of the poset P to 
integrate the name y. Choose any point y,. € Y. For each n € a, let y, be the R-name 
below C for the element of Y such that y, [n= y,, | nand yy | [N,@) = Veen | [n,w); 
note that y,, is forced to be a point R-generic over the model V[K][U], generating the 
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same model as gen. Let 7, be the name for the balanced virtual condition y/y,. Let 
o be the name for the U-limit of the sequence (7, : n € w) in the definable compact 
Hausdorff topology on the space of all balance classes for P. It is immediate that the 
name o works as desired. 


Still working in the model V[K][U], find a name o as in the claim. By a standard 
balance argument (Proposition 5.2.4), R |k Coll(w, < x) Ik o decides in P the value of 
T gen). Passing to a condition r if necessary, we may assume that there is a specific 
number m € w such that r IF Coll(w, < x) IF o IFp Ten) = m. Now, let y € Y be 
a point R-generic over the model V[K][U], meeting the condition r and let 6 = a/y. 
Find a number n € w such that the set r(n) contains an H,,-hyperedge b € H, and 
for each i € b let y; € Y be the point obtained from y by replacing the n-th entry of 
y with i. Thus, the set {y;: i © b} is a G-hyperedge (this is exactly the point which 
does not work if a skew product variation of G is considered) and for each i € n we 
have p = o/y; by the choice of the name o. By the forcing theorem, in the model W 
p lkp Vy € ay tT(y) = m, completing the proof. 


COROLLARY 11.8.6. Let G, H be analytic locally countable hypergraphs on respective 
Polish spaces X,Y such that G has finite chromatic number n € w and H is actionable 
and does not have Borel o-bounded chromatic number. 

(1) Let P be the coloring poset for G. In the P-extension of the symmetric Solovay 
model, the chromatic number of H is uncountable. 

(2) Then it is consistent relative to an inaccessible cardinal that ZF+DC holds, G 
has countable chromatic number, yet H has uncountable chromatic number. 


PROOF. Balanced virtual conditions for P are classified by total G-colorings whose 
range is a subset of n. Such colorings naturally form a compact subset of the compact 
Hausdorff space n*, therefore the poset P is compactly balanced. As a result, in the P- 
extension of the symmetric Solovay model, the chromatic number of H is uncountable 
by Theorem [[1.8.2, At the same time, P forces G to have countable chromatic number. 


COROLLARY 11.8.7. Let Z act freely and in a measure preserving Borel way on a 
Polish probability space (X, 1). Let G be the hypergraph of arity three on X containing a 
triple {X9, X1, Xz} if there is a number n € w such that n- Xp) = x, andn- x, = X. Then 

(1) it is consistent relative to an inaccessible cardinal that ZF+DC holds, the chro- 
matic number of Gg is uncountable and the chromatic number of G is countable; 
(2) it is also consistent relative to an inaccessible cardinal that ZF+DC holds, the 
chromatic number of Go is two and the chromatic number of G is uncountable. 


PROOF. For the first item, use Corollary For the second item, use Exam- 
ple to show that the hypergraph G does not have Borel o-bounded chromatic 
number; it is clearly actionable. Let K be the simplicial complex on 2® x 2 consisting 
of partial finite functions from 2® to 2 which can be extended to a total Gp-coloring. It 
is easy to see that the simplicial complex X is Borel and locally countable. Then, apply 
Theorem [I1.8.2|to the poset P = Py as in Definition 6.1.1(3). It follows easily from The- 
orem that the balanced virtual conditions for P are classified by total Go-colorings 
with two colors, which naturally form a closed subset of the compact Hausdorff space 
22”. Thus the poset P is compactly balanced. 
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COROLLARY 11.8.8. 


(1) Let P be the poset of infinite subsets of w ordered by inclusion. In the P-extension 
of the Solovay model, the chromatic number of H_z,, is uncountable. 

(2) It is consistent relative to an inaccessible cardinal that there is a nonprincipal 
ultrafilter on w and the chromatic number of H z,, is uncountable. 


This is immediate from the fact that the poset P is compactly balanced—Example 
The corollary can be viewed as a commentary on a result of Rosendal [89]: in ZF+DC, 
if there is a discontinuous homomorphism between Polish groups then the chromatic 
numbers of the Hamming graphs H,, are finite. Since a nonprincipal ultrafilter on 
w yields a discontinuous homomorphism from the Cantor group 2” to 2, this result 
cannot be extended to the diagonal Hamming graph. 

The following two corollaries use compactly balanced posets from Examples 


and B21 


COROLLARY 11.8.9. Let E be a Borel equivalence relation on a Polish space X. 


(1) Let P be the linearization poset for the E-quotient space as in Example.7.5| In 
the P-extension of the Solovay model, the chromatic number of H , is uncount- 
able. 

(2) Itis consistent relative to an inaccessible cardinal that there is a linear ordering 
on the E-quotient space and the chromatic number of H<,, is uncountable. 


COROLLARY 11.8.10. Let G be a locally finite Borel graph on a Polish space X satis- 
fying the Hall condition. 


(1) Let P be the poset adding a perfect matching for G as in Example In the 
P-extension of the Solovay model, the chromatic number of H<,, is uncountable. 

(2) Itis consistent relative to an inaccessible cardinal that G has a perfect matching 
and the chromatic number of Hz, is uncountable. 


The following example presents a (necessarily) non-actionable hypergraph which does 
not have Borel o-bounded chromatic number, yet it has countable chromatic number 
in some compactly balanced extension of the Solovay model. 


EXAMPLE 11.8.11. The actionable assumption cannot be removed from the as- 


sumptions of Theorem 


PROOF. Let I be the free group on two generators >>, 5. It acts on the space 2° by 
shift; that is, (@ - x)(a) = x(6~!q) holds for all B,a € Tandx € 2". Let X c 2" be 
the dense Gs set on which the action is free. Let Ey be the [-orbit equivalence relation 
on X. Let E, be the orbit equivalence relation induced by the subgroup of I generated 
by 6. It is not difficult to see that E, C Ep are Borel equivalence relations. Let G be 
the hypergraph on X of arity three containing triples {xo, x, x2} consisting of pairwise 
E-related points and containing two E£)-related and two E,-unrelated points. 

To see how a compactly balanced poset can make the chromatic number of G 
countable, consider the Cayley graph H on X: it connects points Xo, x if x; => -X9 
(the >>-edges of H) or x; = 6 - Xo (the 6-edges of H) or vice versa. This is an acyclic 4- 
regular graph whose connectedness components are exactly the Ep-classes. In ZFC, ev- 
ery acyclic graph without vertices of degree 0 or 1 has an orientation in which every ver- 
tex has out-degree one, constructed component by component. As in Example 
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such an orientation can be added by a compactly balanced poset. The following claim 
shows the impact of such an orientation on the hypergraph G: 


CLAIM 11.8.12. (ZF) Suppose that the graph H has an orientation in which every 
vertex has out-degree one. Then the chromatic number of G is countable. 


PROOF. Let H be the orientation. For each x € X the color h(x) is the pair (b = 
b(x),k = k(x)) such that k is the largest possible number such that H contains an 
oriented path from x to 5c . x for somec € {-1,1}. Ifk = 0 then b = 0, otherwise 
b =c. Ifsuch k does not exist, then the color h(x) is oo. We claim that h is a G-coloring. 

To see this, first consider any two E-related points x9,x; € X. In the H-path 
between Xo, x; no vertex gets an out-degree two, and that leaves only three cases: either 
the whole path is oriented towards x9, or towards x,, or towards some point in the 
middle. Now, if h(x9) = h(x,) = oo then all three cases show that all the edges on 
the path must be 6-edges, so Xp FE, x,. Conversely, if x9, x, are E,-related, say x9 = 
6” - x, forsome m > 0, and h(xg) # ov, then in the first two cases k(xg) # k(x) 
and in the third case b(x) = 1 # —1 = b(x,). It follows that no G-hyperedge can 
be monochromatic: the homogeneous color cannot be co on account of the two E,- 
unrelated points in the hyperedge, and the homogeneous color cannot be different from 
oo on the account of the two E-related points in the hyperedge. 


CLAIM 11.8.13. The hypergraph G does not have Borel a-bounded fractional chro- 
matic number. 


PROOF. Fora point x € X anda number m € «, write Ay», = {5'" J" -x i,j € 
m}. Note that the set a,,, C X is a subset of a single Ey-class and visits m many distinct 
E,-classes, each in m many elements. A simple counting argument then shows that 
every subset of a,,, of size m + 1 contains a G-hyperedge, so the fractional chromatic 
number of G on the set a,,, is not smaller than m as witnessed by the normalized 
counting measure on Ay. 

Now, suppose that X = bs B,, is a partition into Borel sets. By the Baire category 
theorem, there is a number 1 € w such that B, is not meager. In view of the first 
paragraph, to prove the claim it will be enough that for all but finitely many m € 
there is a point x € X such that a,,, C B,. To this end, lett: T > 2 bea finite 
partial function such that B, is comeager in [t]. Let m © w be larger than the length 
of any word in dom(t); we will find a point x € X such that a,,, C B,. Lets = 
ft j: i,j © m} where each ¢;;: [ — 2 is the finite partial function given by the 
demand t;;(8) = t(6'" >>J™ 8) for all 8 such that 6'"y/"B © dom(t). Note that for 
distinct pairs (i, j), (k,l) € mx mand any 8 € [ at least one of 6’"y/"B and dk"! 
has length at least m. By the choice of the number m, s: T —> 2 is a finite function. 
The set C = om 6-'™B,: i,j € m} is comeager in [s]; let x € C be an arbitrary 
point. Reviewing the definitions, it is clear that a,,, C B as required. 


Now, consider the poset P adding an orientation of H in which every vertex in X 
gets an out-degree one. A condition p € P is an orientation on countably many com- 
ponents of H in which every vertex in these components gets an out-degree one. The 
ordering is that of reverse inclusion. The poset P was analyzed in Example It is 
not difficult to prove that the balanced virtual conditions of P are classified by orienta- 
tions of H in which every vertex gets an out-degree one, which naturally form a compact 
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Hausdorff space. Thus, the poset P is compactly balanced. It adds an H-coloring with 
countably many colors by Claim |11.8.12, while the hypergraph H does not have Borel 
o-bounded chomatic or even fractional chromatic number by Claim 


CHAPTER 12 


The Silver divide 


12.1. Perfectly balanced forcing 


The perfect set property in the model L(R)[U], where U is a Ramsey ultrafilter, 
was proved by [22]. In this section, we provide a general machinery for proving results 
of this type. We start with two key definitions. 


DEFINITION 12.1.1. Let P be a Suslin forcing. A virtual condition jp is perfectly 

balanced if in every generic extension V[G], whenever 

(1) Q € Visa poset such that P(Q) Nn V is countable in V[G]; 

(2) o € Visa Q-name for a condition in P stronger than ; 

(3) H Cc P(Q) is a perfect set such that every finite set a C KH is a set of filters 

over Q mutually generic over V, 

then there is a perfect set C C H such that the set of conditions {a/H: H € C}has 
a lower bound in the separative quotient. A poset is perfectly balanced if below every 
condition p € P there is a perfectly balanced virtual condition. 


This forcing property is often guaranteed by a simple feature which does not speak 
about any balance issues at all. 


DEFINITION 12.1.2. A Suslin forcing P is perfect iffor every Borel function f : 2° > 
P, either there is a finite set a C 2® such that the set f”a C P has no lower bound, or 
else there is a perfect set C C 2° such that f”C has a lower bound in the separative 
quotient of P. 


In general, the separative quotient of Suslin forcings is a I ordering, making perfect- 
ness a rather complicated projective property of the poset P. In all particular posets 
considered in this book, the status of perfectness is absolute throughout all forcing ex- 
tensions. 


PROPOSITION 12.1.3. Let P be a Suslin forcing which is perfect in all forcing exten- 
sions. Then every balanced virtual condition in P is perfectly balanced. 


PROOF. Let p be a balanced virtual condition in P. Let Q be a partial order, o a 
Q-name for a condition in P stronger than p. Let V[G] be a generic extension such that 
P(Q) NV is countable in V[G]. Let H be a perfect set of filters on Q which consists of 
filters in finite tuples mutually generic over V. 


CLAIM 12.1.4. For every finite seta C H, the set {o/H : H € a} C Phas a common 
lower bound. 


PROOF. Let (Hj: j € i) enumerate the set a without repetitions. By induction 
on j € i, construct a descending sequence (7: j € i) of conditions in P such that 
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for each j © iy € V[K][H,: k © j +1] andy < o/H;. This is easy to do using the 
balance of the condition p at every stage of the induction, noting that o/H;,1,% are both 
strengthenings of 6 in mutually generic extensions of the model V[K]. In the end, the 
condition 7_, is a lower bound of the set {o/H : H € a}. 


Now, leth : 2” > # be acontinuous injection and let f : 2” — P be the continuous 
function defined by f(y) = o/h(y). Apply the perfectness of the poset P to find a perfect 
set C such that for each y € C,r < f(y) holds in the separative quotient. The condition 
r witnesses the perfect balance of p in this instance. 


We prove two notable dichotomy type preservation properties of perfectly balanced 
posets. 


DEFINITION 12.1.5. The full Silver dichotomy is the following statement: If E is a 
Borel equivalence relation on a Polish space X and A C X is an E-invariant set, then 
either A contains only countably many E-classes or A contains a perfect set consisting 
of pairwise E-unrelated elements. 


As a consequence, the full Silver dichotomy implies that among all sets whose cardi- 
nality is smaller than a Borel quotient space, 2” is the set with the smallest uncount- 
able cardinality. The terminology refers to the classical Silver dichotomy [54, Theorem 
5.7.1], a theorem of ZF+DC which says in particular that the dichotomy holds for an- 
alytic sets A C X. The Solovay model satisfies the full Silver dichotomy. The following 
result is stated using Convention 


THEOREM 12.1.6. In cofinally perfectly balanced extensions of the symmetric Solovay 
model, the full Silver dichotomy holds. 


PROOF. Let x be an inaccessible cardinal. Let P be a perfect Suslin forcing such 
that %. F Pis balanced in every forcing extension. Let W be a symmetric Solovay model 
derived from x and work in the model W. Let p € P be a condition and t be a P-name 
such that p Ik t C X is an E-invariant set containing uncountably many E-classes. The 
condition p as well as the name Tt have to be definable from parameters in V as well 
as some parameter z € 2”. Use the assumptions to find an intermediate model V[K] 
obtained as a generic extension of V by a poset of cardinality smaller than x such that 
z € V[K] and P is perfectly balanced in V[K]. 

Work in the model V[K]. Find a perfectly balanced virtual condition p < p. Note 


that the equivalence relation E is Borel; by Theorem it has fewer than 27,/*! 


many virtual classes. The cardinality of is countable in the model W, while the set 
t is forced to contain uncountably many E-classes. It follows that in the model V[K] 
there have to be a poset R of cardinality smaller than x, an R-name o for a condition 
in P stronger than p and an R-name 7 for an element of X which is forced not to be a 
realization of any virtual E-class in the model V[K], and R IF Coll(@w,< «) IF o Ikp 
n ET. 

Move to some generic extension V[K][G] obtained by a poset of cardinality smaller 
than x such that P(R) N V[K] is countable in V[K][G]. Work in V[K][G]. Use Propo- 
sition to find a perfect set 4 of filters on R which are in finite tuples mutually 
generic over V[K]. Note that by the mutual genericity and the initial choice of the name 
n, the points 7/H for H € K# are pairwise E-unrelated. By the perfect balance of the 
virtual condition p, there is a perfect set C C Ht such that the set {o/H: H € C}hasa 
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lower bound, say q € P in the separative quotient of P. By the forcing theorem applied 
in every model V[K][H] for H € C it is the case that in the model W, the condition q 
forces the perfect set {n/H : H € C} consisting of pairwise E-unrelated elements to be 
a subset of t. The proof is complete. 


The second preservation theorem of this section deals with a strong form of well-known 
Todorcevic’s Open Coloring Axiom, OCA [/104]. 


DEFINITION 12.1.7. OCA+ is the following statement. Whenever X is a Polish 
space, A C X isa set, and I is a graph on A which is open in the topology on A x A 
inherited from X x X, then either A is a union of countably many I’-anticliques, or A 
contains a perfect I’-clique. 


The following result is stated using Convention [1.7.18. 


THEOREM 12.1.8. In cofinally perfectly balanced extensions of the symmetric Solovay 
model, OCA+ holds. 


PROOF. Let X be a Polish space and let P be a perfect Suslin forcing. Let x be an 
inaccessible cardinal such that P is cofinally perfectly balanced below x. Let W be a 
symmetric Solovay model derived from x. In the model W, let ! c X* be a symmetric 
open set, let p € P bea condition, and let t be a P-name for a subset of X such that 
p | t cannot be covered by countably many [-anticliques. We must find a perfect set 
B Cc X such that any two points of B are [-related, and a condition q < pin P which 
forces B C t. 

To this end, choose a parameter z € 2” such that p,t, T are definable from z. Find 
an intermediate generic extension V[K] of V by a poset of cardinality smaller than x 
such that z € V[K] and P is perfectly balanced in V[K]. Work in the model V[K]. Let 
p < pbea perfectly balanced virtual condition in P. Since Coll(w, < x) Ik p IFp Tis 
not covered by countably many I’-anticliques, and the closure of a T-anticlique is still a 
T-anticlique, there must be a poset R of cardinality smaller than x, an R-name 7 for an 
element of X which belongs to no closed I-anticlique coded in V[K], and an R-name o 
for a condition in P stronger than p such that R IF Coll(w, < «) Ik ao lFkp 9 ET. 

Let V[K][G] be a generic extension obtained by a poset of cardinality smaller than 
x such that P(R) N V[K] is countable in V[K][G]. Work in V[K][G]. Let {D, : n € w} 
enumerate all open dense subsets of finite powers of the poset R in V[K], with infinite 
repetitions. By induction on |t| build conditions 7 € R for t € 2<® so that 

* tC simplies7, <4; 
* whenever D, C R™ is an open dense set for some m < 2”, then every m-tuple 
of distinct elements from the set {7, : t € 2”} belongs to D,; 
* for allt € 2<® there are open sets O;9, O;; C X such that Oj X O,; C I and 
hag IE n © Oy and HA, lk 7 € Oy. 
The construction is routine except for the last item; we just describe how the last item 
is obtained. Suppose that 7, has been found. Work in V[K] and let U c X be the union 
of all basic open sets O C X such that % Ik n € O. Then 7 Ik 7 € X \ U. Since the set 
X \ U is closed, by the choice of the name 7 it cannot be a T’-anticlique and therefore 
there are points x9, x; € X \ U which are [-connected. Since the set TC X? is open, 
there are basic open sets Oj), O;; C X such that x9 € Oj, X; € Oy, and Opg X OF, CT. 
Neither of the two open sets is a subset of U and therefore there must be conditions 
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hag and %~, below 7 such that the former forces 7 € Oj and the latter forces n € Oj; 
as desired. 

In the end, for every binary sequence y € 2® let Hy C R be the filter generated by the 
conditions {r,), : n € w}. Note that any finite tuple of distinct filters H, for y € 2° is 
mutually generic over the model V[K] by the second item in the inductive construction 
above. The mutual genericity also shows that the function y +> /Hy is a continuous 
injection from 2° to X, and its range is a I-clique by the third item above. By the 
perfect balance of the condition #, there is a perfect set C C 2 such that the conditions 
{o/Hy : y € C} have a lower bound q in the separative quotient of the poset P. By the 
forcing theorem applied in every model V[K][H] for H € C it is the case that in the 
model W, the condition q forces the perfect I-clique {n/H : H € C}to be a subset of r. 
The proof is complete. 


Now it is time for a list of perfect and perfectly balanced forcings. 


EXAMPLE 12.1.9. Let I be an F,-ideal on w. The poset P of all I-positive subsets of 
w ordered by inclusion is perfect. 


As a special case, this includes the poset of infinite subsets of w ordered by inclusion 
of Section /7.1| and the posets of Section [7.3, both adding ultrafilters on w with various 
Ramsey properties. 


PROOF. Recall that P(J) is the poset of all I-positive subsets of w, ordered by inclu- 
sion. Write I = U,, In as a countable union of closed sets closed under taking subset. 
Let f : 2° + P(w) be a Borel function such that for any finite set a Cc 2°, () f"a EI 
holds; we must find a perfect set B C 2° such that the set f”B C P has a lower bound. 
Thinning the domain of f if necessary we may assume that the function f is in fact 
continuous. By induction on n € w build nodes u, € 2<® for all t € 2” and finite sets 
b, C w such that 

° by, In; 
* s C timplies that u, C u, and s is incompatible with t implies u, is incom- 
patible with u,; 
* for each t € 2”*1 and every y € [u;] it is the case that b, C f(y). 
Once the induction is performed, let b = U, by, let B C 2® be the perfect set of all 
points y € 2” such that Vnit € 2” u, C y and use the continuity of the function f to 
prove that b is the lower bound of the set f”B. 

To start the induction, let u) = 0. Now suppose that the nodes u, € 2<® for 
t € 2” as well as sets b,, for m € n have been constructed. For each t € 2” choose 
distinct points y49, y4 € [u;] and use the initial assumption on the function f to observe 
that ¢c = [Jen fOt0) A Mye2n fxn) is an I-positive set. Since the set I, C P(w) is 
topologically closed and closed under subset, there must be a finite subset b,, C cwhich 
is not in J,,. Use the continuity of the function f to find initial segments u,~9 C Yo and 
Uz-1 C yz Satisfying the second item of the induction hypothesis. This concludes the 
inductive step. 


COROLLARY 12.1.10. [22)] Let P be the poset of infinite subsets of w ordered by inclu- 
sion. 
(1) In the P-extension of the symmetric Solovay model, the full Silver dichotomy 
holds, and OCA+ holds. 
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(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
Ramsey ultrafilter on w, the full Silver dichotomy holds, and OCA+ holds. 


EXAMPLE 12.1.11. Let (I, -) be a countable semigroup. The poset P = F- of Sub- 
section [7.4] is perfect. 


PROOF. Recall that elements of P are just sequences in I and the ordering is de- 
fined by q < pif there are pairwise disjoint nonempty finite sets a,, C w such that 
qn) = TI, = p(m). The proof of the perfect property of the poset P is another fusion 
argument. Let f : 2° — P bea Borel function such that for every finite set b C 2%, the 
conditions in the set f”b have a common lower bound in P; we must find a perfect set 
B C 2® such that the set f”B C P has a lower bound. 

Thinning the domain of f if necessary we may assume that the function f is con- 
tinuous. By induction on n € w build nodes u, € 2°” and finite sets a; C w for all 
t € 2”, and also elements y, € I so that 

* s C timplies that u, C u, and s is incompatible with t implies u, is incom- 
patible with u,; 

* dp = Oand ifs Cc t then max(a,) < min(a,); 

« foreach t € 2”*1 and each y € [uy], % = Vee: fom). 


Once the induction is performed, let p = (y,: n € w), let B C 2” be the perfect set of 
all points y € 2® such that Vn St € 2” u, C y and observe that p is the lower bound of 
the set f”B. 

To start the induction, let uy = Oand ay = 0. Nowsuppose that the nodes u, € 2<® 
for t € 2” as well as sets a, for s € 2S" and elements y», for m € n have been con- 
structed. For each t € 2” choose distinct points yo, y; © [u;] and use the initial 
assumption on the function f to observe that the set c = {f(j0),fQn): t € 27} 
has a lower bound in the poset P. This means that there are nonempty finite sets 
Qy~9,4;-1 C w disjoint from [J segcn 4s and a semigroup element y, € I such that 


Ce fOr) = ym and Linea, fOxn)(m) = % holds for all tf € 2”. Use the 
continuity of the function f to find initial segments u,~9 C Yio and u,z~1 C y;, such that 


FO0)(m) = f()(m) holds for all m € ajo and all y € [u,~9] and f(¥)0m) = fm) 
holds for all m € a, and all y € [u,-,]. This concludes the inductive step. 


COROLLARY 12.1.12. Let P be the poset of Subsection {7.4| designed to add a stable 
ordered union ultrafilter. 
(1) In the P-extension of the symmetric Solovay model, the full Silver dichotomy 
holds, and OCA+ holds. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is a 
stable ordered union ultrafilter on a, the full Silver dichotomy holds, and OCA+ 
holds. 


The last example in this section illustrates the distinction between perfect and perfectly 
balanced posets. 


EXAMPLE 12.1.13. The FinxFin poset P of Definition is perfectly balanced 
but not perfect. 


PROOF. Recall that P consists of all subsets of w x w with infinitely many infinite 
vertical sections, ordered by q < pifq\ p C w X wis a set with only finitely many 
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infinite vertical sections. We first prove the failure of perfectness. For each n € w and 
each binary string t € 2”, it is easy to find a perfect set A, C P(w) such that 


- A, consists of pairwise almost disjoint infinite sets; 
* for all x € [],-5n Ar, the set (), x; C o is infinite. 


Then, let f, : [t] > P(w) be a continuous injection into A; for every t € 2<°. Now, for 
every y € 2° let g(y) C w x w be the set of all pairs (n,m) such that m € fy)n(y). It is 
clear that the set g(y) C w x w has all vertical sections infinite, so is a condition in P. 
We will show that any finite subset of g”2® has a lower bound in P, yet no condition in 
P is below more than countably many elements of g”2°. 

For the first assertion, let a C 2® be a finite set. Let m € w be such that the strings 
y | mfor y © aare pairwise distinct. Then, for all n > m the second item implies 
that the set ar <a Jytn(Y) is infinite. In other words, the set ae eq 80) has all vertical 
sections beyond m infinite, so it is a lower bound for g”a. For the second assertion, 
suppose that p € P is a condition, and assume towards a contradiction that the set 
{y € 2: p < g(y)} is uncountable. By a counting argument, there must be a number 
n € w such that the set {y € 2%: p, is infinite and modulo finite a subset of g(y),,} is 
uncountable. Find two distinct elements yo, y, of the latter set such that yy [n = y, | n; 
denote the common value by t. Then, the intersection f(y) N f/Q) should be finite 
by the choice of the function f,, and at the same time it should modulo finite contain 
the infinite set p,,. This is a contradiction. 

Now it is time to show that P is perfectly balanced. Let p € P be a condition. Let 
a C w be an infinite set such that for each n € a, the vertical section a,, is infinite. 
Let U be a nonprincipal ultrafilter on w containing a, and for each n € w let U, be 
a nonprincipal ultrafilter on w such that ifn € a then a, € U,. Let p be the virtual 
condition on the Coll(w, P(w)) poset, standing for the analytic set A of all sets b C a 
such that the setc = {n € w: b, is infinite} diagonalizes U, and for each n € c, the set 
b, diagonalizes U,,. The condition p < p is balanced by Theorem we will show 
that it is perfectly balanced. 

Let Q be a poset and let o be a Q-name for a condition in the set A. Let V[G] 
be a generic extension such that P(Q) n V is countable in V[G] and 4 is a perfect 
set of filters on Q in finite tuples mutually generic over V. We must find a condition 
r € P in the model V[G] such that the set {H € Hl: r < o/H}is uncountable. To 
do that, for each filter H € H write by = {n € w: (c/H), diagonalizes the filter 
U,}. For each H € H, the set b;, diagonalizes U; as in Example there is a set 
b c w such that the collection K = {H € H: b C by modulo finite} contains a 
perfect subset. By another fusion argument similar to Example we can find sets 
b, C w for each n € w such that the collection £ = {H € K: for everyn € a, if 
(o/H),, diagonalizes U,, then b, C (o/H), modulo finite} contains a perfect subset. 
Let c = {(n,m) € wo: nE DAME by}. It is not difficult to see that c < o/H holds in 
the separative quotient of P for every filter H € £. 


12.2. Bernstein balanced forcing 


In this section we identify a class of posets which is in a precise sense dual to the 
class of perfectly balanced forcings. 


DEFINITION 12.2.1. Let P be a Suslin forcing. A virtual condition p is Bernstein 
balanced if in every generic extension V[G], for every condition p < , every infinite 
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poset Q € V such that P(Q) Nn V is countable in V[G], and every perfect family FH c 
P(Q) such that each finite set a C H is a collection of filters mutually generic over V, 
there is a filter H € H such that every condition in PNV|[H] below p is compatible with 
p. The poset P is Bernstein balanced if there is a Bernstein balanced virtual condition 
below every condition in P. 


As the simplest initial example, consider the poset of countable partial functions from 
2° to 2 ordered by reverse inclusion. Its balanced virtual conditions are classified by 
total functions from 2” to 2. Each such virtual condition p is in fact Bernstein balanced. 
To see this, note that any condition p < pin any extension V[G] has countable domain. 
On the other hand, if FC € V[G] is a perfect set of filters mutually generic over V, then 
by the product forcing theorem, for each point x € dom(p) \ V there is at most one 
filter H © H such that x € V[H]. By acounting argument then, there isa filter H © Ht 
such that dom(p) N V[H] \ V = 0 and then p is compatible with every condition in 
V[H] which is stronger than #. 

Bernstein balanced extensions of the Solovay model share a number of regularity 
properties. The main technical tool used in all the theorems below is the following. 


PROPOSITION 12.2.2. Let P be a Suslin forcing and let p be a Bernstein balanced 
virtual condition in P. Let Q be a partial order and o a Q-name for a condition in P 
stronger than p. Let W be a Solovay model derived from an inaccessible cardinal greater 
than |Q|. In the model W, if FC C P(Q) is a perfect family consisting of filters mutually 
generic over V, then p forces in P that the set{H € H : o/H belongs to the P-generic filter} 
is uncountable. 


PROOF. Work in the model W. Let p € P be a condition stronger than p, and a C 
KH be a countable set. We must find a filter H € H \asuch that o/H is compatible with 
p. Let V[K] be an intermediate extension obtained by a poset of cardinality smaller 
than x containing a code for #(, and enumeration of the set a, and the condition Q. 
Work in the model V[K]. The set H\a is Borel and uncountable, and therefore contains 
a perfect subset. By the Bernstein balance of the virtual condition p, there is a filter 
H € # \ asuch that p is compatible with all conditions in P N V[H] stronger than p, 
in particular with the condition o/H. This concludes the proof. 


With the proposition in hand, we begin a line of preservation results. They are all stated 
using Convention 


THEOREM 12.2.3. In cofinally Bernstein balanced extensions of the symmetric Solo- 
vay model, there is no finitely additive diffuse probability measure on w. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing which is Bern- 
stein balanced cofinally below x. Let W be the symmetric Solovay model derived from 
x and work in the model W. Suppose towards a contradiction that p € P is acondition, 
t isa P-name for a map from P(w) to [0,1], and p forces Tt to be a finitely additive dif- 
fuse probability measure. The condition p and the name 7 are definable from ground 
model parameters and an additional parameter z € 2°. Find an intermediate model 
V[K] obtained using a poset of cardinality smaller than x such that z € V[K] and P is 
Bernstein balanced in V[K]. Work in the model V[K]. 

Let p < p be a Bernstein balanced virtual condition. Let Q be the poset of finite 
binary strings ordered by reverse end-extensions, with its name x for the set of those 
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n & o for which there is a condition q € Q in the generic filter such that q(n) = 1. 
There must be a poset R of cardinality smaller than x, a condition (q,r) € Qx R, anda 
Q x R-name o for a condition in P stronger than p such that either (q, r) IF Coll(w, < 
x) Ik o IFp t(x) > 1/2 or (q,r) IF Coll(w, < «) Ik o Ip t(x) < 1/2. For definiteness, 
assume that the former option prevails; with the latter option, replace x with the name 
for its complement and proceed in the same way. 

Move to an extension V[K][G] obtained with some poset of cardinality smaller 
than x such that P(Q x R) N V[K] is countable in V[K][G], and work in the model 
V[K][G]. Let (O,, : m € w) be an enumeration of all open dense subsets of all finite 
powers of Q x R that appear in the model V[K], with infinite repetitions. By recursion 
on m € w build numbers n,, € w and conditions (qj;,%:) < (q,r) fori € 3 andt € 2™ 
so that dom(q;;) = mM» for alli € 3 and t € 2”, and: 


« ifie 3andt C sare binary strings, then (qj5, fis) < (dit. Mt); 

- if O,, is an open dense set in the k-fold product of Q x R and k is smaller than 
m, then for every i € 3 and every k-tuple (t; : 1 € k) of distinct elements of 
2m+!, the tuple ((qit,»tr,) : | € k) belongs to O,,; 

* whenever i, j are distinct numbers in 3, s,t € 2” and k En, \ dom(q), then 
qis(k) and qj;(k) are not both simultaneously equal to 1. 


To perform the recursion, start with (qj9,%j9) = (q,r) for all i € 3. Now, suppose that 
Nm € w and conditions (qi;,7%) < (q,r) for i € 3 and t € 2™ have been found. First, 
work on subscript 0: for all t € 2+! find conditions (q9,, %:) € Q X R so that the first 
two items are satisfied and let no, = max, dom(q?,). Then, work on subscript 1: for 
allt € 2+! find conditions (q?,,%:) € QXR so that the first two items are satisfied, for 
each t and each j € [N,,om) 99,(j) = 0 holds, and let n,,, = max, dom(q?,). Finally, 
work on subscript 2: for all t € 2’"*! find conditions (q8,, m;) € Q x R so that the first 
two items are satisfied, for each t and each j € [Nm,4m) 93,(j) = 0 holds, and let 
Nom = max; dom(q$,). To conclude the work, extend the binary strings q?,, q°,, and q$, 
with zeroes only so that the resulting binary strings qo;, q1, dz, have the same domain 
Am+1- 

In the end, for each i € 3 and each y € 2° let Hiy C Q XR be the filter generated 
by the conditions (qjy}m,Tiyjm) for m € w. The first and second items above show that 
each family H; = {Hiy: y € 2°} consists of filters on Q x R in finite tuples mutually 
generic over the model V[K]. The third item above shows that for distinct i, j € 3 and 
points yo, y, € 2®, the intersection x/Hjy, 1 X/Hjy, is finite. 

Now, a twice repeated use of the Bernstein balance of the virtual condition p in 
V[K] with the families Hp, H,, H yields points yo, y,, y. € 2” such that the conditions 
Po = 9/Hoy,> Pi = 9/Ayy,, and pz = o/Hzy, have a common lower bound. Write xp = 
X/Hoy,.X1 = X/Hyy,, and x2 = Hpy,. By the previous paragraph, the sets xp, x1, x2 C w 
are pairwise almost disjoint. At the same time, by the forcing theorem in V[K], the 
common lower bound of the conditions pg, p;, p2 forces the numbers t(X,), T(X,), and 
T(Xz) to be at least 1/2 each. This contradicts the assumption that t was forced to be a 
diffuse finitely additive probability measure. 


The next preservation theorem deals with Todorcevic’s Open Coloring Axiom, OCA 


104). 


12.2. BERNSTEIN BALANCED FORCING 277 


DEFINITION 12.2.4. OCA is the following statement. Whenever X isa Polish space, 
A CX isaset, and [is a graph on A which is open in the topology on A x A inherited 
from X x X, then either A is a union of countably many I-anticliques, or A contains an 
uncountable I-clique. 


THEOREM 12.2.5. In cofinally Bernstein balanced extensions of the symmetric Solo- 
vay model, OCA holds. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is 
Bernstein balanced cofinally below x. Let W be a symmetric Solovay model derived 
from x. In the model W, let X be a Polish space and let ! c X be a symmetric open 
set, let p € P be acondition, and let t be a P-name for a subset of X such that p IF t 
cannot be covered by countably many T-anticliques. We will find a perfect set C C X 
such that any two points of C are IT-related, and a condition q < p in P which forces 
Cnt is uncountable. 

To this end, choose a parameter z € 2” such that p,t, T are definable from z. Find 
an intermediate generic extension V[K] of V by a poset of size < x such that z € V[K] 
and P is Bernstein balanced in V[K]. Work in the model V[K]. Let p < pbea Bernstein 
balanced virtual condition. Since Coll(, < x) Ik p lFp t is not covered by countably 
many I-anticliques, and a closure of a T-anticlique is still a I-anticlique, there must be 
a poset R of size < x, and R-name 7 for an element of X which belongs to no closed 
T-anticlique coded in V[K], and an R-name o for a condition in P stronger than p such 
that R Ik Coll(w,< «) lk alkp Et. 

Move into the model W. Let {D,,: n € w} enumerate all open dense subsets of 
finite powers of the poset R in V[K], with infinite repetitions. As in the proof of Theo- 
rem by induction on |t| build conditions 7, € R for t € 2<® so that 

+ tC simplies7, <4; 

* whenever D, C R™ is an open dense set for some m < 2”, then every m-tuple 
of distinct elements from the set {7 : t € 2”} belongs to D,,; 

¢ for allt € 2<® there are open sets O;9, O;; C X such that Ojg X O,, C I and 
Khao IE n © Oj and HA, lk n € Oy. 

In the end, for every binary sequence y € 2® let Hy C R be the filter generated by 
the conditions {r,;, : n € w}and let p, = o/Hy. Note that any finite tuple of distinct 
filters Hy for y € 2® is mutually generic over the model V[K] by the second item in 
the inductive construction above. Proposition applied in V[K] shows that in W, 
p forces the set a = {y € 2®: py is in the generic filter} to be uncountable. The set 
{n/H, : y € a} is then forced to be an uncountable I-clique. 


The next preservation theorem deals with a limited version of uniformization in cofi- 
nally Bernstein balanced extensions. 


THEOREM 12.2.6. Let E be a Borel equivalence relation on a Polish space X. In cofi- 
nally Bernstein balanced extensions of the symmetric Solovay model, every subset of X is 
either covered by countably many E-classes or contains an uncountable subset consisting 
of pairwise E-unrelated elements. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing which is Bern- 
stein balanced cofinally below x. Let W be the symmetric Solovay model derived from 
x, let p € P be acondition and let t be a P-name such that p Ik t C X is a set which is 
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not covered by countably many E-classes. We will find a perfect set A C X consisting 
of pairwise E-unrelated elements and a condition q < p, q |K tN A is uncountable. 
This will prove the theorem. 

The condition p and the name Tt are definable from a parameter z € 2” and some 
parameters in the ground model. Let V|K] be some intermediate extension of the 
ground model by a poset of size < x containing z and such that P is Bernstein bal- 
anced in V[K]; work in V[K]. Let p < p bea Bernstein balanced virtual condition in 
the poset P. Since the equivalence relation E is Borel, by Theorem there are fewer 
than 1,,, many virtual E-classes in V[K]. Since the cardinal ep a is countable in 
W, there must be in V[K] a poset R of cardinality smaller than x and R-names o for a 
condition in P stronger than p and 7 for an element of X which is not a realization of 
any virtual E-class in V[K] such that R Ik Coll(w, < «) lk o lkp y ET. 

In the model W, use Proposition to find a perfect set {H,: y € 2°} of fil- 
ters on R which are mutually generic over the model V[K]. Write p, = o/H, and 
xy = /Hy. By Proposition the assumption on the name 7, and the mutual 
genericity, the set A = {n/H,: y © 2°} consists of pairwise E-unrelated elements. 
Proposition applied in V[K] shows that in W the condition p forces that for un- 
countably many y € 2%, p, belongs to the generic filter. Then p IF TNA is uncountable 
as required. 


The last preservation theorem in this section deals with analytic P-ideals in cofinally 
Bernstein balanced extensions. 


THEOREM 12.2.7. Let I be an analytic P-ideal on w. In cofinally Bernstein balanced 
extensions of the symmetric Solovay model, if A C I is an uncountable set, then there is a 
set b € I such that the set {a € A: a C b}is uncountable. 


PROOF. Suppose that x is an inaccessible cardinal and P is a Suslin forcing which 
is Bernstein balanced cofinally below x. Let W be a symmetric Solovay model derived 
from x; work in the model W. Let p € P be a condition and t be a P-name such that 
p |k t C Tis an uncountable set. We need to produce a set b € J and a condition 
stronger than p which forces the set {a ET: aC b} to be uncountable. The condition 
p and the name t must be definable from parameters in the ground model and some 
real parameter z € 2”. Let V[K] be an intermediate forcing extension by a poset of size 
< « such that z € V[K] and P is Bernstein balanced in V[K], and work in the model 
V[K]. 

By the assumptions on the poset P, there must be a Bernstein balanced virtual 
condition p < pin the model V[K]. There must be a poset Q of size < x, a Q-name 
for an element of I which is not in V[K], and a Q-name o for a condition in P stronger 
than p such that Q Ik Coll(w,< x) lk o lIFp 7 € t. Let V[K][G] be some generic 
extension by a poset of cardinality less than x in which there is a perfect collection 
HF C P(Q) which consists of filters mutually generic over V[K]. Work in the model 
V[K][G]. 

Use the result of Solecki [98] to fix a lower semicontinuous submeasure pu on w 
such thatI = {a Cw: lim, “(a\n) = 0}. Consider the poset R of triples (s, c, a) where 
s C wis finite, ¢ > 0 is a real number, and a € I is a set such that (a \ s) < Eq: The 
ordering is defined by (s,,€,, a1) < (Sq, &9, Ap) if Sg C 5, &1 < &, and dg C Ss; UQ). It is 
not difficult to see that R is a g-linked poset, and the union of the first coordinates of 
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conditions in the generic filter is forced to modulo finite contain every ground model 
element of I. 

Let a C w bea set generic over the model V[K][G] for the poset R, and work in 
the model V[K][G][a]. For every filter H € AH nN V[K][G], n/H Cc a modulo finite 
holds, and the set HM V[K][G] is uncountable as the poset R is c.c.c. Thus, the set 
{H € H: n/H Cc a modulo finite} is analytic, uncountable, and therefore contains 
a nonempty perfect subset JC’. Proposition applied in V[K] shows that in the 
model W the condition p forces the set A = {H € KC’: oy is in the generic filter} to be 
uncountable. The set b = {n/H: H € A}is then forced to be an uncountable subset of 
t and each element of it is modulo finite included in the set a. 


Now we move to a rich list of examples of Bernstein balanced forcings and related 
corollaries. 


THEOREM 12.2.8. Every placid Suslin forcing P is Bernstein balanced and every 
placid virtual condition in P is Bernstein balanced. 


PROOF. Let p be a virtual placid condition in the poset P. Let V[G] be a generic 
extension and in V[G], let p < p be a condition in P, let Q € V be an infinite poset 
such that P(Q) nN V is countable in V[G], and suppose that F( C P(Q) is a perfect 
family of filters in finite tuples pairwise mutually generic over V. We must find a filter 
H € & such that all conditions in P N V[H] below fp are compatible with P. By a 
Mostowski absoluteness argument, it is enough to find such a filter in some further 
generic extension of V[G]. Let R be any poset adding a new real, and let t be an R- 
name for an element of H which is not in V[G]. 


CLAIM 12.2.9. R IF V[t] N V[G] = V. 


PROOF. Suppose towards a contradiction that this is not the case. Then in V[G], 
there must be a condition r € R, a seta ¢ V of ordinals, and a Q-name 7 such that 
rlk d = n/t. Let Ko, K, C R be filters mutually generic over V[G] containing r, and 
let Hy = t/Ko, H, = t/K,. Since in the model V[G], the perfect family F( consisted 
of filters on Q mutually generic over V, by a Mostowski absoluteness argument this is 
also true in V[G][Ko][K,]; in particular, Hp, H, C Q are filters mutually generic over 
V. By the product forcing theorem applied in V then, V[Hj] N V[H,] = V. However, 
the set a ¢ V belongs to both V[H,] and V[H,] as a = n/Hy = n/H, by the initial 
assumptions on the set a. This is a contradiction. 


Now, let K C R bea filter generic over the model V[G] and let H = t/K; by the claim, 
V[G] N V[H] = V. The placidity of the virtual condition p applied with the models 
V[G] and V[H] now shows that p is compatible with all conditions in the model V[H] 
below / as desired. 


COROLLARY 12.2.10. Let X be a Borel vector space over a countable field ®. 


(1) Let P be the poset of countable subsets of X which are linearly independent over 
®, with the reverse inclusion ordering. In the P-extension of the symmetric Solo- 
vay model, there is no diffuse finitely additive probability measure on w and 
OCA holds. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, X has a 
Hamel basis over ®, yet there is no diffuse finitely additive probability measure 
on w and OCA holds. 
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EXAMPLE 12.2.11. Let I be a Borel graph on a Polish space X such that for some 
n € w, T does not contain an injective homomorphic copy of K,,,,. Then the coloring 
poset F; of Definition is Bernstein balanced and every balanced virtual condition 
is Bernstein balanced. 


PROOF. The balanced virtual conditions are classified by I-coloringsc: X > @ 
by Theorem 8.1.2, We must prove that every such a coloring represents a Bernstein 
balanced virtual condition. 

To this end, let V[G] be a generic extension and work in V[G]. Towards a contra- 
diction, suppose that there is a condition p € P such thatc C p, aninfinite poset Q € V 
such that P(Q) n V is countable in V[G], and an uncountable family H consisting of 
filters on Q which are mutually generic over V such that for each H € K there is a 
condition py; € PN V[H] such that c C py and pz; is incompatible with p. An exami- 
nation of the incompatibility options and a counting argument reveal that there must 
be a point x € dom(p) \ V such that the family § = {H € H: Axy € XNV[H]\VxT 
Xy A Py(xXy) = p(x)} is uncountable. For each filter H € G fix a witnessing point 
Xy EXNV[H]. 

Leta C G bea set of sizen +1. For every set b C a of size n, the set C, = 
{fy €X: VH € bx T y}is countable by the initial assumption on the graph T. By a 
Shoenfield absoluteness argument, C, C V[H: H € b]; in particular,x € V[IH: He 
b]. By a standard mutual genericity argument, it follows that x € X Nn V must hold. 
However, then p(x) = py(x) must occur, violating the assumption that py is a I- 
coloring. A contradiction. 


EXAMPLE 12.2.12. Let K be a Gs matroid on a Polish space X and P be the poset 
of countable X-sets as in Definition The poset P is Bernstein balanced and every 
balanced virtual condition is Bernstein balanced. 


PROOF. The balanced virtual conditions are classified by maximal K-sets by The- 
orem 6.3.9} We must prove that every such a maximal set A C X represents a Bernstein 
balanced virtual condition. 

To this end, let V[G] be a generic extension and work in V[G]. Towards a con- 
tradiction, suppose that there is a condition p € P such that A C p, an infinite poset 
Q € Vsuch that P(Q) NV is countable in V[G], and an uncountable family H consist- 
ing of filters on Q which are mutually generic over V such that for each H € # there 
is a condition py € PN V[H] such that A C py and py is incompatible with p. An 
examination of the incompatibility options and a counting argument reveal that there 
must be a finite set b Cc p \ V such that the family G = {H € A: there is a finite set 
ay C Py Such that az, UA is a K-set while az; UA U b is not} is uncountable. 

Let |b| = n. Let d C G be aset of size greater than n. Let c C A be a finite set such 
that for every filter H € d, bUcUay ¢ K holds. Note that bUc € K and (by a repeated 
application of the balance of the set A) U,,.4 44 Uc € K. Lete = bUcU Uyeg an 
and let |e| = m. Since nes ay Uc C eisasetin X of cardinality m —n, the exchange 
property of the matroid K guarantees that every subset of e maximal with respect to 
membership in K has cardinality at least m —n. Let f C e be a maximal set in K 
extending the set b Uc. Since |f| > m—n, there must be a filter H € d such that 
ay C f. This contradicts the assumption that bUcUay ¢ K. 


COROLLARY 12.2.13. Let X bea Polish field and ® C X a countable subfield. 
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(1) Let P be the poset of countable subsets of X which are algebraically independent 
over ®, with the reverse inclusion ordering. In the P-extension of the symmetric 
Solovay model, there is no diffuse finitely additive probability measure on w and 
OCA holds. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, X has a 
transcendence basis over ®, there is no diffuse finitely additive probability mea- 
sure on w and OCA holds. 


Many quotient simplicial complex forcings are Bernstein balanced. 


EXAMPLE 12.2.14. Let E C F be Borel equivalence relations on a Polish space X 
such that F is pinned. Let P be the transversal poset of Definition 6.4.4, Then P is 
Bernstein balanced and every balanced virtual condition is Bernstein balanced. 


PROOF. The balanced virtual conditions are classified by Theorem they are 
inclusion maximal sets A Cc X such that E | A = F | A. Now, let p be such a balanced 
virtual condition. Move to some generic extension and in it, suppose that there is a 
condition p € P such that p < )p, an infinite poset Q € V such that P(Q) nN V is 
countable in V[G], and an uncountable family H consisting of filters on Q which are 
pairwise mutually generic over V. By mutual genericity, the only F-classes that occur 
in more than one model V[H] for H € # are the classes which are realized already 
in V. By a counting argument, there is a filter H € H such that in the model V[H] 
there are no F-classes represented in the domain of p other than the classes which are 
realized in V. Then p is compatible with every condition in V[H] which is stronger 
than p. 


COROLLARY 12.2.15. Let E be a pinned Borel equivalence relation on a Polish space 
Xx. 


(1) Let P be the poset of countable subsets of X consisting of pairwise E-unrelated ele- 
ments, ordered by reverse inclusion. In the P-extension of the symmetric Solovay 
model, there is no diffuse finitely additive probability measure on w and OCA 
holds. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, E has a 
transversal, there is no diffuse finitely additive probability measure on w and 
OCA holds. 


EXAMPLE 12.2.16. Let F be a Fraissé class with strong amalgamation. Let E be 
a Borel equivalence relation on a Polish space X. Then the E, ¥-Fraissé forcing P of 
Definition B-7.3]is Bernstein balanced and every balanced virtual condition is Bernstein 
balanced. 


PROOF. The balanced virtual conditions are classified by Theorem as the F- 
structures on the virtual E-quotient space. Now, let p be such a balanced virtual condi- 
tion. Move to some generic extension and in it, suppose that there is a condition p € P 
such that p < p, an infinite poset Q € V such that P(Q) Nn V is countable in V[G], 
and an uncountable family H consisting of filters on Q which are pairwise mutually 
generic over V. By mutual genericity, the only E-classes that occur in more than one 
model V[H] for H € # are the classes which are realizations of virtual E-classes in 
V. By acounting argument, there is a filter H € H such that in the model V[H] there 
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are no E-classes represented in the domain of p other than the classes which are real- 
izations of virtual E-classes in V. Then p is compatible with every condition in V[H] 
which is stronger than ). 


COROLLARY 12.2.17. Let E be a Borel equivalence relation on a Polish space X. 


(1) Let P be the poset of linear orders on countable subsets of the E-quotient space, 
with the reverse inclusion ordering. In the P-extension of the symmetric Solovay 
model, there is no diffuse finitely additive probability measure on w and OCA 
holds. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, the E- 
quotient space is linearly ordered, there is no diffuse finitely additive probability 
measure on w and OCA holds. 


EXAMPLE 12.2.18. Let E,F be Borel equivalence relations on respective Polish 
spaces X,Y with J(E) < A(F). Then the E, F-collapse forcing of Definition is 
Bernstein balanced and every balanced virtual condition is Bernstein balanced. 


PROOF. The balanced virtual conditions are classified by injections from the vir- 
tual E-space to the virtual F-space-Theorem 6.4.2, Now, let p be such a balanced vir- 
tual condition. Move to some generic extension and in it, suppose that there is a con- 
dition p € P such that p < Pp, an infinite poset Q € V such that P(Q) N V is countable 
in V[G], and an uncountable family 4 consisting of filters on Q which are pairwise 
mutually generic over V. By mutual genericity, the only E-classes and F-classes that 
occur in more than one model V[H] for H € K are the classes which are realizations 
of virtual E or F-classes in V. By a counting argument, there is a filter H € H such 
that in the model V|H] there are no E-classes or F-classes represented in the domain 
of p other than the classes which are realizations of virtual classes in V. Then p is 
compatible with every condition in V[H] which is stronger than p. 


COROLLARY 12.2.19. Let E, F be pinned Borel equivalence relations on the respective 
Polish spaces X, Y with uncountably many classes. 


(1) Let P be the E, F-collapse forcing of Definition In the P-extension of the 
symmetric Solovay model, there is no diffuse finitely additive probability mea- 
sure on w and OCA holds. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, |E| < |F| 
holds, there is no diffuse finitely additive probability measure on w and OCA 
holds. 


There are many posets which are neither Bernstein balanced nor perfectly balanced. 
The examples below are built to violate specific preservation properties of Bernstein 
balanced posets. 


EXAMPLE 12.2.20. Consider the clopen graph I on 2® connecting points x9 # x, 
if the smallest n € w such that x9(n) # x,(n) is even. Let P be the balanced poset 
of Example In the P-extension of the Solovay model, there is an uncountable 
subset of 2% such that every I-clique and every I-anticlique in it is countable. Thus, in 
the P-extension of the Solovay model, OCA fails. In view of Theorem P is not 
Bernstein balanced. 
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EXAMPLE 12.2.21. Let P be the Lusin poset of Definition 8-9.5, In the P-extension 
of the symmetric Solovay model the conclusion of Theorem fails. The union of 
the first coordinates of the generic filter witness that the conclusion of Theorem [12.2.6 
fails for the equivalence relation Ey. In particular, the Lusin poset is not Bernstein 
balanced. 


PROOF. Let A be the P-name for the union of the first coordinates of the conditions 
in the generic filter. Let x be an inaccessible cardinal, let W be a symmetric Solovay 
model derived from x, and move to the model W. Let p = (a,b) € P be a condition 
and let t be a P-name for an uncountable subset of A. We must find a condition q < p 
and two distinct Ep-related points x9,x,; € 2 such that q Ik X9,X, € t. To this end, 
find a parameter z € 2” such that both p,t are definable from some parameters in 
the ground model and the parameter z. Let V[K] be an intermediate generic extension 
containing the parameter z, obtained as a forcing extension of the ground model by a 
poset of size less than x. Work in the model V[K]. 

Let p < p bea balanced virtual condition in P as in Theorem SO dy = a. 
Since t is forced to be an uncountable set, there must be a poset R, an R-name a for 
a condition in P stronger than p, and an R-name 7» for a point in a, \ a such that 
R IF Coll(@w,< x) Ik o IFp n € t. Looking back at the description of the virtual 
condition p in Theorem we see that R forces n to be a point Cohen-generic over 
the model V[K], and it is also forced that any tuple x € (2%)" of points in the set 
a, \(aU[n]_,) is Cohen-generic over the model V[K][7]. By the general forcing theory, 
we may present the poset R as a two step iteration S° + $1, where S° is the Cohen poset 
2<” restricted to some finite binary string s, adding the Cohen-generic point 7, and S? 
is the S°-name for the remainder forcing. 

Move back to the model W. Choose a filter Hf C S° generic over the model V[K], 
and write x9 = 7/H@ € 2°. Flip any value of x, past dom(s) to obtain another point 
x, € 2%. Then x, is Ey-related to x) and also Cohen generic over the model V[K], 
containing the string s as an initial segment. Write H? Cc S° for the filter generic over 
V[K] obtained from x,; thus, V[K][H?] = V[K][H?]. Find filters Hb c S'/H? and 
Hi c S/H} mutually generic over the model V[K][H@], and write pp = o/H@ « Hi 
and p, = o/H? « H}. The conditions po, p,; are compatible in the poset P by a mutual 
genericity argument similar to the proof of Theorem Let q € P be any lower 
bound for the conditions pp, p,. The initial choices of the names o and 7 now imply 
that q Ik Xo, X, € tas desired. 


EXAMPLE 12.2.22. Let P be the balanced poset of Example8.9.4, In the P-extension 
of the Solovay model there is a dominating subset of w® such that the set of all func- 
tions in it dominated by any fixed y € w® is countable. Thus, the conclusion of The- 
orem fails in the P-extension with the P-ideal I on w x w consisting of sets with 
all vertical sections finite. The poset P is not Bernstein balanced. 


We conclude this section with an anti-preservation result and an example justifying the 
choice of the Bernstein name for the class of posets in question. Recall that a Bernstein 
set is a subset of a Polish space such that neither it nor its complement contains a perfect 
set. 


PROPOSITION 12.2.23. In nontrivial, cofinally Bernstein balanced extensions of the 
symmetric Solovay model, there is a Bernstein set. 
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PROOF. Suppose that x is an inaccessible cardinal and P is a Suslin forcing which is 
Bernstein balanced cofinally below x. Let W be the symmetric Solovay model derived 
from x and work in the model W. Let p € Pbeacondition. Let V[K] be an intermediate 
extension obtained with a poset of size < x such that p € V[K] and P is Bernstein 
balanced in V[K]. Working in V[K], find a Bernstein balanced virtual condition p < p, 
and a poset Q of size < x and a Q-name go for a condition such that Q Ik o < p. Since 
the poset P contains no atoms, it is also possible to find Q-names op, 0, for incompatible 
elements of P stronger than o. 

Back in W, let {Hy : y € 2°} bea perfect collection of filters on Q pairwise generic 
over the model V[K], obtained by an application of Proposition [L.7.12. Let 7 be the 
P-name for the set {y € 2® : o9/Hy belongs to the generic filter on P} and let 7, be 
the P-name for the set {y € 2® : o,/Hy, belongs to the generic filter on P}. These are 
clearly forced to be disjoint subsets of 2”, and p forces that complement of neither 
contains a perfect set: any condition below p is incompatible with only countably many 
conditions in the set {o9/H,,o,/Hy: y € 2°} by the Bernstein balance of the virtual 
condition p. Thus, p forces both 7, t, to be Bernstein sets. 


Unlike perfectly balanced extensions, Bernstein balanced extensions may exhibit 
chaotic structure of cardinalities below 2”. This concern was addressed in [[11]]]. 


EXAMPLE 12.2.24. Let P be the poset of all countable functions from 2% to 2, or- 
dered by reverse extension. Let x be an inaccessible cardinal, let W be the symmetric 
Solovay model derived from x, and let G Cc P be a filter generic over W. In W[G], 
let ag = {y € 2®: Ap € G p(y) = Of} and a, = {y € 2%: Ap € G p(y) = 1}. In 
W[G], |ao| # |a,|. Thus, 2° can be decomposed into two uncountable sets of distinct 
cardinalities, contradicting the full Silver dichotomy. 


PROOF. Work in W. Suppose towards a contradiction that p € P is a condition 
and t is a P-name such that p Ik tT: dg > dy, is a bijection. The condition p as well 
as the name T have to be definable from some ground model parameters and some 
parameter z € 2®. Find an intermediate model V[K] obtained as a generic extension 
of the ground model by a poset of size < x such that z € V[K]. 

Work in the model V[K]. Let p be the Coll(w,c)-name for the set {q € P: p C 
qAVx € V[K] Nn 2® \ dom(p) q(x) = 0}. This is a balanced virtual condition in P for 
the model V[K]. For every point x € 2% \ dom(p) let y, € 2° bea point such that 
Coll(w, < x) Ik p lkp t(X) = j,, if it exists. As t is forced to be an injection from do 
to a,, for each x there can be at most one y, of this kind, and the function g: x b y, 
must be an injection from 2° \ dom(p) to dom(p). Since the former set is uncountable 
and the latter is countable, there must be a point x € 2® \ dom(p) which is not in the 
domain of g. 

Still in the model V[K], the statement that x ¢ dom(g) means that Coll(w, < x) 
forces that either there is a condition below f in P which forces t(X) out of V[K], or 
there are two distinct conditions in P stronger than p which force the value t(X) to be 
two distinct points in V[K]. Suppose for definiteness that the former is the case. Then 
there must be a poset R of size < x, an R-name o for a condition in P stronger than p and 
an R-name n for an element of 2° \ V[K] such that R Ik Coll(w, < x) IF o IFp t(X) = n. 

In the model W, pick filters Hy, H, C R mutually generic over the model V[K]. Let 
Po = 9/Hp € P and p, = a/H, € P; by the balance of the condition p, pp and p, are 


12.3. n-BERNSTEIN BALANCED FORCING 285 


conditions compatible in P, with some lower bound q € P. Let yo = y/Hp € 2% and 
y, = n/H, € 2%; by the product forcing theorem and the choice of the name 7, yo # y, 
holds. But then, q IF t(X) = Yo and t(X) = j,, an impossibility. 


12.3. n-Bernstein balanced forcing 


The class of Bernstein balanced Suslin forcings admits a meaningful stratification 
which amounts to assigning a numerical dimension to forcings in this class. Before we 
state the definition, we introduce a natural notion of dimension to closed graphs on 
Polish spaces. 


DEFINITION 12.3.1. Let n > 1 be a number. Let T be a nonempty closed graph on 
a Polish space X. We say that [ has Komjath dimension > n if for all nonempty open 
sets O; C X fori € n+ 1, the set {x € These O,: Vie nx@ T x(n)} is either empty 
or both its projections to IL en Oi and to O, are somewhere dense in IL en Oi and On 
respectively. The graph I has Komjath dimension n if n is the largest number such that 
T has Komjath dimension > n. 


DEFINITION 12.3.2. Letn > 1,k > 2 be numbers. Let © c [X]* be a closed 
hypergraph of arity k on a Polish space X. We say that [ has Komjath dimension > 
n if there are nonzero numbers kg, k, such that the closed graph A on [X]* u [xX] 
connecting sets ap, a, if ag Ua, € T has Komjath dimension > n. 


A list of instructive examples is in order. We provide the lower bounds on the dimen- 
sion only. It is not difficult to show that the lower bounds we compute are the actual 
values of the dimension. A number of examples of higher dimensional graphs arise 
in the context of algebraic varieties in R”. The simple calculations of tame topolog- 
ical dimension dim of subsets of R” definable in the o-minimal structure (R, <, +, -) 
(110, Chapter 4] are helpful to establish the value of the graph theoretic dimension. 
The following are the properties of the tame topological dimension which we use be- 
low without mention. For a definable subset B C R” dim(B) = n iff B contains a 
nonempty open subset. If B C R™ x R” is a definable set and k < n is a number 
then the set C = {x € R”: dim(B,) = k} is definable and if C is nonempty then 
dim(Bn(C x R™)) = dim(C) + k. Moreover, injective definable maps preserve dimen- 
sion. 


EXAMPLE 12.3.3. Let ¢ > 0 be a real number. Let I be the closed graph on X 
connecting points of Euclidean distance ¢. Then T has Komjath dimension 3. 


PROOF. Let (O; : i € 4) be basic open subsets of X and let B = {(x;: i € 4) € 
IL anni C1? Veen {x;,X,} € T}. Note that the set B is algebraic. Suppose that the set 
B is nonempty, and let (x; : i € n+1) € B be any element. As the graph T is invariant 
under shifts of X, the projection of B to O,, contains an open ball around x,,. Showing 
that the projection of B to JJ; en Oj Contains an open set is more demanding. Note that 
for each point y € O,, close to x,, the e-sphere around y intersects each basic open set 
O; in a nonempty set of dimension 2; thus dim(B,) = 6 and dim(B) > 3+ 6 = 9. Since, 
for any three distinct points in X the e-spheres around them intersect in at most two 
points (a set of zero dimension), this means that the dimension of the projection of B 
into IL en Oi has to have the maximal possible value 9 as well, so has to contain an 
open set. This concludes the proof. 
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EXAMPLE 12.3.4. Let X = R* and let T c [X]? be the hypergraph consisting of 
triples which form the set of vertices in an isosceles triangle. T has Komjath dimension 
at least 2. 


PROOF. Let A be the graph on the union of [X]* and X connecting {xp, x,} € [X]? 
with x, € X if {x9, x1, x2} € T. We show that A has Komjath dimension > 2. 

Let O; C X fori € 4 be basic open sets such that the set B = {(x;: i € 4) € 
TI, Oi: (Xo. x1, X2}, {Xo, X1, x3} € I} is nonempty. It is enough to show that its projec- 
tions to Op XO, and to O, xO; contain nonempty open sets. We deal with the projection 
to O, xX O3. Let (x;: i € 4) € B be any point. For points yy € Op and y, € O, close 
enough to x and x, the section By, C O, x O; has dimension 2-it is a product of two 
segments in a line of points equidistant from yp and y,. Thus, dim(B) > 2+2+2=6. 
On the other hand, given any distinct points x2, x3 € X, the set of all pairs (xo, x) € X? 
which form a basis of an isosceles triangle with both x, and x3 has dimension 2-the 
pair is determined by either of its elements. As a result, the Oj x O,-sections of the set 
B have dimension at most 2. Thus, the projection of B to the O, x O; coordinate has to 
have the maximal dimension 4, so has to contain a nonempty open set. This completes 
the proof. 


In certain simple situations, one can evaluate the dimension in graphs derived from 
varieties which are not algebraic. 


EXAMPLE 12.3.5. Let C C R? be a compact parametric C!-curve containing no 
straight segments. Let I be the graph on the space X = R? connecting points x9, x, if 
either x) — x; € Cor x, — Xp € C. The graph T has Komjath dimension > 2. 


PROOF. Let O; for i € 3 be nonempty open subsets of X and suppose that the set 
B= {(x;: i € 3) € JJ,O;: Wi € 2 {x;, x2} © I} is nonempty. It is enough to show 
that the projections of the set B to O, and to Og x O; contain nonempty open sets. Let 
(x;: i € 3) € Bbeany point. For definiteness assume that x,—x) € Cand x,—x, EC. 
Since the graph I is invariant under shifts, it is clear that a small open ball around x, 
is a subset of the projection of B to O,. For the projection of B to Op x Oj, first use the 
initial assumption on the curve C to shift the point xg within Op if necessary so that 
the curves x) +C and x, + C intersect at x2 with distinct tangent directions. Since both 
Xo + C and x, + C are C!-curves, there is a small open disc P C O, around x, such 
that both (xp + C)n P and (x, + C) Nn P are simple curves intersecting the boundary 
of P at two distinct points each and intersecting each other at x, only. By the Jordan 
curve theorem applied in P, any two small shifts of the curves x) + C and x, + C will 
still intersect inside P. It follows that a product of two small balls around x, and x, is 
a subset of the projection of B to Op x Oj. 


We can also find high-dimensional graphs unrelated to Euclidean spaces. 


EXAMPLE 12.3.6. Let n © w be anumber. Let ® be an uncountable Polish field. 
View X = ©" asa vector field over ® with the usual inner product -. The graph r on X 
connecting vectors Xg, Xx; if x9 - x; = 1 has Komjath dimension > n. 


PROOF. Suppose that O; C X are open sets for i € n + 1 such that the set B = 


{(xj: i€n+1) © J],.,,,0;: Vi € nx;+ xX, = 1} is nonempty. It will be enough 
to show that the projection of B to the O,,-coordinate and to the IL en Oi-Coordinates 
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contains an open set. Let (x; : i € m+ 1) € B be an arbitrary point. We deal with the 
projection to the IL en O;-Coordinates. 

First adjust the points (x;: i © n) into a general position, i.e. so that they are 
linearly independent. To do this, let a C X be a set of n — 1 many linearly independent 
vectors such that for ally € a, y- x, =Oand x; + y € O; for alli En. Foreachi En, 
x; does not belong to the span of a, so the span of a U {x;} is all of X. It follows that 
one can select points y; in the linear span of a for every i € n such that the collection 
{xj + y,: i © n}is linearly independent. Then for each i € n, x; + yj € O; and 
(x; + yj) +X, = 1 as desired. 

Now, suppose that the points x; fori € n are in general position. By Cramer’s 
rule, there is a small neighborhood P of (x; : i € n) in IL en Oi Such that for all points 
(z; : i En) € P, there is exactly one point v € X such that for all i € n, x;-v = 1 holds, 
and moreover this point v belongs to O,,. Then P is a subset of the projection of B as 
desired. 


We will be primarily interested in graphs which in ZFC have countable chromatic num- 
ber; as the Komjath dimension of the graph increases, it becomes harder to find the col- 
oring. The preservation theorems below depend on a forcing analysis of closed graphs 
of a fixed dimension. 


DEFINITION 12.3.7. Let I be a closed graph on a Polish space X of Komjath di- 
mension > 1. Let Q be the Cohen poset on the space X with its name Xge, for a generic 
point in X. If x € X is a Q-generic point, the remainder poset in V[x] consists of all 
basic open subsets of X which contain some point y € X such that {x,y} © T; the 
ordering is that of inclusion. 


In principle, the remainder poset may be empty. We prove two propositions about it. 
The first characterizes the membership in the remainder poset; the second shows what 
the remainder poset is in fact designed to do. 


PROPOSITION 12.3.8. Let Og, O, C X be open sets, and write A = {Xp € Op: AX, € 
O; {Xo,x,} ET}. The following are equivalent: 
(1) Og lk O;, belongs to the remainder poset; 
(2) A C Op is dense in Op; 
(3) A C Op is comeager in Op. 


PROOF. (3) implies (1) as the set A is analytic and Op forces Xg¢, to belong to every 
analytic comeager subsets of Op coded in the ground model. (1) implies (2): if (2) failed 
then there would be a nonempty open set Og C Op disjoint from A. By Mostowski ab- 
soluteness between V and its Qg-extension, Oj Ik O, does not belong to the remainder 
poset and so (1) fails. We are left with the (2)—(3) implication, which uses the assump- 
tion that Tis a closed graph of dimension at least 1. 

Let {U,,: n € ow} be a countable collection of open dense subsets of Op and let 
Oo C Op be a nonempty open set. As the set A C Og is analytic, it has the Baire 
property, so it is enough to show that the intersection A N 09 N (),, U, is nonempty. 
By recursion on n € w, build open sets Ry, C Op and Ry, C O, so that Ry = Of and 
Fo = O, and for alln € a, 

¢ the closure of ,,, is a subset of R,,, and it has diameter smaller than 2~” in 
a fixed complete metric for X, and similarly for the sets F.,; 
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« there are points xp, € R, and x;, € BR, forming a I-edge; 

© Fonsi C Up. 
To start the recursion, find any edge {X99, X19} such that x99 € Og and x19 € O,;such an 
edge exists by the assumption (2). Now suppose that Ry, Xon, An» Xin have been found. 
By the dimension assumption on the graph, the set B, = {x € Ry, : Jy € By, {x,y} ET} 
is somewhere dense in R,. Let Ry», be an open subset of radius smaller than 2~” 
whose closure is a subset of R,, NU, and such that B, Ny is dense. Let Xon41 € BuaNRn 
be an arbitrary point, and let x,,,,; € R,, bea point such that {xX9,44, Xin41} € I holds. 
Let B.,4, be any neighborhood of x,,,,, whose closure is a subset of R,, and which has 
diameter smaller than 2~”. The recursion step has been performed. 

In the end, let x9 be the limit of xp,,, and let x, be the limit of x,,,,,. The limits 
exist by the first item of the recursion hypothesis. Then {x,, x,} € I holds by the second 
item of the recursion hypothesis and x9 € O09 N{],, U, holds by the last item. (3) of the 
claim follows. 


Now let G C Q bea generic filter and work in V[Gy]. Suppose that the remainder poset 
Ris nonempty. Any filter H C R generic over V[G] is clearly a filter on Q. It turns out 
that this filter is generic over the ground model, as the following key proposition shows. 
Note that as the graph I is closed, the points x9, x, € X associated with the filters G, H 
are [-related. 


PROPOSITION 12.3.9. Letn € w bea natural number such that T has dimension 
> n. Q forces the following. If the remainder poset R is nonempty, then the filter on Q” 
added by R” is generic for Q” over the ground model. 


PROOF. Let (O; : i € n +1) bea tuple of open subsets of X such that O, IF Vi € 
nO; € R. Let D C Q” be a dense open set; we must find a tuple (RB : i € n+ 1) such 
that for alli € n+ 1B C O; holds, (RB: i € n) € D, andP, Ik Vie nB ER. Let 
A={(xj: ien+1) €]J,0;: Vie nx; I x,}. Use the initial forcing assumption and 
a Mostowski absoluteness argument between V and its Q-extension to see that A # 0. 
Use the dimension assumption to conclude that the projection B of A into the first n 
coordinates is somewhere dense in []; en Oi. Use the assumption that the set D C Q” 
is dense to find nonempty open sets B Cc O; fori € n such that (B: ie n) € DandB 
is dense in ]],R. LetC = {x € O,: Hx;:ien) € [],., 2 Vie nx T x;}. By the 
dimension assumption again, the set C is dense in some nonempty open set P, C O,. 
By Proposition for alli € n P, Ik B € R; thus, the tuple (RB: i € n+ 1) isas 
required. 


Now we move to balanced forcing and introduce the central definition of this section. 


DEFINITION 12.3.10. Let n > 2 be a number. Let P be a Suslin forcing. A virtual 
condition p is n-Bernstein balanced if in every generic extension V[G], for every con- 
dition p < p, every infinite poset Q € V such that P(Q) nN V is countable in V[G], and 
every perfect family F#( C P(Q) such that each set a C KH of size n is a collection of 
filters mutually generic over V, there is a filter H € H such that every condition in 
P V[H] below p is compatible with p. The poset P is n-Bernstein balanced if there is 
a n-Bernstein balanced virtual condition below every condition in P. 


It is clear that, writing B,, for the class of n-Bernstein balanced forcings and B.,, for the 
class of Bernstein balanced forcings, we have B, C B3 C --- C Bz. There are several 
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preservation theorems for the classes of n-Bernstein forcings which lead to some of the 
most attractive results of this book. 


THEOREM 12.3.11. Letn,k > 2 be numbers. LetT bea closed hypergraph ona Polish 
space X of arity k and Komjath dimension > n such that every nonempty open subset of 
X contains a T-hyperedge. In cofinally n-Bernstein balanced extensions of the symmetric 
Solovay model, T has uncountable chromatic number. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is n- 
Bernstein balanced cofinally below x. Let W be the symmetric Solovay model derived 
from x; work in W. Let p € P be acondition and t be a P-name such that p forces t to 
be a function from X to w. We have to find a l-hyperedge a and a condition stronger 
than p which forces t | a to be constant. 

The condition p and the name Tt are both definable from parameters in the ground 
model and an additional parameter z € 2°. Let V[K] be an intermediate extension 
obtained by a poset of cardinality smaller than x, containing z and such that the poset P 
is n-Bernstein balanced in V[K]. Work in the model V[K]. Let p < p be an n-Bernstein 
balanced virtual condition. Consider the Cohen poset Qo, on the space X, with its name 
Xgen for the generic element of X. There must be a poset R of cardinality smaller than 
x, a Qog X R-name o for a condition in P stronger than p, a natural number m € a, and 
a condition (q,r) € Qoo X R such that (q,r) IF Coll(w, < x) IF o IF, t(Xgen) = mM. 

Let ky, k, © w be numbers such that the graph A on [X]' u [X]™ connecting 
dy € [X]* and a, € [X]" if ag Ua, € T has Komjath dimension at least n. Write 
Xo = [X]* and X, = [X]". Let Qo be the Cohen forcing on Xp and let Q, be the Cohen 
forcing on X,. Note that Qy adds a k,-tuple of mutually Cohen generic points in Xp. 
Thus, the product Qy x R* adds mutually generic filters Go; C Qoo X R fori € ky. Bya 
balance argument with p, the conditions o/Go; for i € ky have acommon lower bound; 
the name for it will be denoted o9. We construct the Q, x R“1-name g, for a condition 
in P in a symmetric way. 

Note that ([q]*° x [q]*1) n A is a nonempty set by the density assumption on the 
hypergraph IT. By the dimension assumption, there has to be an open set qg € [q]‘ 
in which the projection of the set ({q]*° x [q]") n A is dense. Let G C Qy x R® bea 
filter generic over V[K] such that the first coordinates in the product jointly meet the 
condition qg € Qp, and the second coordinates meet the condition r € R. Work in 
the model V[K][G]. Let ay € [X]' be the Qo-generic set of points in X. Let Q, be the 
remainder poset ofall open sets O C X, such that there is b € Owith agub € IT, ordered 
by inclusion. By Proposition and the initial choice of the condition qg € Qo, 
[ql € Q. 

In some further generic extension V[K][G][L] by a poset of cardinality smaller 
than x, use Proposition to find a perfect family 4 of filters on Q, x R* in finite 
tuples generic over the model V[K][H] such that the Q,-coordinates meet the condition 
[q] and the R-coordinates meet the condition r. Work in the model V[K][G][L]. By 
Proposition for every finite set c C KH of size n, the filters in c viewed as filters on 
Q, x R™ are mutually generic over V[K]. By the n-Bernstein balance of the condition 
p, there is a filter H € H such that the conditions 09/G, o,/H € P are compatible. Let 
a, € [X]* be the Q,-generic set of points added by the filter H. By the definition of 
the poset Q, and the assumption that I is closed, it follows that a = ag Ua, ET. By 
the forcing theorem applied in the models V[K][G] and V[K][H], in the model W the 
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common lower bound of the conditions og/G and o,/H forces in P that t | ais constant 
with value m. This completes the proof. 


THEOREM 12.3.12. Let n > 2 bea number. Let X be an uncountable Polish field 


over a countable field ®. In cofinally n-Bernstein balanced extensions of the symmetric 
Solovay model, there is no transcendence basis for X over ®. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is n- 
Bernstein balanced cofinally below x. Let W be the symmetric Solovay model derived 
from x; work in W. Towards a contradiction, let p € P be acondition and t be a P-name 
such that p forces t to be a transcendence basis for X over ®. 

The condition p and the name Tt are both definable from parameters in the ground 
model and an additional parameter z € 2”. Let V[K] be an intermediate extension 
obtained by a poset of cardinality smaller than x, containing z and such that the poset 
P is n-Bernstein balanced in V[K]. Work in the model V[K]. Let p < p be an n- 
Bernstein balanced virtual condition. Consider the Cohen poset Qog on the space X, 
with its name Xgey, for the generic element of X. There must be a poset R of cardinality 
smaller than x, a Qog X R-name o for a condition in P stronger than p, and a name for 
a finite subset of X such that Qo X R IF Coll(w, < x) IF o IFp Xgey is in the algebraic 
closure of 7 and y C t. Consider the product (Qg9 x R)”, and the corresponding names 
o; fori € n of conditions in P below p derived from the various coordinates of the 
product. By a balance argument (Proposition with p, the conditions o; are forced 
to be compatible; let v be the (Qo9 x R)"-name for their common lower bound. 

Let Qo = (Qoo)”, the poset for adding a Cohen-generic point in X”. Let G C QyxR” 
be a filter generic over V[K] and work in the model V[K][G]. Let u € X” be the vector 
added by the first coordinates in the product. Let Q; be the remainder poset of all basic 
open sets O C X”" such that there is a vector v € O such that u- v = 1, ordered by 
inclusion. In some forcing extension V[K]|G][L], let 1 be a perfect collection of filters 
on Q, x R” in finite tuples mutually generic over V[K][G]. By Example and 
Proposition [12.3.9, each filter H € H viewed as a filter on Qy x R" is generic over V[K], 
and moreover, these filters are in n-tuples mutually generic over V[K]. As the condition 
p is n-Bernstein balanced, there must be a filter H € H such thatXnV[G|]NV[H] c V 
and the conditions y/G and y/H are compatible. 

Now, write v € X" 9 V[K][H] for the point added by the filter H. For eachi € n 
let aj = n/G; where G; C Qoo X R is the i-th coordinate of the filter G. Similarly, let 
b; = n/H; where H; C Qoo X R is the i-th coordinate of the filter H. Thus, u(i) is in 
the algebraic closure of a; and v(i) is in the algebraic closure of b;. Since u-v = 1, it 
must be the case that v(m — 1) is in the algebraic closure of rng(u) Urng(v) \ {u(n — 1D}. 
In other words, v(m — 1) is in the algebraic closure of c = U,.,,4i U Uje,_, bi and 
at the same time in the algebraic closure of b,_,. By a mutual genericity argument, 
by-1 Nc C V[K], so v(m — 1) is not in the algebraic closure of b,_; Nc. The exchange 
property of the algebraic matroid then implies that the set b,,_, Uc is not algebraically 
free (Claim 6.3.5). 

Finally, the forcing theorem applied in the models V[K][G] and V[K][H] shows 
that in the model W, the common lower bound of the conditions v/G and y/H forces 
in P that b,_; Uc C t. This contradicts the assumption that t is forced to be an alge- 
braically free set. 
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Among the numerous corollaries, we include only the most striking ones. 


EXAMPLE 12.3.13. Every placid Suslin forcing is 2-Bernstein balanced, and every 
placid virtual condition is 2-Bernstein balanced. To see this, note that the argument 
for Theorem uses only mutual genericity in pairs in the family Ht. 


Theorem together with Examples and now immediately provide a 
major distinction between Hamel bases and transcendence bases: 


COROLLARY 12.3.14. Let X be a Borel vector space over a countable field ®. Let Y be 
an uncountable Polish field with a countable subfield ¥. 


(1) Let P be the partial ordering of countable linearly independent subsets of X. In 
the P-extension of the symmetric Solovay model, Y has no transcendence basis 
over W. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, X has a 
Hamel basis while Y has no transcendence basis. 


We can draw clear distinctions between the logical strength of existence of colorings 
for various algebraic hypergraphs on Euclidean spaces. For the following corollary, 
recall the respective results of [{18] and 92): the Euclidean plane can be partitioned 
into countably many pieces avoiding monochromatic equilateral triangles or isosceles 
triangles, respectively. The latter result is much harder than the former and the two 
are separated by almost thirty years. We have: 


COROLLARY 12.3.15. Let be the hypergraph in R? containing triples consisting of 
vertices of equilateral triangles. Let A be the corresponding isosceles triangle hypergraph 
in R2. 

(1) Let P be the coloring poset for T as in Example In the P-extension of the 
symmetric Solovay model, the chromatic number of A is uncountable. 

(2) Itis consistent relative to an inaccessible cardinal that ZF+DC holds, chromatic 
number of T is countable, while the chromatic number of A is uncountable. 


PROOF. The poset P is placid by Example 9.3.11] It does not add a coloring for A 
by Example and Theorem [12.3.1]]. 


We can also see the effect of dimension on coloring Euclidean distance graphs. In di- 
mension one, coloring of these graphs is readily found from an existence of a selector 
in a countable Borel equivalence relation. Dimension two was handled in [28], dimen- 
sion three in twenty years later, and the general case was resolved in [[64]. We 
have: 


COROLLARY 12.3.16. Let I, be the graph on R connecting points with rational dis- 
tance, and let I, be a corresponding graph on R?. 
(1) Let P be the poset of countable partial T, -colorings with Vitali-invariant domain. 
In the P-extension of the symmetric Solovay model, [, has uncountable chro- 
matic number. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, T, has 
countable chromatic number, yet I, has uncountable chromatic number. 


PROOF. The poset P is placid. In view of Theorem [12.3.11] it is enough to produce 
a closed subgraph I; of I, which has Komjath dimension two, and such that every 
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nonempty open subset of R? contains a Iy-edge. To this end, choose a set a C Q of 
positive rationals converging to 0 and let Ty connect points x9,x, € R? if their Eu- 
clidean distance belongs to a. Then the graph [5 is closed, and every nonempty open 
subset of R? contains a I;-edge. The computation of dimension of I; follows closely 


Example 


EXAMPLE 12.3.17. Let I be a Borel graph on a Polish space X which does not con- 
tain a homomorphic injective copy of Ky,..,. Let P be the coloring poset for I’ as defined 
in Definition Then P is n + 1-Bernstein balanced and every balanced virtual con- 
dition is n + 1-Bernstein balanced. To see this, observe that the argument for Exam- 
ple uses only mutual genericity for n + 1-tuples. 


COROLLARY 12.3.18. Let I; be the graph on R? connecting points with rational dis- 
tance, and let T; be a corresponding graph on R?. 


(1) Let P be the coloring poset for I. In the P-extension of the symmetric Solovay 
model, I; has uncountable chromatic number. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, T, has 
countable chromatic number, yet 1; has uncountable chromatic number. 


PROOF. The graph I; does not contain an injective copy of K2,..,. Therefore, the 
poset P is 3-Bernstein balanced. In view of Theorem it is enough to produce 
a closed subgraph I; of I; which has Komjath dimension three, and such that every 
nonempty open subset of R? contains a Iy-edge. To this end, choose a set a C Q of 
positive rationals converging to 0 and let Ij connect points xo,x, € R° if their Eu- 
clidean distance belongs to a. Then the graph JG is closed, and every nonempty open 
subset of R? contains a Ij-edge. The computation of dimension of Ij follows closely 


Example 


The extension of this result to higher dimensions requires building new partial or- 
ders, and we refrain from it at this point. The final example of this section shows that 
Berstein balance does not imply n-Bernstein balance for any n € w. 


EXAMPLE 12.3.19. Let X be a Polish field with a countable subfield ®. Let P be 
the poset of countable algebraically independent subsets of X. The poset P is Bernstein 
balanced by Example but not n-Bernstein balanced for any number n in view 


of Theorem /12.3.12. 


12.4. Existence of generic filters 


Let P be a Suslin forcing. In the presence of suitable large cardinal axioms, one can 
replace the P-extension of the symmetric Solovay model with the P-extension of the 
model L(R). A standard absoluteness argument shows that validity of Ij sentences 
transfers from the former to the latter, and so the latter can serve as a vehicle for most 
independence results presented in this book. A natural question arises: does there exist 
a filter G C P which is generic over L(R)? 

The answer is an easy yes if the poset P in question is o-closed and the Continuum 
Hypothesis holds, since then one can meet the dense subsets of the poset P appearing in 
the model L(R) one by one in a straightforward transfinite recursion argument. An in- 
teresting feature of Bernstein balance is that it guarantees the existence of generic filters 
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over inner models such as L(R) independently of cardinal arithmetic and assumptions 
such as the Continuum Hypothesis, purely as a consequence of large cardinal axioms. 


DEFINITION 12.4.1. Let P be a Suslin forcing. 
(1) If B c Pisaset and p € P then write p < IIB to denote that p is stronger 
than all conditions in B; 
(2) if B C P then Tz is the Coll(w, B)-name for the analytic set {p € P: p < IIB}. 
(3) We say that P is soft if for every centered set B C P of cardinality less than c 
there is a centered set C D> B such that the pair (Coll(@, C), tc) is a Bernstein 
balanced virtual condition. 


Note that a soft poset P must have the following centeredness property: if B C P is 
a countable centered set, then B has a lower bound. To see this, just extend it into a 
Bernstein balanced centered set C C P, note that in the Coll(w, C)-extension, the set C 
has a lower bound by the definition, and by a Mostowski absoluteness argument the 
set B must have a lower bound already in the ground model. 


THEOREM 12.4.2. Suppose that there is a weakly compact Woodin cardinal. Suppose 
that P is a soft Suslin forcing. Then there is a filter G C P which is generic over the model 
L(R). 


PROOF. Let B C P beacentered set of size < c, and let D C P be an open dense set 
in L(R). We will show that there is a condition p € D such that {p} U B is a centered 
set. The theorem then follows by a straightforward transfinite recursion construction, 
given the fact that there are only c-many subsets of P in the model of L(R) as soon 
as a measurable cardinal exists. So, let C > B be a Bernstein balanced centered set 
witnessing the definitory properties of the soft poset P. The set D is definable from a 
real parameter in the model L(R*). Below, we identify the set D with its definition. 

Let x be a weakly compact Woodin cardinal, let Q, be the associated countably 
based stationary tower, let K C Q, be a generic filter and work in the model V[K]. 
Note that x = XN, and every element of 2” is generic over V by a poset smaller than x. 
Consider the poset R = Coll(, C) and use Proposition|I.7.1to find a perfect collection 
{Hy : y © 2%} of filters on R pairwise mutually generic over the ground model V. Use 
the perfect set property for analytic sets to see the following: 


CLAIM 12.4.3. For every finite set a C P such that a U C is a centered set, the set 
Y, = ty € 2°: dp € V[Hy] p < HC and the set {p} U a has no common lower bound} is 
countable. 


Let j: V — M be the generic ultrapower associated with K; the model M is closed 
under w-sequences. Work in the model M. The closure properties of the model M 
guarantee that the following objects belong to the model M: the collection {Hy : y € 
2}, the collection {P N V[H,]: y © Y}, and the map a +> Y, as a varies over finite 
subsets of P such that aU C is a centered set. Also, the model M satisfies the statement 
that the range of this map consists of countable sets. Looking at the set j(C) in the 
model M, we see that |j(C)| < c, and for each finite set a C j(C) the set aUC C j(C) 
is centered, and therefore the set Y, C 2 is countable. By a cardinality argument, the 
set 2” \ Uf{Y, : a € [j(C)]<*>} is nonempty; let y be one of its elements. 

Work in the model V[H)]. Note that the theory of L(R*) with real parameters is 
invariant under forcing and so the set D C P is still open dense in V[H,]. Thus, there 
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must be a condition p € DN V[Hy], p < TIC. By the choice of the point y € Y, the 
set {p} U j(C) is centered. Thus M F there is a condition p € D such that {p} U j(C) is 
centered. By the elementarity of the embedding j, M F there is a condition p € D such 
that {p} U C is centered; in particular, {p} U B is centered as desired. 


The following examples all use the Woodin cardinal assumption which is not spelled 
out. 


EXAMPLE 12.4.4. Let K be a fragmented Borel simplicial complex on a Polish space 
X. The poset Py is soft. To see this, review the proof of the last sentence in Theo- 
rem and note that one can start from any centered set of size < c instead of a 
single condition. The resulting balanced virtual condition is Bernstein balanced by 


Theorem and Example 


The following two examples are just special cases of the previous one. 


EXAMPLE 12.4.5. Let X be a Polish vector space over a countable field. There is 
a basis generic over L(R) for the poset P of Example This follows from Theo- 
rem and Example every centered subset of P yields a linearly independent 
set, which can be extended to a maximal linearly independent set. A maximal linearly 
independent set yields a Bernstein balanced virtual condition. 


EXAMPLE 12.4.6. Let I be a Borel graph on a Polish space X. There is a maximal 
acyclic subgraph A C I generic over L(R) for the poset P of Example 6.3.7,This follows 
from Theorem and Example (6.3.7; every centered subset of P yields an acyclic 
subset of I, which can be extended to a maximal acyclic set. A maximal acyclic set 
yields a Bernstein balanced virtual condition. 


Our quintessential example of a non-fragmented Borel matroid yields a soft Suslin forc- 
ing as well. 


EXAMPLE 12.4.7. Let X be a Polish field and ® its countable subfield. There is a 
transcendence basis over L(R) for the poset P of Example This follows from 
Theorem and Example 6.3.10; every centered subset of P yields an algebraically 
independent set, which can be extended to a maximal algebraically independent set. 
A maximal algebraically independent set yields a Bernstein balanced virtual condition 


by Example 


There are many quotient simplicial complex forcings which are soft; we provide two 
representative examples. 


EXAMPLE 12.4.8. Let E be a pinned Borel equivalence relation on a Polish space X. 
There is a linear ordering on the E-quotient space generic over L(R) for the poset P of 
Example This follows from Theorem and Theorem every centered 
subset of P yields a partial ordering on the E-quotient space, which can be extended to 
a linear order. A linear ordering on the E-quotient space yields a Bernstein balanced 
virtual condition, by the pinned assumption on E and Example [12.2.16. 


EXAMPLE 12.4.9. Let E, F be pinned Borel equivalence relations on respective Pol- 
ish spaces X, Y with uncountably many classes each. There is an injection from the 
E-quotient to the F-quotient space generic over L(R) for the poset of Definition 


This follows from Theorem Theorem and Example[I2.2.18; every centered 
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subset of P of size < c yields a partial injection from the E-quotient to the F-quotient 
space and also a set of F-classes which are the forbidden values, both of size < c. A 
counting argument provides a total injection from the E-quotient to the F-quotient 
space extending the given one and avoiding the given set of forbidden values. Such an 
injection yields a Bernstein balanced virtual condition by Example {12.2.18. 


Many other examples can be produced by the observation that the class of soft forcings 
is closed under countable product. The nonexamples are perhaps more interesting 
than the examples. 


EXAMPLE 12.4.10. Let P be the P(w) modulo finite poset. It is not Bernstein bal- 
anced by Theorem above. The P-extension of L(R) contains a Ramsey ultrafilter 
on , in particular a P-point. At the same time, it is consistent [95]] and occurs in the 
product Silver model [[19] that there are no P-points on w. In such circumstances, there 
cannot be a filter on P generic over L(R). 


EXAMPLE 12.4.11. Let P be the Lusin poset of Definition It is not Bernstein 
balanced by Theorem above. The P-extension of L(R) contains a Lusin subset of 
2”. At the same time, the negation of Martin’s Axiom and the negation of the Contin- 
uum Hypothesis implies that every subset 2” of size &, is meager and so no Lusin set 
exists. In such circumstances, there cannot be a filter on P generic over L(R). 


EXAMPLE 12.4.12. Consider the clopen graph I on 2® connecting points x9 # x, 
if the smallest n € w such that x9(n) # x,(n) is even. Let P be the balanced poset 
of Example 8.9.3. It is not Bernstein balanced by Example above. In the P- 
extension of L(R), there is an uncountable set A C 2® such that every I-clique and 
every I’-anticlique in it is countable. Now, since the graph I is clopen, closures of both 
T-cliques and I-anticliques are cliques and anticliques respectively. Thus, the stated 
property of A holds also in V. At the same time, it is consistent that OCA holds in 
V [104]. In such circumstances, every uncountable subset of T must contain either a 
T-clique or an uncountable [-anticlique and therefore a P-generic filter over V cannot 
exist. 


EXAMPLE 12.4.13. Let P be the balanced poset for adding a cofinal Kurepa family 
on 2® as in Definition The poset P is placid, but not soft: the balanced virtual 
conditions of P are not obtained as lower bounds of filters, cf. Theorem 8.5.3} To obtain 
a model of ZFC plus large cardinals in which there is no P-generic filter over L(IR), a 
conjunction of results of [53]] and [{76] yields a model of ZFC in which |2°| = Noa1 
and the generalized Chang’s conjecture (N41, %w) > (Xz, Xo) holds. In such circum- 
stances, there is no cofinal Kurepa family on 2”, and so no filter on P generic over 
L(R). Unlike the previous examples, the construction of the model of ZFC begins with 
a 2-huge cardinal, a very significant large cardinal hypothesis. 


The classes of Bernstein balanced and soft Suslin forcings do not coincide. One so- 
phisticated instance of this phenomenon is the Kurepa family poset from the previous 
example. Also, the more common quotient simplicial complex forcings of Sections 6.4] 
or B.7| are Bernstein balanced but not soft, as in them the balanced virtual conditions are 
not just lower bounds of filters, but need to take into account some information about 
the virtual quotient spaces concerned. This leads to the following question about the 
existence of generic filters for a particularly simple Bernstein balanced Suslin forcing 
which is not soft. 
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QUESTION 12.4.14. (In the context of ZFC+suitable large cardinal assumption.) Is 
there a tournament on the F,-quotient space which is generic over L(R) for the poset 


of Example 
We conclude this section with a mutual genericity result for Bernstein balanced and 
perfectly balanced forcings. 


THEOREM 12.4.15. Let x be a weakly compact Woodin cardinal. Let R,, R, be o-closed 
Suslin forcings such that 
(1) RB, B are Xo-tethered; 
(2) every balanced virtual condition in R, is perfectly balanced; 
(3) every balanced virtual condition in P, is Bernstein balanced. 
IfG) C Rand G, C AP are filters (in V) separately generic over L(IR), then they are 
mutually generic over L(R). 


PROOF. We start with a preliminary observation. Let py be the virtual condition 
in R, consisting of a collapse name for the set of all lower bounds of the filter Go; let 
p, be defined similarly. By the o-closure assumption, both fo, p, are nonzero condi- 
tions. Since the filter Gp is generic over L(R), for every analytic set A C R there isa 
condition in Gg which is either incompatible with all elements of A or is stronger than 
some element of A. By the No-tether of the poset %, it must then be the case that py 
is a balanced virtual condition in R. By the same reasoning, p, is a balanced virtual 
condition in A, and it is even Bernstein balanced by the assumption (3). 

Now, let X be any uncountable Polish space. In view of Proposition applied 
in the model L(R), it is enough to show that for any two disjoint sets Aj,A, C X in 
the respective models L(IR)[Go], L(R)[G,], there is a set B C X in L(R) containing A, 
and disjoint from Ao. To this end, let 7, t, be respective R, R-names in L(R) such that 
Ao = T/Go and A, = 1,/G,. The names 79, t; can be viewed as sets of reals, and so each 
has a definition in L(R) from real and ordinal parameters; below, we will evaluate them 
in other models using these definitions. We also evaluate R,, P, using their definitions. 
Write lk, for the forcing relation of R, and I, for the forcing relation of F. 

Let H Cc Q, bea generic filter. Let j : V ~ M be the associated generic ultrapower 
and work in the model M. Note that G, C j(G,) is a countable set in the model M and 
by the o-closure assumption on the poset B, the filter j(G,) must contain a lower bound 
of G,. Consider the set B = {x € X: dp € PB pis a lower bound of the filter G, and 
p IH, X € 1%}. Clearly, the set B C X belongs to (L(R))™ and it contains the set j(A;). 
By the elementarity of the embedding j, it will be enough to show that B is disjoint 
from the set j(Ag). 

To see this, we prove the following claim, which is also a statement of the model 
M. Calla Borel set C C X positive if for every condition p,; € RB, which is a lower bound 
of the filter G,, p, Ik; Cnt, # 0. By the forcing theorem applied to j(G,), CN j(A;) # 0 
holds for every positive Borel set C. Clearly, the collection of positive Borel sets is in 
(L(R))™. 

CLAIM 12.4.16. If Dp € R is a condition which is a lower bound of the filter Gy and 
x € Bisa point such that po |Ko X € 1, then there exist a condition pop < Po anda 
positive Borel set C C X such that pg lk C C 7. 


The theorem immediately follows, as we now show. By the claim and the genericity 
of the filter j(Gy) over (L(R))™, there must be in j(Go) either a condition which forces 
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BN = 0 ora condition which forces C C 7) for some Borel positive set C C X. 
However, the latter alternative means that j(Ag) N j(A;) # 0, contradicting our initial 
assumptions on Ag, A;. The former alternative confirms that the set B separates j(Ao) 
and j(A,) as required. 

To prove the claim, fix pp € R and x € X as in the assumption. In view of the fact 
that the reals of the model M are the reals of some symmetric Solovay model derived 
from « (Fact {I.7.20(3)), in the ground model there must be a poset Q of size < « and 
Q-names 09, 0,7 for conditions in R, B. and a point in X respectively such that Q forces 
that 09 is a lower bound of Go, a; is a lower bound of G, and Coll(@, < x) IF dg Ikp n © 
T and Coll(w, < x) Ik o, IF; 7 € %. Moreover, there has to be a filter K C Q generic 
over V such that pg = 09/K and x = n/K. Now, let H C Coll(w, P(Q) NV) be a filter in 
M mutually generic over V with the filter K. 

Work in the model V[H]. Use Proposition to find a continuous function 
y +» Hy which to each element y € 2° assigns a filter Hy, C Q so that for every finite 
set a C 2%, the filters {H, : y € a} are mutually generic over V. For every element 
y € 2°, write Poy = %/Hy, Piy = %/Hy, and xy = n/Hy. Since the conditions 
Poy € & are all stronger than the balanced virtual condition fp and they are found in 
mutually generic models, each finite set of them has a lower bound as in Claim 
By the perfectness assumption on the poset R, the model V[H] contains a perfect set 
D c 2° anda condition r € R which is stronger than all po, for all y € D. Since both 
conditions pp,r € R are stronger than the balanced virtual condition f, and are found 
in mutually generic models, they are compatible with a lower bound po. 

Now, consider the set {p,, : y € D} and the perfect set C = {x : y € D}. By the 
Bernstein balance of the virtual condition p,, every condition p, € A which is a lower 
bound of the filter G, is compatible with p,, for all but countably many points y € D. 
As a result, C C X is a positive Borel set. The initial choice of the name 7 also implies 
that po Ik C C 7. The claim has just been proved. 


EXAMPLE 12.4.17. Suppose that there is a weakly compact Woodin cardinal. Let 
R, be the poset of infinite subsets of w ordered by inclusion, and let F be the poset 
of countable subsets of R linearly independent over Q ordered by reverse inclusion. 
Both posets are No-tethered by Examples and respectively The poset R, 
is perfectly balanced by Example and every virtual balanced condition in B is 
Bernstein balanced by Examples and Suppose that U is a Ramsey 
ultrafilter on wo. Example shows that there is a Hamel basis B C R for reals over 
rationals which is generic over L(R) for the poset F, As is well-known [B2], the filter U is 
L(R)-generic for R. Theorem now shows that in fact U is even L(R)[B]-generic 
for the poset R, as well. 


CHAPTER 13 
The arity divide 


13.1. m,n-centered and balanced forcings 


In this chapter, we develop a tool which is particularly useful for ruling out com- 
binatorial objects with high degree of organization. The following notion is central: 


DEFINITION 13.1.1. Let P be a Suslin forcing and n € m be numbers. 


(1) Avirtual condition pin P is m, n-balanced if in every generic extension, when- 
ever {H; : i € m}are filters generic over V such that for every set a C m of 
size n the filters {H; : i € a} are mutually generic over V, if p; < p are condi- 
tions in P in V[H;], then the set {p; : i € m} has a common lower bound in 
P. 

(2) The poset P is m,n-balanced if for every condition p € P there is a m,n- 
balanced virtual condition p < p. 


As an initial example, let P be the poset of linear orderings on countable sets of Eg- 
classes, ordered by reverse extension. The balanced virtual conditions are classified by 
linear orderings of the Eg-quotient space. Each such ordering pis in fact m, 2-balanced 
for every m € w. To see this, in some ambient forcing extension let V[G;] fori € m 
be generic extensions which are pairwise mutually generic, and let p; € V[G,] be a 
condition stronger than p for each i € m. The domains of the linear orderings p; 
pairwise intersect in the set of ground model Ep -classes; on this set, the orderings p; 
agree and yield the ordering p. Therefore, it is possible to find a common linearization 
of GF p;, which is their common lower bound. 
Sometimes, a much simpler notion makes an appearance: 


DEFINITION 13.1.2. Let m € m be numbers. A poset P is m, n-centered if whenever 
a C Pisa set of size m such that any subset of a of size n has a common lower bound, 
then a has a common lower bound. 


As an initial example, let P be the partial order of all tournaments on countable 
sets of E-classes, ordered by reverse inclusion. In it, every countable set of pairwise 
compatible conditions has a common lower bound. It is immediately clear that every 
balanced poset which is m, n-centered is also m, n-balanced and each balanced virtual 
condition in it is m, n-balanced. An important part of this chapter is devoted to detect- 
ing distinctions between m, n-balanced and m, n-centered forcings. Here, we restrict 
ourselves to two initial observations. Note that m, n-centeredness (unlike the corre- 
sponding balance notion) is II} and therefore absolute between all generic extensions. 
Note also that m, n-centeredness is a combinatorial (as opposed to forcing) property 
of the the poset, in the sense that one can have two analytic dense subsets Qo, Q, of 
a given Suslin forcing P such that Qy is m,n-centered while Q, is not. (Note that in 
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any nonatomic poset P one can find three pairwise incompatible conditions po, p1, P2 
and add to the poset the suprema q;; of conditions p; and p; for any pair {i, j} C 3 of 
distinct indices. Then qo, q1, q2 is a collection of three pairwise compatible conditions 
with no common lower bound.) On the other hand, m, n-balance is decidedly a forcing 
property of posets. 

As a final remark, observe that both m, n-balance and m, n-centeredness are prop- 
erties preserved by countable support product. Thus, the numerous independence re- 
sults in this chapter can be combined. 


13.2. Preservation theorems 


The main reason for considering the m, n-balance is that it rules out discontinu- 
ous homomorphisms between Polish groups in balanced extensions of the symmetric 
Solovay model. One way of doing that is to prove that in the given model of ZF+DC, 
the chromatic number of the Hamming graph H, is not two (say using Theorem 
or [11.2.2), and then use a result of [89]] to show that in ZF+DC this rules out discon- 
tinuous homomorphisms. The following theorem works in many cases which are not 
treatable using the chromatic number of the Hamming graph. Note that a nonprincipal 
ultrafilter on w yields in ZF a discontinuous homomorphism from 2° to 2; thus, ruling 
out discontinuous homomorphisms automatically rules out nonprincipal ultrafilters 
on w as well. 

The following theorems are stated using Convention 


THEOREM 13.2.1. Letn € wbeanumber. In cofinally n+1, n-balanced extensions of 
the symmetric Solovay model, all homomorphisms between Polish groups are continuous. 


PROOF. Suppose that x is an inaccessible cardinal. Suppose that P is a Suslin 
forcing which is is n + 1,n-balanced cofinally below x. Let W be a symmetric Solo- 
vay model derived from « and work in W. Suppose towards a contradiction that the 
conclusion of the theorem fails: thus, there are Polish groups [, A, a condition p € 
P and a P-name t such that p Ik t: [T —> A is a discontinuous homomorphism. 
Both p and t must be definable in W from parameters in the ground model and some 
point z € 2%. Let V[K] be some intermediate extension of V by a poset of cardinality 
smaller than x such that z € V[K] and P is n + 1,n-balanced in V[K]. Work in the 
model V[K]. 

Let p < pbean-+1,n-balanced virtual condition. Consider the poset R: adding a 
generic element Ye, of the group I’. The following is a key claim: 


CLAIM 13.2.2. FR: forces that there are disjoint basic open sets Og, O, C A such that 
Coll(w, < x) IF App < B Po Fp T%gen) € Op and Ap, < P Py IF T(%en) € O}. 


PROOF. Suppose towards a contradiction that q € F- forces the opposite. Then, 
q forces that in the Coll(w, < x«)-extension there is a unique point 6 € A such that 
there is a condition p’ < /p in the poset P forcing t(/gen) = 6. Since the point 6 is in 
the symmetric Solovay model definable from t, p, and Ygen, it must belong to the F.- 
extension, and there is a R-name 6 for it. Note that then, q IK Coll(w, < x) IF p IEKp 
6 = T(Ygen). 

Now, pass to the symmetric Solovay model W and consider the set B= {y ET: y 
is R.-generic over V[K] and y € q} and the function f : B > A assigning to each point 
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y € B the point 5/y. The function f is continuous on B, and the choice of the name 6 
implies that p Ik f Cc tT holds. The set B C I is dense Gs in q. A standard result in the 
theory of Polish groups [58, Theorems 9.9 and 9.10] now says that a homomorphism 
from [ to A which is continuous on a set comeager in a nonempty open set is in fact 
continuous on the whole group I. This contradicts the initial choice of the name T. 


LetX = {xe I"!: T],.,, x@ = x(mf this is a closed subset of '*’, equipped 
with the topology inherited from "+! Ifa Cn+1isaset of size n, it is clear that the 
remaining coordinate of a point x € X is a continuous function of the coordinates x(i) 
fori € a, and therefore the projection from X to I’? is a continuous and open surjection. 
Let x € X bea point R generic over V[K]. Use Proposition to see that whenever 
acCn+1are distinct numbers then x | a € Tis a sequence (F-)"-generic over V[K]. 

Fix i € n. Working in the model V[K][x(i)] find a poset R; of size < x and a name 
o; for a condition in the poset P stronger than p and a name 6; for an element of the 
group A such that V[K][x(i)] F Rj IK Coll(w, < x) IF ; IEp t(x(i)) = 6;. In the model 
V[K][x(n)], find disjoint basic open sets Op,O, C A as in Claim Passing to a 
conditionr=(;: iene IL en Ri and switching Op, O; if necessary, we may assume 
that V[K][x [. n] Er IF Ilien x(i) € Op. Use the choice of the set Op to find, in the 
model VK IIx] a poset R,, of size < x, R,-names o,, for an element of P stronger i 
pand 6,, for an element of Op C A such that R,, Ik Coll(w, < x) IK g IEp t(X(n)) = 

Let Hj C R; fori € n+ 1 be filters mutually generic over the model ae 
such that , € H; holds for alli € n. For eachi € n +1 write p; = o;/H; € P and 
5; = 6;/H;. Note that whenever a C n isa set of size n, the models V[K][x;][H;] for 
i € a are mutually generic extensions of the model V[K]. By the balance assumption 
on the virtual condition p, the conditions p; € P for i € n+ 1 have a lower bound, call 
itq € P. Let W be asymmetric Solovay extension of the model V[K][x][H; : ie n+1] 
and work in W. The condition q forces that t(x(i)) = 6; for alli € n +1. Observe 
that [],-, x@) = x(n) and JJ,_,, 6; # 5, since [];_,,5; ¢ Oo while 6, € Oo. This 
contradicts the assumption that 7 is forced to be a homomorphism from I to A. 


Theorem [13.2.1] has a counterpart for certain quotient groups. Suppose that I is a Borel 
ideal on w. The quotient space P(w)/I will be viewed as a group with the (quotient of 
the) symmetric difference operation. A homomorphism h: P(w)/I > P(w)/J is Borel 
if the set {(x, y) € P(w) x P(w): h([x]z) = [y]z} is Borel. 


THEOREM 13.2.3. Let I,J be Borel ideals on w containing all singletons and suppose 
that the equality modulo J is a pinned equivalence relation. Letn € w bea number. In co- 
finally n +1, n-balanced extensions of the symmetric Solovay model, all homomorphisms 
of P(w)/I to P(w)/J are Borel. 


The assumptions are satisfied in particular F,-ideals J (as then equality modulo J is 
an F,-equivalence relation and as such pinned [54, Theorem 17.1.3 (iii)]) and for an- 
alytic P-ideals J (as they are Borel and Polishable by [98]; the equality modulo J is an 
orbit equivalence relation of the action of the Polish abelian group J by the symmet- 
ric difference, and orbit equivalence relations of abelian Polish groups are pinned by 
(54, Theorem 17.1.3 (ii)]). 
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PROOF. Write E for the equality modulo J and F for equality modulo J, both Borel 
equivalence relations on X = P(w). Suppose that x is an inaccessible cardinal. Sup- 
pose that P is a Suslin forcing which is is n + 1,n-balanced cofinally below x. Let W 
be a symmetric Solovay model derived from x and work in W. Suppose towards a con- 
tradiction that the conclusion of the theorem fails. Thus, there exist a condition p € P 
and a P-name Tt such that p forces t to be a homomorphism. Both p and t must be 
definable in W from parameters in the ground model and some point z € 2”. Let V[K] 
be a generic extension of V by a poset of cardinality smaller than x such that z € V[K] 
and P isn + 1,n-balanced in V[K]. 

Work in the model V[K]. Let p < p bean + 1,n-balanced virtual condition. 
Consider the Cohen poset Q on X adding a generic set Xge, C w. There are two cases. 
Case 1. Q IF Vy C w Coll(w,< x) IF Ar < pr IFp t([Xgen]z) # [y]p holds. This 
case in fact leads to a contradiction. Write A for the symmetric difference operation 
on X and utilize its associativity to apply it also to finite tuples of subsets of w. Let 
X = {x € X"*!: Ai.) x(i) = x(n)} this is a closed subset of X"*+!, equipped with the 
topology inherited from X"*1. Ifa C n+1isaset of size n, itis clear that the remaining 
coordinate of a point x € X is a continuous function of the coordinates x(i) for i € a, 
and therefore the projection from X to I is a continuous and open surjection. Let 
xX € X bea point & generic over V[K]. Use Proposition to see that whenever 
a cCn+1are distinct numbers then x | a € Tis a sequence Q”-generic over V[K]. 

Fix i € n. Working in the model V[K][x(i)] find a poset R; of cardinality smaller 
than x and an R;-name 9; for a condition in the poset P stronger than p and an R;-name 
n; for a such that V[K][x(@] FE R; IF Coll(w,< x) IF o; IFp t([x@]z) = [nilp. Let 
H; C R; fori € n be filters mutually generic over the model V[K][x]. Write p; = 9;/H; 
and y,; = n;/H; for i € n, and look at the set y = Aje,y; C w. There are two hopeless 
subcases. 

Case la. The equivalence class [y]- is represented in the model V[K]|x(n)]. Work in 
the model V[K][x(n)]. Use the initial case assumption to find a poset R,, an R,-name 
og, for a condition in P such that R,, IF Coll(w, < x) IF a, IF t([xX(n)]z) 4 [y]p. Let 
H,, C R, be a filter generic over the model V[K]|x]|H; : i € n] and let p, = o,/Hy.- 
Note that for every j € n+1, the models V[K][x(i)][H;] for i € n+1\ {j} are mutually 
generic over V[K]. It follows from the n + 1, n-balance assumption on the condition 
p that the conditions p; for i € n + 1 have a common lower bound, say r € P. The 
condition r forces t([X()|z) = [y;|p for alli € n, and t(x,,) is not modulo J equivalent 
to y = Ajeny;. This contradicts the assumption that t is forced to be ahomomorphism, 
aS Xp = AjenXj. 

Case 1b. Case 1a fails. Work in the model V[K]|x(n)]. Find a poset R,,, an R,-name 
o, for a condition in P and an R,-name 7, for a subset of w such that R,, Ik Coll(w, < 
x) IF of Ik t([X(n)|z) = [ny ]p. Let H, C R, bea filter generic over the model 
V[K][X]LH; : i € n] and let p, = o,/H, and y, = 7,/H,. Now, either the name n,, 
is F-pinned below some condition in the filter H,,, in which case the F-class [y, |p is 
represented in V[K][X(n)] by the assumption that F is pinned, or the name n,, is not 
F-pinned below any condition in the filter H,,, in which case the F-class [y,]- is not 
represented even in the model V[K][x(i) : i € n][H;: i © n] by the mutual genericity. 
In either case, y F y, fails. 
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The rest of Case 1b is identical to Case 1a. For every index j € n + 1, the models 
V[K][x(@][H;] for i € n + 1 \ {j} are mutually generic over V[K]. It follows from the 
n + 1,n-balance assumption on the condition p that the conditions p; fori € n+ 1 
have a common lower bound, say r € P. The condition r forces t([X()|-) = [y;]¢ for 
alli € n, and t(x,,) = y, is not modulo J equivalent to y = A;<,y;. This contradicts the 
assumption that t is forced to be a homomorphism, as x, = Ajen Xj. 

Case 2. Case 1 fails. By the Borel reading of names for the poset Q, we can find a Borel 
set B C X co-meager in some nonempty open set O Cc X anda Borel function f : B—> X 
such that O IF Coll(w, < x) IF plF t([Xgenlz) = Lf (Xgen)IF- Now, in the model W let 
C Cc B be the set of all points which are Q-generic over V[K]. Note that the set C Cc B 
is comeager in O and Borel, and by the forcing theorem, p Ikp Vx € C t([x]z) = 
[f(x)]z. Since the set C is Borel and non-meager, for all infinite sets y € X there are 
sets X9,X, € C such that xyAx, = y modulo finite (Pettis theorem, [58, Theorem 9.9]). 
It is then clear that p forces the homomorphism rf to be Borel: t([y]z) = [Z]p just in 
case there exist X9,x, € C such that x,Ax, = y modulo finite and z F f(xp)Af(x}), 
and t([y]z) = [Z]r just in case for all x9, x, € C such that x,Ax, = y modulo finite, 
zF f(xo)Af(x,). These are in turn analytic and coanalytic descriptions of tT. 


The various degrees of n+1, n-balance are not difficult to separate. One particularly el- 
egant way of doing so is to seek monochromatic solutions to equations in Polish groups. 
We state one prominent case, leaving the others to the patient reader. 


THEOREM 13.2.4. Letn > 2 be a number. Let (X,+) be an uncountable Polish 
abelian group and C C X acountable dense set. In cofinally n + 1, n-balanced extensions 
of the symmetric Solovay model, for every coloring from X to w there is a monochromatic 
set of size n + 1 adding up to an element of C. 


An interesting case occurs with X = R. [93, Theorem 0.5] shows that in ZFC there is 
a coloring of R with no monochromatic sets of size n + 1 which add up to an element 
of C for any fixed countable dense set C C R. With some care, it is possible to design a 
n+ 2,n-+ 1-balanced Suslin forcing which adds a coloring with this property. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing which is cofi- 
nally n + 1,n-balanced below x. Let W be the symmetric Solovay model derived from 
x and work in W. Let t be a P-name and p € P be a condition forcing t to be a map 
from X to w. We must find a parallelogram consisting of pairwise distinct points and a 
condition stronger than p which forces the vertices of the parallelogram to have all the 
same color. 

The name 7 and the condition p must both be definable with parameters in the 
ground model and another parameters z € 2%. Let V[K] be an intermediate model 
obtained by a poset of cardinality smaller than x such that z € V[K] and P isn + 1,n- 
balanced in V[K]. Work in the model V[K]. Let p < p be an + 1,n-balanced virtual 
condition. Let Qy be the Cohen poset on the group X with its name for the generic point 
Xgen in X. There must be a poset R of cardinality smaller than x, a number m € w, a 
R x Coll(w,2)-name a and a condition O € Qp such that O IF R IF Coll(@,< x) IF 
o IF p T(Ygen) =m. 

Use the density of the set C to find an element c € C such that there are n + 1- 
many distinct elements of O adding up to c. Consider the space of Y of all n + 1-tuples 
of points in O which add up to c. Note that for every i € n + 1, the i-th coordinate of 
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y € Y isa continuous function of the others. It follows that the projection of Y into 
any n-many of its coordinates is a continuous open map from Y to X”. Let Q, be the 
Cohen poset on Y and let y = (y;: i@n+1) € X bean+1-tuple in X Q,-generic over 
V[K] and meeting the nonempty condition X n O"*1. We conclude that any N many 
points in the generic n + 1-tuple are mutually generic over V[K] for the poset Qp. 

Let H; C R fori € n+1 be filters mutually generic over the model V[K][x], and let 
Pi = 9;/y;, H;. Since the extensions V[K]|[y;][H;] for i € n + 1 are in n-tuples mutually 
generic, the balance assumption on the virtual condition p shows that the conditions 
p; € P fori € n+1 have a common lower bound. By the forcing theorem applied in the 
respective models V[K][X(i)][H;] for i € n+1, we see that in the model W the common 
lower bound in P forces the points on the tuple y to have the same color m. 


Finally, we move to the much better organized world of 3, 2-centered forcings. 


THEOREM 13.2.5. Let I be an acyclic Borel graph on a Polish space X such that the 
T-path connectedness relation is Borel and unpinned. In 3, 2-centered, cofinally balanced 
extensions of the symmetric Solovay model, T has no maximal acyclic subgraph. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin, 3, 2-centered poset 
which is balanced cofinally below x. Let W be a symmetric Solovay model derived 
from x. Work in W. Suppose that p € P is a poset and ft is a P-name such that p forces 
tT to be a spanning subset of P. We will find a cycle in T and a condition stronger than 
p which forces the cycle to be a subset of T. 

The condition p and the name 7 are definable from ground model parameters and 
an additional parameter in 2°. Let V[K] be an intermediate extension containing z 
obtained by a poset of cardinality smaller than x and such that P is balanced in V[K]. 
Work in the model V[K]. Let p < p be a balanced virtual condition in P. The equiv- 
alence relation E is not pinned in V[K] by Corollary and there is a nontrivial 
E-pinned name on the poset collapsing &; to Ny by Theorem By the cofinal 
balance assumption, there must be a poset Q of cardinality smaller than x, a nontriv- 
ial E-pinned Q-name 7 for an element of X, and a Q-name o for a balanced virtual 
condition in the Q-extension which is stronger than p. Let Hy, H,, Hz C Q be filters 
mutually generic over V[K] and write p; = o/H; and x; = n/H; fori € 3. For any pair 
{i, j} C 3 of distinct indices, we conclude by the balance of the condition pin V[K] that 
the virtual conditions p;, p; must be compatible. Thus, in each model V[K][Hj][Hj], 
there must be a poset Q;; and Q;;-name oj; for a condition in P stronger than both 9; 
and pj, and a Q;;-name 4;; for the unique shortest I'-path between x; and x; such that 
VIKA ILA; I F Qi; IF Coll(a, < x) IF Oij IF Xij Gt. 

Let Gj; C Qj; be filters mutually generic over the model V[K][H; : i € 3]. Write 
Pij = %j/Gij and uj; = 7j;/G;j. Observe that whenever i € 3 and jo, j; € 3 are the two 
indices distinct from i, then p;;, and p;;, are compatible conditions in P by the balance 
of the condition p; in V[K][H;]. By the 3, 2-centeredness assumption, the conditions 
pi; for i, j € 3 distinct have a common lower bound r € P. Note also that after erasing 
some local loops if necessary Ui; uj; is a cycle. By the forcing theorem applied in each 


model V[K][H;, 4; ][G;;], it follows that r IF Uij ujj C T as desired. 


Lo" *] 

THEOREM 13.2.6. Let X be an uncountable Polish space. In 3, 2-centered, cofinally 

balanced extensions of the symmetric Solovay model, every set mapping f : [X]? > [X]®e 
has a free triple. 
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PROOF. Let x be an inaccessible cardinal. Let P be a Suslin, 3, 2-centered poset 
which is balanced cofinally below x. Let W be a symmetric Solovay model derived 
from x. Work in W. Suppose that p € P is a poset and t is a P-name such that p forces 
T to be a function from [X]? to [X]®°. We will find a triple of points in X and a condition 
stronger than p which forces the triple to be free for r. 

The condition p and the name 7 are definable from ground model parameters and 
an additional parameter in 2°. Let V[K] be an intermediate extension containing z 
obtained by a poset of cardinality smaller than x and such that P is balanced in V[K]. 
Work in the model V[K]. Let p < p bea balanced virtual condition in P. By the cofinal 
balance assumption, there must be a poset Q of cardinality smaller than x, a Q-name 
n for an element of X which does not belong to V[K], and a Q-name a for a balanced 
virtual condition in the Q-extension which is stronger than p. Let Hj, H,,H C Q be 
filters mutually generic over V[K] and write p; = o/H; and x; = n/H; fori € 3. For 
any pair {i, j} C 3 of distinct indices, we conclude by the balance of the condition p 
in V[K] that the virtual conditions p;, pj must be compatible. Thus, in each model 
V[K][H;][H;], there must be a poset Q;; and Q;;-name 9;; for a condition in P stronger 
than both p; and pj, and a Q;;-name 7;; for an element of X® such that V[K][H;][Hj] F 
Qi; IF Coll(w, < x) IF oj; IF mg(yij) = TX, %). 

Let Gj; C Qj; be filters mutually generic over the model V[K]|H; : i € 3]. Write 
Pij = %j/Gij and uj; = 7{;/G;j- Observe that whenever i € 3 and jo, j; € 3 are the two 
indices distinct from i, then p;;, and p;;, are compatible conditions in P by the balance 
of the condition p; in V[K][H;]. By the 3, 2-centeredness assumption, the conditions 
pij for i, j € 3 distinct have a common lower bound r € P. Note also that for each 
k € 3, the point x; does not belong to the model V[K][H;, H;][G,;] where i, j € 3 are 
the two indices distinct from k, and therefore does not belong to the range of uj;. It 
follows that r IF {x;: i € 3} is a free set for t as desired. 


THEOREM 13.2.7. Let E be a pinned Borel equivalence relation on a Polish space 
X. In 3, 2-centered, tethered, and cofinally balanced extensions of the symmetric Solovay 
model, the following are equivalent: 
(1) E has a transversal; 
(2) the E-quotient space is linearly ordered. 


PROOF. The implication (1)—(2) is trivial. In ZF, the space X, as every Polish 
space, carries a Borel linear ordering <. If A C X is an E-transversal, then one can 
order the E-quotient space by setting c < d if the unique element of A Nc is <-smaller 
than the unique element of A Nd. The implication (2)—(1) is the heart of the matter. 

Let « be an inaccessible cardinal. Let P be a Suslin forcing which is 3, 2-centered, 
balanced cofinally below x and tethered below x. Let W be a symmetric Solovay model 
derived from x and work in W. Suppose that p € P is a condition forcing E not to have 
a transversal. Suppose that t is a P-name for a tournament on the E-quotient space. 
We will find a 3-cycle on the E-quotient space and a condition stronger than p which 
forces the cycle to be a subset of t. This will prove the theorem. 

The condition p and the name 7 are definable from some ground model param- 
eters and an additional parameter z € 2°. As a provisional definition, call a tuple 
(M, p, Q,7, 7) symmetric if M is an intermediate generic extension of V by a poset of 
cardinality smaller than x such that z € M, p < pisa balanced virtual condition in 
the model M, Q € M isa poset of cardinality smaller than x, 7 € M isa Q-name for an 
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element of X which is not E-related to any element of Mn X, 0 € M isa Q-name for a 
balanced virtual condition in the Q-extension of M which is stronger than p, and 


(*) for any conditions qg,q, € Q, in some generic extension there are filters 
Hp),H, C Q separately generic over M such that qg € Ho, q, € Hy, n/Ho 
is E-related to y/H,, and o/Hy is compatible with o/H, in the poset P. 


The following claim is central. 
CLAIM 13.2.8. There is a symmetric tuple (M, p, Q, 7, 0). 


PRooF. Let G C P bea filter generic over the model W containing the condition 
p and work in W[G]. For each E-class c, consider the model M, of sets hereditarily 
definable from parameters in the ground model and the additional parameters z, c, G. 
There must be an E-class c such that cM M, = 0; otherwise, one could form an E- 
selector in W[G] as the set A = {x © X: xis the least element of [x]; in the canonical 
well-order of M/,.,, }, contradicting the initial assumptions on the condition p. Fix such 
an E-class c, an arbitrary element x € c, and let M,, be the model of sets hereditarily 
definable from parameters in the ground model and the additional parameters z, x, G. 
Note that M, C M,, holds. 

By the balance assumption, the fact that the models M, and M,, are well-ordered, 
and Theorem 9.1.1], the models M, and M,, are generic extensions of the ground model 
by posets of cardinality smaller than x; in particular, M,, is a generic extension of M, by 
a poset of cardinality smaller than x. By the tether assumption, as in Proposition 10.2.1, 
there are virtual balanced virtual conditions p, and p, in the respective models M, and 
M,, such that their realizations belong to the generic filter G. Necessarily p, < p,. < p 
holds. Working in M,, let Q be a poset of cardinality smaller than x such that there is a 
filter H C Q generic over M, such that M, = M,[H]. Let € M, bea Q-name such that 
x = 7/H and let o be a Q-name such that p, = o/H. We claim that for some condition 
qd € Q, the tuple (M,, p, Q | q,7, 0) is symmetric. It remains only to choce q in such a 
way that (*) is satisfied. 

To see this, in W[G] let D C Q be the set of all conditions r € Q such that there 
is a filter H’ C Q which is generic over M, and such that y/H’ € c and o/H’ has a 
realization in the filter G. The set, having just been defined from c and G, belongs to 
the model M,. It also contains the Q-generic filter H C Q asa subset. By a density 
argument with the filter H, there must be a condition q € H such that D contains all 
conditions r € Q such that r < q. It is immediate from the definition of the set D that 
the condition q € Q works as required. 


Now, fix the symmetric tuple (M, p, Q,7,c). Let Hyp C Qy and H, C Q, be filters 
mutually generic over M, and write X) = n/Ho, xX; = n/Hy, po = 0/Ho and p, = o/Hy;. 


CLAIM 13.2.9. In some generic extension N of M|Ho, H,| by a poset of cardinality 
smaller than x there is a condition r € P stronger than po, p, such that N F Coll(a, < 


x) IF r lp ([xolz, [x1 ]z) € T. 


PROOF. To start with, note that QxQ forces jeg, and o;jgnt to be compatible virtual 
conditions in P by the balance assumption on §, and it also forces njeg_ and right to be 
E-unrelated elements of X by the pinned assumption on the equivalence relation E. 
Let qo € Ho, q, € H, be conditions and suppose towards a contradiction that in M, the 
condition (qo, q,) forces the negation of the statement of the claim. 
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Let A < « be a cardinal larger than |P(Q) N M| and let Kg, K; C Coll(w,A) be 
filters mutually generic over M[Ho, H, |. By (*) and the forcing theorem, there are filters 
Ho € M[Ho|[Ko] and H} € M[H;,][K,] which are generic over M, qg € Hj and q, € Ho 
holds, and moreover, writing x» = »/Ho, x, = »/H}, po = o/H6 and p, = o/H}, 
we have that x) E xg and x, E x} both hold, and fy and pp are compatible virtual 
conditions in P, and p, and p; are compatible virtual conditions in P. Note also that the 
filters Hj,H; C Q are mutually generic over M since they are found in the respective 
mutually generic extensions M[Hp|[Ko] and M[H;, |[K,]-Corollary [1.7.10. 

Now, observe that the conditions pg, po, Pi, p; have a common lower bound in the 
poset P. To see this, note that fo, pp are compatible with a lower bound 7% € P in the 
model M[Ho|[Ko], and p,, p; are compatible with a lower bound 7, € F in the model 
M[H,]|[K,]. Now use the balance of the condition p to see that 7,7 are compatible 
conditions in P. 

Since t is aname for a total order, there must be a generic extension N of the model 
M[Hp, H;|[Ko, Ki] by a poset of cardinality smaller than x in which there is a condition 
r € P which is a common lower bound of %,7% and such that N F Coll(w,< x) IF 
r lFp ([Xolz, [X1]e) € tT or N EF Coll(w, < x) IF r IF p ([x1]z,[Xo]z) € t. The former 
option violates the initial contradictory assumption in view of the forcing theorem in 
the model M and the generic filters Hj, H,, and the latter option violates the initial 
contradictory assumption in view of the generic filters Hj, H}. 


Finally, let Hj, H,,H> C Q be filters mutually generic over the model M. For each 
i € 3 write x; = n/H; and p; for o/H;. Use the claim to find a poset Ro} € M[Hp][H,] 
of cardinality smaller than x and an R-name Yo, for a common lower bound of fo, p; 
in P such that M[H)|[Hj] F Ro, Ik Coll(@@, < x) IF Yo, IF ([Xolz, [%1]z) € tT. Similarly 
for Ry2, X12 and Ry, 729. Let Ko, C Roi, Ki2 C Riz, and Ky C Ryo be filters mutually 
generic over the model M[H; : i € 3]. Write po; = 7o;/Ko and similarly for py, pro. 
Note that the conditions po; and p,2 are compatible in P by the balance of the virtual 
condition p, € M[H,]: they are found in the respective extensions M[H, |[Ho|[Koi | 
and M[H, || H>]|[K,2]| mutually generic over M[H;,], and they are both stronger than py. 
Similarly, the conditions p,, and py9 are compatible, and the conditions py) and po; 
are compatible. Finally, the 3,2-centeredness assumption shows that the conditions 
Po1> P12» P29 have a common lower bound q < p. The forcing theorem applied in the 
respective models M[Hp, H,|[Ko,], M[H,|[H>][Ky.] and M[H>|[Ho|[K29] shows that 
in the model W, q forces the sequence ([X9 |z, [X1]z,[X2lz,.[Xo]¢) to form an oriented 
3-cycle which is a subset of tr. The proof of the theorem is complete. 


13.3. Examples 


The first batch of examples deals with the implications and limitations of Theo- 
rem 13.2.7, We use Theorem to add the nonexistence of discontinuous homo- 
morphisms of Polish groups to the conclusions for reference purposes. 


EXAMPLE 13.3.1. Let E be a Borel equivalence relation on a Polish space X. Let 
P be the poset for adding a tournament on the E-quotient space as in Example B-7.6. 
Then P is 3, 2-centered by its definition, balanced by Theorem and tethered by 
Example It is compactly balanced, so does not add a Ep-transversal by Exam- 
ple 9.2.11] Thus, Theorem applies to it, as do all other theorems of Section [13. 
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COROLLARY 13.3.2. Let E be a Borel equivalence relation on a Polish space X. 


(1) Let P be the tournament poset associated with E as in Example In the 
P-extension of a symmetric Solovay model, there are no discontinuous homo- 
morphisms of Polish groups, an there is no linear ordering on the E,-quotient 
space. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is 
a tournament on the E-quotient space while there are no discontinuous homo- 
morphisms of Polish groups and there is no linear ordering on the E,-quotient 
space. 


EXAMPLE 13.3.3. Let E be a countable Borel equivalence relation on a Polish space 
X. Let P be the poset adding an action of Z on X inducing E as in Example 6.4.9. The 
poset P is 3, 2-centered by its definition, balanced by Example tethered by Ex- 
ample and it does not add an Eo-transversal by Corollary Thus, Theo- 
rem applies to it, as do all other theorems of Section [13.2, 


COROLLARY 13.3.4. Let E be a countable Borel equivalence relation on a Polish space 
Xx. 


(1) Let P be the poset adding an action of Z on X inducing E as in Example 
In the P-extension of the symmetric Solovay model, there are no discontinuous 
homomorphisms of Polish groups, and there is no linear ordering on the Ey- 
quotient space. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, E is an 
orbit equivalence relation of a (discontinuous) Z-action, there are no discontin- 
uous homomorphisms of Polish groups, and there is no linear ordering on the 

Eg-quotient space. 


EXAMPLE 13.3.5. Let I be a Borel graph on a Polish space X. Suppose that n € 
w is a number such that [ does not contain an injective homomorphic copies of ei- 
ther of Kz, Or Ky,.,. Let P be the coloring poset of Definition The poset P is 
3, 2-centered by its definition, it is balanced by Theorem and tethered by Exam- 


ple It does not add a Ey-transversal by Theorem Thus, Theorem 
applies to it, as do all other theorems of Section [13. 


COROLLARY 13.3.6. Let A C R bea countable set of positive reals converging to zero. 
Let I be the graph on R? connecting two points if their Euclidean distance belongs to A. 


(1) Let P be the coloring poset of DefinitionB.1.1| In the P-extension of the symmetric 
Solovay model, there are no discontinuous homomorphisms of Polish groups, 
and there is no linear ordering of the E9-quotient space. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, the chro- 
matic number of I is countable, yet there is no discontinuous homomorphism 
between Polish groups and no linear ordering of the Eg-quotient space. 


The next example shows that the tether assumption is necessary in Theorem 


EXAMPLE 13.3.7. Let P be the collapse poset of |E9| to |2”| as in Definition 6.4.1. 
The poset P is 3, 2-centered by its definition and balanced by Theorem 6.4.2. It does 
not add an E,-transversal by Corollary but it does add a linear ordering of the 
E9-quotient space by mapping it injectively into the linearly ordered set 2%. 
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The following example shows that the assumption that E be pinned is necessary in 


Theorem 


EXAMPLE 13.3.8. Let P be the poset adding a function which selects from each 
nonempty countable subset of X = 2® a single element as in Example The 
poset is 3, 2-centered by its definition, balanced by Theorem tethered by Ex- 
ample and adds a linear ordering of the F,-quotient space without adding a 
F-transversal. 


PROOF. The poset P does not add an F,-transversal since no balanced poset does 
by Corollary At the same time, an existence of a function f : [X]®° + X such 
that for each nonempty countable set a c X f(a) € a holds implies |F,| < |x<. 
To see the injection from the F2-space to X<“!, to each countable set a C X assign a 
transfinite sequence (x, : a € f) by setting recursively x, = f(a\ {x,: >€ a}) 
unless the set a\ {x : >>€ a}is empty, in which case we finish the recursion. The set 
X<®1 is linearly ordered by the lexicographic ordering, and so the poset P adds a linear 
ordering of the F,-space. 


The following example shows that the pinned assumption in Theorem is neces- 
sary. 


EXAMPLE 13.3.9. Let E be a pinned Borel equivalence relation on a Polish space 
X. Let P be the transversal poset of Example The poset P is 3, 2-centered by its 
definition and it is balanced by Theorem 6.4.5. Letting I be the graph on X connecting 
any two distinct E-related points, note that P adds a maximal acyclic subgraph to lit is 
the graph consisting of all edges {x9, x,} € I’ such that one of the vertices x, x, belongs 
to the E-selector added by P. 


COROLLARY 13.3.10. Let E be a pinned Borel equivalence relation on a Polish space 
Xx. 


(1) Let P be the transversal poset of Example6.4.6, In the P-extension of the symmet- 
ric Solovay model, there are no discontinuous homomorphisms of Polish groups. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, E has a 
transversal, yet there is no discontinuous homomorphism between Polish 
groups. 


The next batch of examples deals with partial orders which are m, n-balanced but not 
3, 2-centered, and violate the conclusions for 3, 2-centered posets from Theorems 


through 


EXAMPLE 13.3.11. Let I be a Borel graph on a Polish space X. Let P be the poset 
of all countable acyclic subsets of I ordered by reverse inclusion. Whenever n € a is 
a natural number, the poset P is n, 2-balanced and every balanced virtual condition is 
n, 2-balanced. 


The poset P adds a maximal acyclic subset of I’, violating the conclusion of Theo- 
rem for many graphs I. Therefore, in such cases the poset P is not 3, 2-centered 
and even does not contain a dense analytic 3, 2-centered subset. 


PROOF. It follows from Example that balanced virtual conditions for P are 
classified by maximal acyclic subgraphs of I’. Let p be any maximal acyclic subgraph 
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of [. We will check that p is n,2-balanced, completing the proof. To this end, let 
{V[Hj]: i © n} be pairwise mutually generic extensions of V, respectively contain- 
ing some conditions p; < p for eachi € n. We have to show that U; en Pi is a common 
lower bound of the conditions p; fori € n;i.e., it does not contain a cycle. The follow- 
ing claim will be useful to this end. 


CLAIM 13.3.12. For eachi € n and vertices xX9,x; € X NV, the following three 
formulas are equivalent: 
(1) Xo, x, are connected by a path inl nV; 
(2) X9, xX; are connected by a path in p; 
(3) Xo, x, are connected by a path in p;. 


PROOF. (1)->(2) is implied by the maximality of p. (2)— (3) follows from the fact 
that p C p;, and the negation of (1) implies by the Mostowski absoluteness that xo, x; 
are not connected by any path in the graph Tn V[Hj], which is larger than p; and 
therefore (3) has to fail. 


Now, suppose towards a contradiction that c C SF p; is a cycle. It must use edges from 
more than one of the sets p; for i € n, as each of these sets in itself is acyclic. By the 
pairwise mutual genericity assumption, if i, j € n are distinct indices and e; € p; and 
e; € pj are adjacent edges, then the vertex they share belongs to V. It follows that there 
are isi € nand vertices X),x,; € X NV such that the cycle c contains a path from x, to 
x, using exclusively edges from p; \ V. The claim then shows that xo, x, are connected 
using edges in p; N V as well, so p; contains a cycle c. A contradiction. 


COROLLARY 13.3.13. Let I be a Borel graph on a Polish space X. 

(1) Let P be the poset adding a maximal acyclic subgraph of as in Example 6.3.7 
In the P-extension of the symmetric Solovay model every homomorphism be- 
tween Polish groups is continuous. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, T has a 
maximal acyclic subgraph and every homomorphism between Polish groups is 
continuous. 


EXAMPLE 13.3.14. Let ¥ be a Fraissé class of structures in finite relational lan- 
guage with strong amalgamation. Let E be a Borel equivalence relation on a Polish 
space X. Let P = P(F,E) be the poset of Definition For each number n € a, the 
poset P is n, 2-balanced and every balanced virtual condition is n, 2-centered. 


The linearization poset P for the Ey-quotient space of Example is tethered by Ex- 
ample and does not add an Ey-selector by Example Therefore, P violates 
the conclusion of Theorem [13.2.7, so P contains no dense analytic 3, 2-centered subset. 


PROOF. It follows from Theorem that balanced virtual conditions in P are 
classified by ¥-structures on the virtual quotient space X**. Let p be such a structure. 
Let V[H;] for i € n be generic extensions of the ground model which are pairwise 
mutually generic. Let p; € V[H;] be a condition extending fp, for each i € n. Note 
that the domains of the conditions pairwise intersect in the domain of p. Let b = 
J, dom(p;). For each finite set a C b use the strong amalgamation of the class ¥ n—1- 
many times to find a structure N, € F on aso that for eachi € n, N, | (dom(p;)Na) = 
p; | (dom(p;) Na). Let U be an ultrafilter on [b]<*° such that for every finite set c C b, 
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the set {a € [b]<®° : c C a} belongs to U. Let N be the structure on b which is the 
U-integral of the structures N,. It is immediate that for all N [| dom(p;) = p; for each 
i € 3, and the closure of the class ¥ under substructures shows that N is a ¥-structure. 
It is the desired lower bound of the conditions p; fori € n. 


COROLLARY 13.3.15. Let E be a Borel equivalence relation on a Polish space X. 


(1) Let P be the E-linearization poset as in ExampleB.7.5, In the P-generic extension 
of the symmetric Solovay model every homomorphism between Polish groups is 
continuous. 

(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, the E- 
quotient space carries a linear ordering and every homomorphism between Pol- 
ish groups is continuous. 


EXAMPLE 13.3.16. Let be a circular hypergraph on a Polish space X as in Defini- 
tion Let P be the circular coloring poset of Definition and Example 
Under CH, the poset P is 4, 3-balanced and every balanced virtual condition is 4, 3- 
balanced. 


PROOF. By Theorem balanced virtual conditions are classified by total T- 
colorings c: X — w X w. For each such coloring c, the pair Coll(w, X), ¢) is balanced. 
We will show that the pair is in fact 4, 3-balanced. 

Suppose that in some ambient generic extension, V[G;] for i € 4 are generic ex- 
tensions and any three of them are mutually generic. Suppose that pj; € V[G;] for 
i € 4 are conditions below c; we must show that they have a common lower bound. 
Write d; = dom(p;) fori € 4. Let d C X be accountable subset of X closed under 
the circular automorphisms containing U; d; as a subset and let d, = d \ Ly <4 di. Let 
d4, = {x,: n € w} be an enumeration. For each pair i, j of distinct indices in 4, each 
n € w, and each circular automorphism ¢ let enjjg = {y € dj : d(yx7q!)xn € d;}. Use 
the pairwise mutual genericity assumption to argue as in the proof of Theorem 
that enjjg is a subset of a single right X M V-coset. Let q: d > w X w be any map 
such that U; pi C qand for eachn € o@, q(x,) = (n,m) for some number m such 
that (n,m) € OF dig Pj €nijg(x). Note that the latter union is a subset of w x w with all 
vertical sections finite. We claim that q is a common lower bound of the conditions p; 
fori € 4. 

We will only show that any triple {xo, x1, x2} € I of pairwise distinct points is not 
monochromatic. There are several cases to consider. If two points of the triple belong 
to one and the same set d; then so does the third one, and then we use the assumption 
that p; € P is a coloring without such monochromatic triples. The case in which 
each point of the triple belongs to some d; for i € 4 but never to the same one, say 
Xp € dy \V, x, € d, \ V, and x, € d, \ V is impossible in view of the assumption that 
the three extensions V[G], V[G,], V[G,] are mutually generic. If one of the points, 
say Xo, belongs to d, and the other two do not, say x; € dj and x, € dj fori,j € 4 
distinct, then q(Xo) is distinct from all colors in the set Pj en jig(Xo) and so is different 
from p;(x;), and monochromaticity fails again. Finally, if more than one point of the 
triple is in the set dy, then the triple cannot be monochromatic since the map q | dg is 
an injection. 
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COROLLARY 13.3.17. Let T be the hypergraph on R? consisting of all triples {xo, x1, 
xX} which form the set of vertices of an equilateral triangle. 

(1) Let P be the T-coloring poset of Example In the P-generic extension of 
the symmetric Solovay model, every homomorphism between Polish groups is 
continuous. 

(2) Itis consistent relative to an inaccessible cardinal that ZF+DC holds, there is an 
equilateral triangle-free decomposition of R?, yet every homomorphism between 
Polish groups is continuous. 


CHAPTER 14 


Other combinatorics 


The technology of balanced virtual conditions can be applied to prove general the- 
orems about lack of other combinatorial objects in the extensions under discourse. In 
this section, we include several theorems that are hopefully elegant axiomatizations 
and generalizations of earlier results in [{74]]. 


14.1. Maximal almost disjoint families 


One rather surprising limitation of balanced extensions of the symmetric Solovay 
model is that they contain no maximal almost disjoint families of subsets of w. This in 
particular subsumes the result of Térnquist that there are no maximal almost dis- 
joint families in the symmetric Solovay model. The following theorem is stated using 


Convention [1.7.18. 


THEOREM 14.1.1. In cofinally balanced extensions of the symmetric Solovay model 
there are no infinite maximal almost disjoint families of subsets of w. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is 
balanced below x. Let W be a symmetric Solovay model derived from x and work in W. 
Suppose towards a contradiction that there exist a condition p € P and a name Tt such 
that p forces T to be an infinite maximal almost disjoint family. The condition p as well 
as the name Tt must be definable from some parameter z € 2” and some parameters 
from the ground model. Use Fact and the assumptions to find an intermediate 
generic extension V[K] such that z € V[K] and P is balanced in V[K]. Work in the 
model V[K]. 

Let p < p bea balanced virtual condition. Let Ibe the set {a C w: for some poset 
R, of size < « and some R,-name g, for a condition in P stronger than p such that 
R, |F Coll(w, < «) lk a lFp a € T}. 


CLAIM 14.1.2. w cannot be covered by a finite set and finitely many elements of the 
set I. 


PROOF. Suppose that J C J is a finite set such that (JJ C w is co-finite. Let Hy C 
R, fora € J be filters mutually generic over V[K] and let py = o,/Hg € P. By the 
balance of the condition , it follows that the set {pg : a € J} C P has a lower bound, 
denote it by q. Since the model W is a symmetric Solovay extension of each of the 
models V[K][H,], the forcing theorem applied in the model V[K][H,] shows that in 
W, for each a € J, the condition q forces J C t. However, since U J C wis cofinite, it 
has to be the case that q Ik J = 1, contradicting the initial assumptions on the name 
T. 
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Let U bea nonprincipal ultrafilter on w disjoint from J. There must be a poset R of 
size < x, an R-name 7 for an infinite subset of w which is modulo finite included in all 
sets in U, an R-name y for a subset of w and an R-name o for an element of P stronger 
than p such that R Ik ynv is infinite and R Ik Coll(w, < x) Ik a lkp yv € T. This occurs 
since Tt is forced to be a maximal almost disjoint family and therefore must contain an 
element with infinite intersection with 7. 

Now, let Hj, H, C R be filters mutually generic over the model V[K]. Let ag = 
X/Hp,a, = x/H, € P(w), and po = o/Ho, p) = o/H, € P. By the balance of the 
condition p < pit must be the case that po, p; € P have a lower bound, denote it by 
q. Since W is the symmetric Solovay extension of each of the models V[K][Ho| and 
V[K][H;,], the forcing theorem applied in these models shows that W satisfies that q 
forces both dg and d, into t. The proof will be complete if we show that ag # a, and 
do, a, have infinite intersection. 

For dg # qj, observe that neither ay, a, can belong to the model V[K]. If, say, 
do € V[K] then R witnesses the fact that ag € I, and consequently ag must have both 
finite and infinite intersection with n/Hp, a contradiction. Now, since dg € V[K][Ho| 
and a, € V[K][H;], a mutual genericity argument shows that ag # ay. 

To establish that the set ag Na, is infinite, move back to the model V[K], let (so, s;) 
be a condition in the product R x R and n € w be a number; we must find a number 
m > nand conditions ty < sg and t; < s, such that tg IF m € yandt Ik me y. To 
this end, letbh ={mEw: At<sotlK me yjandb, ={meo: At<s,tlkKme 7}. 
The sets by, b, C w are both forced to have infinite intersection with n and therefore 
must belong to the ultrafilter U. This means that there is a natural number m > nin 
the intersection by N b,, and then the desired conditions tg < sg and t, < s, are found 
by the definition of the sets by and b,. 


Theorem 8.10.7 above produces a weakly balanced MAD forcing such that in its exten- 
sion of the Solovay model, a maximal almost disjoint family exists. As a result of that 
example and Theorem we have: 


COROLLARY 14.1.3. The following theory is consistent relative to an inaccessible car- 
dinal. ZF+DC holds, there is an infinite maximal almost disjoint family of subsets of a, 
and there is no uncountable sequence of pairwise distinct reals. 


14.2. Unbounded linear suborders 


Another general obstruction for reaching ZF independence results in balanced ex- 
tensions is described in the following theorem, stated using Convention [1.7.18 


THEOREM 14.2.1. Let < be an F,-preorder on a Polish space X with no maximal 
element such that every countable linearly ordered set has an upper bound. In cofinally 
balanced o-closed extensions of the symmetric Solovay model, <1 contains no unbounded 
linearly ordered sets. 


A typical preorder satisfying the assumptions is the Turing reducibility preorder or the 
modulo finite domination ordering on w®. 


PROOF. We start with a simple claim which takes place in the context of ZFC. If R 
is a poset and 7 is an R-name for an element of X, say that n is unbounded if R forces 
that for every ground model element x € X, n <1 x fails. 
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CLAIM 14.2.2. Suppose that Ro, R, are posets and no, are respective unbounded 
names for elements of X. Then Ro X R, IF 9, t%) are <l-incomparable. 


PROOF. Let J = UF where for every n € a, F, is closed. If the conclusion 
failed, there would have to be a pair (%,n) € Ro X R, forcing say no <n, and then 
strengthening the pair if necessary there would have to be a number n € @ such that 
(no. 41) € F, is forced. Let M be a countable elementary submodel of a large structure 
containing R,,%, 71, let g C R, bea filter generic over the model M such that 4 € g, 
and let x = n,/g. Since no is an unbounded name, Rg Ik 9 <1 x fails, and so there must 
be a condition 7% < % and basic open sets Og, O, C X such that (Op x O,) NF, = 0, 
x € O,, and 7% lk t € Op. By the forcing theorem, there must be a condition 7 € g 
below 7, such that 7 Ik t, € O,. Then the pair (7,1) < (1, 4) forces (No, 1) € Op X O; 
and so (49,71) & F,, in contradiction with the initial assumptions. 


Now, let « be an inaccessible cardinal and P be a o-closed Suslin forcing which 
is balanced cofinally below x. Let W be the symmetric Solovay model derived from 
x. Suppose towards a contradiction that the conclusion of the theorem fails in the P- 
extension of W. Then, in the model W there must be a condition p € P and a P-name 
t such that p Ik t C X is an <-unbounded linearly ordered set. The condition p as well 
as the name Tt must be definable from some parameter z € 2 and some parameters in 
the ground model. Let V[K] be a generic extension of the ground model by a poset of 
size < x such that p, z € V[K] and P is balanced in V[K]. 

Work in the model V[K]. Let p < p bea balanced virtual condition in the poset P. 
Since Coll(@, < x) Ik p Ik t is an unbounded set in <, for every element x € XNV 
the set t is forced to contain an element which is not <x. Since Coll(w,< x) IF p IF 
XNV[K] is acountable set and DC holds, t is forced to contain a countable subset such 
that no element of X N V[K] is an upper bound of it. By the initial assumptions on the 
preorder <J, this countable set is forced to have an upper bound in Tt, which is then an 
element of t which is not <x for any element x € X N V[K]. In total, in V[K] there 
must be a poset R of size < x, an R-name o for a condition in P such that o < pand an 
unbounded R-name 7 for an element of X such that R lk 7 is not <-below any element 
of V[K] and R IF Coll(@, < x) lk o IFp n ET. 

In the model W, let Hp, H, C R be filters mutually generic over V[K]. Let po = 
o/Hy € P and p, = o/H, € P; by the balance of the condition p, the conditions po, p; 
are compatible with some lower bound q € P. Let xy = n/Hy € X and x; = n/H, € X; 
by Claim 14.2.2, these are <-incomparable elements of X. Since the model W is a sym- 
metric extension of both models V[K][H,] and V[K]|[H;, |, the forcing theorem applied 
in these models shows that in W, q Ik Xp, X, € t. This contradicts the assumption that 
tT is forced to be linearly ordered by <. 


We do not know if it is consistent with ZF+DC to have a linearly ordered, unbounded 
subset of w® under the modulo finite domination ordering, and at the same time not 
to have an uncountable sequence of reals. 


14.3. Measure and category 


In this section, we show that in balanced extensions of the Solovay model, there is 
a set of reals without the Baire property. We also provide a framework for showing that 
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in certain circumstances, all sets of reals may be Lebesgue measurable. The following 
theorem is stated using Convention 


THEOREM 14.3.1. In nontrivial cofinally balanced extensions of the symmetric Solo- 
vay model, there is a set of reals without the Baire property. 


PROOF. Let x be an inaccessible cardinal. Let P be a nontrivial Suslin forcing such 
that % F P is balanced in every forcing extension. Let W be the symmetric Solovay 
model derived from x and work in W. Let p € P bea condition. We must find a Polish 
space X, a condition p < panda P-name Tt for a subset of X such that p Ik t does not 
have the Baire property. 

The condition p € P is definable from a real parameter z € 2° and some parame- 
ters in the ground model. Let V[K] be an intermediate extension using a poset of size 
< «such that z € V[K] and P is balanced in V[K], and work in V[K] for a moment. Let 
p < pbea balanced virtual condition stronger than P. Choose a poset Q of size < x and 
a name a for a condition in P such that the pair (Q, c) is balanced and in the balance 
equivalence class of p. Move to the Q-extension. Since the poset P is balanced, it is not 
c.c.c. below o by Proposition .2.11(1), in particular it is not Suslin o-linked below o. 
Thus, the analytic graph of incompatibility of conditions in P below o has uncountable 
Borel chromatic number. By the Gy-dichotomy (Fact [I1.1.5), there is a Q-name for a 
continuous map h: 2° — P which is a homomorphism of Gp to the incompatibility 
graph on P below o. Let S be the Cohen forcing on 2® introducing a point Ygen; let Bgen 
be the Q x S-name for AGoen): 

Now, back in W, consider the space X of all filters on the two-step iteration Q x S 
generic over the model V[K], viewed as a subset of P(Q x S). Since the product is 
countable in W, its powerset gets the usual zero-dimensional compact topology. Since 
the model V[K] contains only countably many open dense subsets of the product, the 
set X C P(Q x S) is Gs and therefore Polish. Let t be the P-name for the set of all 
filters g € X such that the condition Pgey/g € P belongs to the generic filter on P; 
more formally, t = {(8, Pgen/g) : g € X}. We claim that p IF zt does not have the Baire 
property. 

To show this, first argue that p Ik t C X is not meager. Suppose towards a con- 
tradiction that this fails. Then in the model V[K], there exist a poset R of size < x and 
R-names o for a condition in P stronger than p and 7 for a dense Gs subset of X such 
that R IF Coll(w,< «) lk o Ik-p TNH = 0. LetG C QXS andH C R be mutually 
generic filters. By a mutual genericity argument, G € /H holds. By a balance ar- 
gument (Proposition 5.2.4), the conditions ¢/H and Pgen/G are compatible in P. The 
common lower bound of these two conditions forces in P that G € y/H Tt. This isa 
contradiction. 

We will now argue that p Ik z is not comeager in any nonempty open subset of X. 
Suppose towards a contradiction that this fails. Then in the model V[K], there must 
be a condition (q, s) € Q x S, a poset R of size < x and R-names a for a condition in P 
stronger than p and 7 for a dense Gs subset of X such that R Ik Coll(w, < «) lk o IFp 
Vg En(qgs)€g—>g et. LetL Cc QandH C R be mutually generic filters, with q € L. 
A standard argument provides (in a further generic extension) two Gog-related points 
Yo. M1 € 2” extending s which are separately S-generic over the model V[K][H]|L]. Let 
Go, G, C QxXS be the filters given by L, yp and L, y, respectively; both contain the con- 
dition (q, s). By the product forcing theorem, the filters Gj, H are mutually generic over 
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V[K] and so are the filters G,, H. By a mutual genericity argument, both filters Gp, G, 
both belong to the set 7/H. By a balance argument (Proposition 5.2.4), the condition 
Pgen/Go is compatible with o/H in the poset P. Their common lower bound forces in 
the poset P that G, € 7/H \t by the assumed properties of the homomorphism h. This 
is a contradiction. 


QUESTION 14.3.2. Does the conclusion of Theorem remain in force in weak- 
ly balanced extensions of the symmetric Solovay model? 


Other regularity properties of sets of reals may be preserved in balanced extensions. 
Consider the following. 


DEFINITION 14.3.3. Let Q be ac.c.c. Suslin forcing. Let P be a Suslin forcing. We 
say that P is Q-balanced if for every condition p € P there is a balanced virtual condition 
p < psuch that Q IF pis still balanced. Similar terminology applies for weakly Q- 
balanced forcings. 


For the following theorem, let X be a Polish space, let X,¢, be a Q-name for an element 
of X, and let I be the c-ideal of Borel subsets B C X such that Q IF Xgen € B. The 
theorem is stated using Convention 


THEOREM 14.3.4. In Q-weakly balanced extensions of the symmetric Solovay model, 
for every set A C X there is a Borel set B C X such that AAB € I. 


PROOF. Let x be an inaccessible cardinal. Let P be a Suslin forcing such that P is 
Q-balanced below x. Let W be the symmetric Solovay model derived from x and work 
in W. Let p € P bea condition and t be a P-name such that p Ik t C X. We must find 
a Borel set B and a stronger condition p < pin P such that p Ik tAB € I. 

The condition p € P and the name 7 are definable from a real parameter z € 2” 
and some parameters in the ground model. Let V[K] be an intermediate extension us- 
ing a poset of size < x such that z © V[K] and work in the model V[K]. Since P is 
weakly Q-balanced in V[K], it must be the case that there is a weakly balanced virtual 
condition p < psuch that Q Ik pis weakly balanced. By a balance argument (Proposi- 
tion 6.2.4), Q Ik Coll(w, < x) Ik p decides the statement Xgen € tT. Let A = Ap UA, be 
a maximal antichain of Q such that for every condition q € Ag, q IFg Coll(w, < x) IF 
DP IF p Xgen  T, and for every condition q € Aj, q IFg Coll(w, < x) IF p IF p Xgen € T. 
InW, letB ={x EX: Ag c QAI: gis generic over V[K] and contains a condition in 
Aj, and x = Xgen/g}. A complexity calculation as in Proposition 2.8.5(1) shows that the 
set B is Borel since the model V[K] contains only countably many maximal antichains 
of Q. It will be enough to show that p Ik TAB € I. 

On one hand, it is clear that B C t must hold. Whenever x € B is a point and 
g C Qisa filter generic over V[K] containing a condition in A, and Xge,/g = x, then 
by the forcing theorem in the model V[K], V[K][g] F Coll(w, < x) IF p IF X € t, and 
then by the forcing theorem in V[K][g], W F p Ik X ET. By similar reasoning, it must 
be the case that tr \\ B C C where C = {x € X: for no filter g c Q”*! generic over 
V[K], Xgen/g = x}. Note that the set C C X is Borel by Proposition 2.8.5(1) again. Now, 
itis clear that C € I holds: if there were a condition q € Q forcing X gen € C, taking any 
filter G C Q generic over W containing the condition q, the point Xg.,/G must belong 
to C. However, since the poset Q is c.c.c. and Suslin, the filter GN V[K] is a filter on 
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Q”'¥! generic over V[K] and so the point x = Xgen/G M V[K] does not belong to C, 
which is a contradiction. 


EXAMPLE 14.3.5. It is consistent relative to an inaccessible cardinal that 
ZF+DC holds, every set of reals is Lebesgue measurable, and not every set of reals 
has the Baire property. For this, use the P-extension of the Solovay model poset where 
the Suslin forcing P is as in Example and the Suslin c.c.c. poset Q of closed subsets 
of R of positive Lebesgue measure ordered by inclusion, with its associated name for 
the generic real. It is clear that the associated ideal I is just the ideal of Lebesgue null 
sets. Now, the balanced virtual conditions for P have been classified in Theorem 8.9.2) 
Let p = (ap,b,) be a condition. Then the (collapse name for the) pair p = (ap, c) is 
a balanced virtual condition whenever c is a dominating set of functions in w® in the 
ground model. Now, the poset Q is bounding, therefore the set b, remains dominating 
in the Q-extension and )p is a balanced virtual condition in the Q-extension as well. By 
Theorem in the P-extension of the Solovay model, every set of reals is Lebesgue 
measurable. In that extension, there must be a set of reals without the Baire property 


by Theorem [14.3.1 


EXAMPLE 14.3.6. It is consistent relative to an inaccessible cardinal that ZF plus 
DC holds, every set of reals is Lebesgue measurable, and there is a maximal almost 
disjoint family. For this, use the P-extension of the symmetric Solovay model where P 
is the MAD forcing of Definition It will be enough to show that P is Q-weakly 
balanced, where Q is the Suslin c.c.c. poset Q of closed subsets of R of positive Lebesgue 
measure ordered by inclusion. Now, certain weakly balanced virtual conditions for P 
have been discovered in Theorem Let p = (dp, bp) be a condition. Then any 
(collapse name for a) pair p = (dp, c) is a weakly balanced virtual condition where c is 
the set of all pairs (ap, s) where s is a partition of w into finite intervals in the ground 
model. Now, let G C Q bea generic filter, and in the extension V[G], consider any 
(collapse name for a) pair 6 = (a,,d) where d is the set of all pairs (ap, s) where s is 
a partition of w into finite intervals in V[G]. By Theorem applied in V[G], p is 
a weakly balanced virtual condition in V[G]. Since the poset Q is bounding, for every 
partition s € V[G] of w into finite intervals there is a partition t € V of w such that 
every interval in t contains a subinterval in s. It follows immediately from the definition 
of the poset P that p, 6 are inseparable in the poset P; in particular, p is still a weakly 
balanced virtual condition in V[G]. 


14.4. The Ramsey ultrafilter extension 


Let P be the poset of infinite subsets of w ordered by inclusion. Let x be an in- 
accessible cardinal, and let W be the symmetric Solovay model derived from x. Let 
U c P bea filter generic over W. The model W[U] is a balanced extension of W by 
Theorem It is immediate that U is a nonprincipal ultrafilter on w and in fact a 
Ramsey ultrafilter. The model W[U] has been investigated for decades [22, 23) 82,44]. 
We have provided new information about the model at several locations in this book. 
In this section, we outline several major areas of study of the model W[U] and gather 
the available known results as well as critical open questions. 
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QUESTION 14.4.1. Classify the Borel equivalence relations E, F on Polish spaces 
such that in W[U], |E| < |F| holds. In particular, are there Borel equivalence relations 
E, F such that |E| < |F| fails in the symmetric Solovay model W and holds in W[U]? 


We have proved that in W[U], the smooth divide is preserved (Corollary previ- 
ously known to [22]]), the orbit divide is preserved (Corollary 9.4.8), and the Ex, -divide 
is preserved (Corollary P.5.10). However, our efforts stalled in other directions. We 
do not know if the turbulent divide is preserved. We do not know if there are any 
non-hyperfinite countable Borel equivalence relations E such that |E| < |Eo| holds in 
W[U]; in principle, this inequality could hold for all countable Borel equivalence rela- 
tions whatsoever. 


QUESTION 14.4.2. Classify the Borel equivalence relations E such that the E-quo- 
tient space is linearly ordered in W[U]. 


As a basic affirmative result in this direction, we show that Ey and E,-quotient spaces 
are linearly ordered in W[U]. To see this, observe in ZF+DC plus the existence of a 
nonprincipal ultrafilter on w that the class of linearly orderable equivalence relations 
is closed under countable increasing unions. For the proof, let X be a Polish space and 
(En: n € @) be an increasing sequence of analytic equivalence relations on X, each 
with linearly orderable quotient space. Use the DC assumption to pick linear orders <,, 
for each of them. Let U be a nonprincipal ultrafilter on w. If x, y € X are E-unrelated 
elements, then let [x]z < [y]g if the set a(x, y) = {n € w: [xlz, <n [ylz,} belongs 
to the ultrafilter U. Ifx’ E x and y’ E y are different representatives of the E-classes 
of x, y, then there is a number m € w such that x E,, x’ and y E,, y’; therefore, the 
symmetric difference a(x, y)Aa(x’, y’) isa subset of m, and the definition of < does not 
depend on the choice of the equivalence class representatives. It is easy to check that 
< is a linear ordering on the E-classes. 

As a basic negative result, the F,-quotient space is not linearly ordered in W[U]; 
it even carries no tournament by Theorem and Example Another nega- 
tive result, Theorem [14.4.5] below, shows that the E,-quotient space cannot be linearly 
ordered. For an attractive open instance of Question consider the case any non- 
hyperfinite countable Borel equivalence relation E. 

Another attractive question scheme is the following. 


QUESTION 14.4.3. Let X be an uncountable Polish space. Classify the Borel sets 
A Cc [X]*o such that in W[U], there is a function f assigning to each seta € Aan 
ultrafilter on a. 


As a basic affirmative result in this direction, if E is a hyperfinite countable Borel equiv- 
alence relation on X, then there is an assignment of ultrafilters to E-classes in W[U]. 
To see this, let E,, for n € w be equivalence relations with all classes finite forming an 
inclusion-increasing sequence such that EF = U,, En: For the first item, let < be any 
linear ordering of X. For each point x € X let x(n) be the <-least element of X which 
is E,-related to X. Let U, = {a C [x]p: {n € w: x(n) € a} € U}. Thus, U, is an ul- 
trafilter on [x]; and x E y implies that U, = U, since U is nonprincipal and for some 
mé€wx E, y holds, and then for all n > m x(n) = y(n) holds. 

As a basic negative result in this direction, there is no assignment of ultrafilters to 
all countable subsets of X in W[U]. To see this, suppose towards a contradiction that 
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f is a function assigning to each set a € [X]*° an ultrafilter on a. Let T = {(a,b) € 
([x]®°)?: a\ b € f(aAb)}. Note that T is a tournament on [X]*o: given any sets 
a, b € [X]*°, the set aAb is a disjoint union of a \ b and b \ a, so the ultrafilter f(aAb) 
contains exactly one of the two pieces. However, in W[U] there is no tournament on 
[X]®° by Theorem and Example {10.3.8) 

Asa basic open instance, let I be the free group on two generators acting on 2° by 
shift and let X C IT be the Gs set of points on which I acts freely. Let E be the orbit 
equivalence relation on X. Is there an assignment of ultrafilters to E-classes? This 
seemingly arbitrary question relates to the quotient cardinal question [14.4.1] It is well- 
known that E is not Borel reducible to Ey [B7, Thoerm 7.4.10]. However, an assignment 
of ultrafilters to -orbits yields in ZF the cardinal inequality |E| < |E,|. To see this, let A 
be the acyclic locally finite Cayley graph on X and let Abe the orientation of the Cayley 
graph defined by (x, y) € A ifthe set of{z €X: the unique injective Cayley path from 
x to z includes y} belongs to the ultrafilter assigned to [x];. Clearly, every vertex gets 
outflow one in the orientation A. Now, apply the argument after Example to 
conclude that |E| < || must hold. 


QUESTION 14.4.4. Classify the ultrafilters on w in W[U]. In particular, for which 
Borel ideals J on w is there an ultrafilter F in W[U] such that In F = 0? 


As the only nontrivial result in this section, we now prove that there is no ultrafilter in 
WU] which is disjoint from the summable ideal. 


THEOREM 14.4.5. Let P be the poset of infinite subsets of w ordered by inclusion. In 
the P-extension of the symmetric Solovay model, the complement graph associated with 
the summable ideal on w cannot be oriented. 


PROOF. Write I for the summable ideal on w; i.e. I consists of sets a C w such that 
the sum >{— : n € a}is finite. Towards a contradiction, let x be an inaccessible car- 
dinal, let W be a symmetric Solovay model derived from x, let p € P be a condition and 
t be a P-name such that p IF tT is an orientation of the complement graph associated 
with I. Both p, 7 must be definable from some real parameter z € 2” and some ground 
model parameters. Let V[K] be an intermediate extension of the ground model by a 
poset of size < x containing the parameter z, and work in the model V[K]. 

We will produce a poset Q and a Q-name Xe, for an element of 2 such that 


(I) below every condition q € Q there are conditions qo, q; < q and an automor- 
phism z: Q | qo > Q | q such that 2(Xgen) is forced by q, to be equal to 
1 — Xgen modulo J; 

(ID the ultrafilter added by P still generates an ultrafilter in the P x Q-extension. 
Once this is done, let G C P and H C Q be mutually generic filters over the model 
V[K], with p € G, and work in V[K][G][H]. Let x = Xge,/H. Let U be the ultrafilter on 
w generated by the filter G; this is possible by the item (ID) above. By Theorem U 
is a balanced virtual condition in the poset P in the model V[K][G][H]. The following 

is proved by a standard argument using the balance of U: 


CLAIM 14.4.6. In the model V[K][G]|[H], either Coll(a, < x) IF U IF p (x, 1—x) €T, 
or Coll(w, < x) IF U Ip (1 — x, x) € t holds. 


Suppose for definiteness that the former alternative prevails. Find a condition q € H 
which forces it, and find conditions qo, q; < qand an automorphism z: Q | qg > Q | 
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qi as in item (1). Find a filter Hp C Q generic over V[K][G] meeting the condition qo, 
and let H, = 2”Hpo. Let x9, x, € 2% be the points associated with the filters Hp, H,. 
Then the models V[K][G][Ho| and V[K][G][H, ] are equal, and by the forcing theorem 
applied in V[K][G], it must be true in W that U Ip (x9, 1 — Xo) € T, (xX,,1 — x1) € T. 
This is impossible though as x) = 1 — x, modulo J and f is forced to be a tournament. 

The remainder of the proof consists of the construction of the poset Q satisfying (I) 
and (II). This is a pure ZFC construction in which the concentration of measure phe- 
nomenon is a critical ingredient. Let (J, : n € w) be a very fast sequence of successive 
intervals on w. The following is the concentration of measure type of demand on the 
intervals in question that we need. Let 1, be the normalized counting measure on 2/", 
Let d, be the metric on 2/" defined by d,,(x, y) = z{—— : x(m) # y(m)}. We demand 


that the following holds for every n € a: 


(III) for every set a C 27” of ,-mass 1/n, the 2~"-neigborhood of a in 2/" in the 
sense of the metric d,, has 4,,-mass greater than 1/2. 


The concentration of measure computations in Theorem 4.3.19] show that such a 
fast sequence of intervals indeed exists. Now, let T;,; be the tree of all finite sequences 
t such that for each n € dom(t), t(n) € 2/. Let Q be the partial order of all nonempty 
trees q C Tin; without endnodes such that for each m € w there is n,, € w such that 
for each t € q of length n > n,,, the set {x € 2": t~(x) € qt has u,-mass > m/n. The 
ordering on Q is that of inclusion. Let Xge, be the Q-name for the concatenation of the 
trunks of the trees in the generic filter. We must show that items (I) and (ID) above hold 
for Q and Xgen. 

Item (1) is where the concentration of measure shows up in force. We will in fact 
show that whenever qo, q; € Q are arbitrary conditions then there are conditions qy < 
Jo-% <q and an isomorphism 7: Q | qo > Q | qi such that 2(1 — Xgen) is forced 
by q; to be modulo J equivalent to Xge,. To see this, let ty € qo,t; € q, be nodes of 
the same length such that for every node t € qo of length n > |tg|, the set ag(t) = 
{x € 2/n : t~(x) € qo} has ,-mass at least 2/n, and for every node t € q, of length 
n > |to|,the set a,(t) = {x € 2!" : t~(x) € qy} has u,-mass at least 2/n as well. We will 
produce a tree qg < qo | to in Q and a level and order preserving injection 7: qg > 
q1 | ty so that 


(IV) for each node t € qo and each number n > |t9| in dom(t), d,(t(n),1 — 
m(t)(n)) < 2-"*1, 

Write qi = 7" qo. Since the measures fu, are normalized counting measures, the map 
m naturally extends to an isomorphism 7: Q | qg > Q | qj. The demand (IV) then 
implies that (1 — Xgen) is forced by q; to be modulo J equivalent to Xge, as required. 

The map z is obtained by a hungry algorithm. Among all level and order preserv- 
ing injections from subsets of qo | to to q, | t; which satisfy (IV), select an inclusion 
maximal one and call it z. It will be enough to show that qj = dom(z) belongs to 
Q. To see this, first of all qo is closed under initial segment by an obvious maximality 
argument. To verify the branching condition in the definition of Q for qo, let t € qo be 
of length some n > |to|. It will be enough to argue that the set {x € 2!» : t~{x) € qo} 
has p,-mass at least min(u,(ao(t)), My, (a, (z(t) — 1/n. 
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To do this, note that if both sets b) = {x € 2/”: t7(x) © qo \ qo} and b; = 
{x € 2/n: t~(x) © q, \ 2(qo)} had uy-mass greater than 1/n, then by (III) the 2~”- 
neighborhood of by and the set {1 — x: x € b,} would both have ,,-mass greater than 
1/2 and so they would intersect, making it possible to extend z while satisfying (IV) 
and contradicting the maximality of zc. 

Item (II) follows from a density argument on P and Q given the fact that the poset 
Q is proper and does not add independent reals Theorem 4.4.8]. 


COROLLARY 14.4.7. 
(1) Let P = P(w) modulo finite. In the P-extension of the symmetric Solovay model, 
there is no ultrafilter on w disjoint from the summable ideal. 
(2) It is consistent relative to an inaccessible cardinal that ZF+DC holds, there is 
a nonprincipal ultrafilter on w, yet there is no ultrafilter disjoint from the sum- 
mable ideal. 
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